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WEYL-VON NEUMANN-BERG THEOREM FOR

QUATERNIONIC OPERATORS

G. RAMESH

Abstract. We prove the Weyl-von Neumann-Berg theorem for
quaternionic right linear operators (not necessarily bounded) in a
quaternionic Hilbert space: Let N be a right linear normal (need
not be bounded) operator in a quaternionic separable Hilbert space
H . Then for a given ǫ > 0 there exists a compact operator K with
‖K‖ < ǫ and a diagonal operator D on H such that N = D +K.

1. Introduction

Herman Weyl proved that every bounded self-adjoint operator on a
separable Hilbert space is sum of a diagonal operator and a compact
operator. Later, von-Neumann observed that the compact operator can
be replaced by a Hilbert-Schmidt operator with arbitrary small norm
and the boundedness of the operator can be dropped. Afterwards,
Berg extended this result to the case of normal operators defined in a
separable complex Hilbert space [3, Theorem 1]. Now, this theorem is
well known as Weyl-von Neumann-Berg theorem. We refer [6, 4] for
more details on this result.
In this note we prove the Weyl-von Neumann-Berg theorem for right

linear normal operators defined in a separable quaternionic Hilbert
space with the observation that given a right linear operator in a quater-
nionic Hilbert space can be associated to a complex linear operator
which preserves certain properties of the original operator. This can
be done if there exists an anti self-adjoint unitary operator which com-
mutes with the given operator. There always exists such an operator
in case if the operator is normal (see [1, Theorem 5.9, Proposition 3.11]
for details for the case of bounded operators). The unbounded case is
discussed in [5] in a general setting. Using the above mentioned tech-
nique and some more auxiliary results, we obtain the result for the case
of quaternionic operators.
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In the remaining part of this section we recall necessary definitions
and basic results of quaternionic Hilbert spaces and right linear oper-
ators on such spaces. In the second section we prove the main result.

2. Preliminaries

We denote the division ring of real quaternions by H. If q ∈ H, then
q = q0+ q1i+ q2j+ q3k, where qr ∈ R for r = 0, 1, 2, 3 and i, j, k satisfy
the following conditions:

i2 = j2 = k2 = −1 = ijk.

The conjugate of q is q = q0−q1i−q2j−q3k and |q| :=
√
q20 + q21 + q22 + q23.

The imaginary part of H is defined by Im(H) = {q ∈ H : q = −q} .
The set of all unit imaginary quaternions is denoted by S, that is
S := {q ∈ Im(H) : |q| = 1} and the unit sphere of H by SH .
Here we list out some of the properties of quaternions, which we need

later.
For p, q ∈ H, we have p.q = q.p, |p.q| = |p|.|q| and |p| = |q|.

Define relation on H as p ∼ q if and only if p = s−1qs for some
0 6= s ∈ H. Then ′′ ∼′′ is an equivalence relation and the equivalence
class of p is [p] := {s−1qs : 0 6= s ∈ H}. For each m ∈ S,Cm :=
{α +mβ : α, β ∈ R} is a real subalgebra of H and is called as the
slice complex plane. The upper half slice complex plane is defined by
C

+
m := {α +mβ : α ≥ 0, β ∈ R}. For m 6= ±n, we have Cm ∩ Cn = R

and H = ∪m∈SCm.
A right H-module H is called a quaternionic pre-Hilbert space if

there exists a Hermitian quaternionic scalar product 〈·〉 : H ×H → H

satisfying the following properties:

(1) 〈u, vp+wq〉 = 〈u, v〉 p+ 〈u, w〉 q for all u, v, w ∈ H and p, q ∈ H

(2) 〈u, v〉 = 〈v, u〉 for all u, v ∈ H

(3) 〈u, u〉 ≥ 0 for all u ∈ H and 〈u, u〉 = 0 iff u = 0.

Define ‖u‖ = 〈u, u〉
1

2 , for every u ∈ H. Then ‖ · ‖ is a norm. If the
normed space (H, ‖ · ‖) is complete, then H is called a quaternionic
Hilbert space.
We say H is separable if there exists a countable orthonormal basis

for H . Let {φr : r ∈ N} be an orthonormal basis for H . Then every
x ∈ H has the representation:

x =
∞∑

n=1

φn〈φn, x〉.

Let D is a right linear subspace of H and T : D → H be a map.
Then T is said to be right linear if T (x+ y) = Tx+Ty for all x, y ∈ D
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and T (xq) = (Tx)q for all x ∈ D, q ∈ H. Usually, we denote D, the
domain of T by D(T ).
The graph of a right linear operator T is denoted by G(T ) and is

defined as G(T ) = {(x, Tx)|x ∈ D(T )} . If the graph G(T ) is closed
in H × H , then T is said to be a closed operator. Equivalently, if
(xn) ⊂ D(T ) with xn → x ∈ H and Txn → y, then x ∈ D(T ) and
Tx = y.
We say T to be densely defined, if D(T ) is dense in H . For such an

operator, then there exists a unique operator T ∗ with domain D(T ∗),
where

D(T ∗) := {y ∈ H : the functional D(T ) ∋ x → 〈y, Tx〉 is continuous}
and satisfy 〈y, Tx〉 = 〈T ∗y, x〉 for all y ∈ D(T ∗) and for all x ∈ D(T ).
This operator T ∗ called the adjoint of T . Clearly, T ∗ is right linear.
Furthermore, T ∗ is always closed irrespective of T .
We denote the class of densely defined closed right linear operators

in H by C(H).
Let S, T ∈ C(H) with domains D(S) and D(T ), respectively. Then,

S is said to be a restriction of T denoted by S ⊆ T , if D(S) ⊆ D(T )
and Sx = Tx, for all x ∈ D(S). In this case, T is called an extension
of S. We say S = T if S ⊆ T and T ⊆ S. In other words, S = T if
and only if D(S) = D(T ) and Sx = Tx for all x ∈ D(T ).
We define the sum as: (S+T )(x) = Sx+Tx for all x ∈ D(T )∩D(S).
Let T ∈ C(H) and S ∈ B(H), then we say that S commute with T

if ST ⊆ TS. That is, STx = TSx, for all x ∈ D(T ).
Let T ∈ C(H). Then T is said to be self-adjoint if T = T ∗, anti

self-adjoint if T ∗ = −T , normal if TT ∗ = T ∗T and unitary if TT ∗ =
T ∗T = I.
A right linear operator T : H → H is said to be bounded if there

exists a M > 0 such that ‖Tx‖ ≤ M ‖x‖ for all x ∈ H . For such an
operator the norm is defined by

‖T‖ = sup {‖Tu‖ : u ∈ SH} .
We denote the space of all bounded right linear operators on H by
B(H).
By the closed graph theorem, if T ∈ C(H) and D(T ) = H , then

T ∈ B(H). Thus, for T unbounded, D(T ) is a proper subspace of H .
LetH be a separable Hilbert space with an orthonormal basis {φr : r ∈ N}.
(1) Let T ∈ B(H). Then T is said to be

(a) compact if T (B) is pre-compact for every bounded subset B
of H. Equivalently, {T (xn)} has a convergent subsequence
for every bounded sequence {xn} of H
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(b) Hilbert-Schmidt if ‖T‖2 :=
∞∑

r=1

‖Tφr‖2 < ∞. In fact ‖T‖2

does not depend on the orthonormal basis of H and is
known as the Hilbert-Schmidt norm of T .

(2) If T ∈ C(H) is densely defined, then T is said to be diagonal
with respect to {φr : r ∈ N} if there exists a sequence (qr) ⊂ H

such that Tφr = φr qr for each r ∈ N. Note that, here φr ∈
D(T ) for each r ∈ N. In this case the matrix of T with respect
to B is (ars), where ars = 〈φs, T (φr)〉 = δrsqs for each r, s ∈ N.

We recall the notion of the spherical spectrum of a right linear operator
in a quaternionic Hilbert space.

Definition 2.1. [1, Definition 4.1] Let T : D(T ) → H and q ∈ H.

Define ∆q(T ) : D(T 2) → H by

∆q(T ) := T 2 − T (q + q) + I.|q|2.
The spherical resolvent of T is denoted by ρS(T ) and is the set of all
q ∈ H satisfying the following three properties:

(1) N(∆q(T )) = {0}
(2) R(∆q(T )) is dense in H

(3) ∆q(T )
−1 : R(∆q(T )) → D(T 2) is bounded.

The spherical spectrum of T is defined by σS(T ) = H \ ρS(T ) .
Definition 2.2. [1, Page 46] Let m ∈ S and let K be a compact subset
of Cm. Then we define the circularization ΩK of K in H by

ΩK := {α + jβ : α, β ∈ R, α+mβ ∈ K, j ∈ S}.
Let m ∈ S and J ∈ B(H) be anti self-adjoint, unitary operator.

Define HJm
± := {u ∈ H : Ju = ±um}. Then HJm

± is a non-zero closed

subset of H . The restriction of the inner product on H to HJm
± is a

Cm-valued inner product and with respect to this inner product HJm
± is

a Hilbert space. In fact, if we consider H as a Cm-linear space, H has
the decomposition: H = HJm

+ ⊕HJm
− (see [1, pages 21-22] for details).

The following result is crucial in proving our results.

Proposition 2.3. [1, Proposition 3.11] If T : D(T ) ⊂ HJm
+ → HJm

+ is
a Cm− linear operator, then there exists a unique right H− linear oper-
ator T̃ : D(T̃ ) ⊂ H → H such that D(T̃ )

⋂
HJm

+ = D(T ), J(D(T̃ )) ⊂
D(T̃ ) and T̃ (u) = T (u), for every u ∈ HJm

+ . The following facts holds:

(1) If T ∈ B(HJm
+ ), then T̃ ∈ B(H) and ‖T̃‖ = ‖T‖

(2) JT̃ = T̃ J .
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On the other hand, let V : D(V ) → H be a right linear operator. Then

V = Ũ , for a unique bounded Cm− linear operator U : D(V )
⋂
HJm

+ →
HJm

+ if and only if J(D(V )) ⊂ D(V ) and JV ⊆ V J .
Furthermore,

(1) If D(T ) = HJm
+ , then D(T̃ ) = H and

(
T̃
)∗

= T̃ ∗

(2) If S : D(S) ⊂ HJm
+ → HJm

+ is Cm- linear, then S̃T = S̃T̃

(3) If S is the inverse of T , then S̃ is the inverse of T̃ .

By (1) and (2), it follows that if T+ is normal, then T is normal.
On the other hand, by the uniqueness of the extension it follows that
normality of T implies the normality of T+.
In particular, if T ∈ B(H) is normal, there exists an anti self-adjoint,

unitary J ∈ B(H) such that TJ = JT (see [1, Theorem 5.9] for details).
Hence in this case all the statements in Theorem 2.3 holds true. In case,
if T ∈ C(H) is normal, existence of a anti unitary self-adjoint operator
J ∈ B(H) such that JT ⊆ TJ is proved in [5, Theorem 3.6]. For the
sake of completeness we give the details here.

Theorem 2.4. Let T ∈ C(H) with the domain D(T ) ⊆ H. Then there
exists an anti self-adjoint unitary operator J on H such that JT ⊆ TJ .

Proof. Let ZT := T (I+T ∗T )−
1

2 be the Z-transform of T (see [7, Theo-
rem 6.1] for details). Since T is normal, so is ZT . Since ZT is bounded,
by [1, Theorem 5.9], there exists an anti self-adjoint, unitary J ∈ B(H)

such that JZT = ZT J . As T = ZT (I − Z∗
TZT )

− 1

2 , it can be easily
verified that JT ⊆ TJ . �

3. Main Results

In this section we prove the main result. The following results are
useful in proving the theorem.

Theorem 3.1. Let H be a quaternionic Hilbert space and HJm
+ be the

slice Hilbert space of H. Then

(1) if {er : r ∈ N} is an orthonormal basis forHJm
+ , then {er : r ∈ N}

is an orthonormal basis for H. On the otherhand, if {φr : r ∈ N}
is an orthonormal basis of H, then {er :=

(φr − Jφr)√
2

: r ∈ N}

is an orthonormal basis for HJm
+

(2) HJm
+ is separable if and only if H is separable.

Proof. Proof of (1): Let B+ := {er : r ∈ N} be an orthonormal basis
for HJm

+ and x ∈ H . Then x = x+ + x−, where x± ∈ HJm
± . Since
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the inner product on HJm
± is the restriction of the inner product on

H to HJm
± , it follows that 〈er, x〉 = 〈er, x+〉 + 〈er, x−〉. Thus, we have

x =
∞∑

r=1

er 〈er, x〉, showing the that B+ is an orthonormal basis for H .

Hence H is separable.
Assume that B := {φr : r ∈ N} is an orthonormal basis for H and

let B+ := {er : r ∈ N}, where er =
(φr − Jφr)√

2
, r ∈ N. Then

〈er, es〉 =
1

2
〈(I − J)(φr), (I − J)(φs)〉

=
1

2
〈φr, (I − J)∗(I − J)(φs)〉

=
1

2
〈φr, (I + J)(I − J)(φs)〉

=
1

2
〈φr, 2(φs)〉

= 〈φr, φs〉.

This shows that B+ is an othonormal set. It is clear that 1√
2
(I −

J) : H → HJm
+ is Cm-linear, onto isometry and hence unitary. As

er =
1√
2
(I − J)(φr), for all r ∈ N, it follows that B+ is an orthonormal

basis for HJm
+ .

Proof of (2): The proof follows from (1). �

Theorem 3.2. Let T ∈ C(H) and T+ ∈ C(HJm
+ ) be such that T̃+ = T

as in Proposition 2.3. Then the following statements hold:

(1) T is compact if and only if T+ is compact
(2) T is Hilbert-Schmidt if and only if T+ is Hilbert-Schmidt. In

this case, ‖T‖2 = ‖T+‖2.
(3) T+ is diagonal if and only if T is diagonal.

Proof. Clearly, if T is compact, then T+ is compact. The other im-
plication follows by the proof of [2, Theorem 1.4]. The proof of (2)
can be obtained with the following observation: If {er : r ∈ N} is an
orthonormal basis for HJm

+ , then it is also an orthonormal basis for H .
Since the Hilbert-Schmidt norm does not depend on the orthonormal
basis and Ter = T+er for each r ∈ N, we have,

‖T‖22 =
∞∑

r=1

‖Ter‖2 =
∞∑

r=1

‖T+er‖2 = ‖T+‖22.
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To prove (3), let B+ = {er : r ∈ N} be an orthonormal basis for HJm
+

such that T+er = er λr for each r ∈ N, where λr ∈ Cm. Since B+ is
also an orthonormal basis for H , we have that Ter = T+er = erλr for
each r ∈ N. Thus T is diagonalizable.
On the other hand, if T is diagonal, there exists an orthonormal

basis B := {φr : r ∈ N} and a sequence (µr) of quaternions such that

Tφr = φr µr for each r ∈ N. Let er =
φr − Jφr

2
for each r ∈ N. Then

by Theorem 3.1, B+ := {er : r ∈ N} is an orthonormal basis for HJm
+ .

Hence

T+er = Ter =
Tφr − TJφr

2

=
φrµr − Tφrm

2

=
φrµr − φrµrm

2

=
φr(µr − µr m)

2

=
φrµr(1−m)

2
.

Hence T+ is diagonal with respect to B+. �

Here we recall the Berg’s generalization of Weyl-von Neumann the-
orem:

Theorem 3.3. [3, Corollary 2]
Let T be a (not necessarily bounded) normal operator on the separable

(complex) Hilbert space H. Then for ǫ > 0 there exists a diagonal
operator D and a compact operator K with norm less than ǫ such that
T = D +K.

Theorem 3.4. Let T ∈ C(H) be normal. Then for every ǫ > 0, there
exists a compact operator K with ‖K‖ < ǫ and a diagonal operator D

on H such that T = D +K.

Proof. Let ǫ > 0 be given. Since T is normal, there exists an anti-self-
adjoint and unitary operator J ∈ B(H) such that JT ⊆ TJ . Let T+

be the unique operator on HJm
+ such that (̃T+) = T . Now, by Theorem

3.3, there exists a compact operator K+ on HJm
+ with ‖K+‖ < ǫ and a

diagonal operator D+ on HJm
+ such that T+ = K+ +D+. Hence T =

D +K, where D := D̃+ and K := K̃+. Also, note that D is diagonal
operator and K is a compact operator with ‖K‖ = ‖K+‖ < ǫ. �
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Theorem 3.5. Let H := ℓ2(H) and N ∈ B(H) be normal. Let K

be a compact subset of C+
m such that K is contained in a curve of

finite length. Assume that σS(N) = ΩK . Then there exists a diagonal
operator D on ℓ2(H) and for any given ǫ > 0, there exists a Hilbert-
Schmidt operator K with the Hilbert-Schmidt norm less that ǫ such that
N = D +K.

Proof. First, observe that, if N+ ∈ B(HJm
+ ) is the unique operator such

that N = Ñ+, then the spectrum σ(N+) is σ(N+) = ΩK ∩ C+
m = K

(see [1, Corollary 5.13] for details). Hence by [3, Theorem 3], N+ =
D+ + K+, where D+ is a diagonal operator, K+ is a Hilbert-Schmidt
operator on HJm

+ . Moreover, for any ǫ > 0 we may select D+ and K+

so that the Hilbert-Schmidt norm of K is less than ǫ.
Let D and K be the unique extensions of D+ and K+, respectively,

as in Proposition 2.3. Then D is diagonal, K is Hilbert-Schmidt by
Theorem 3.2 and ‖K+‖ = ‖K‖ < ǫ by Proposition 2.3. �

In a similar way, we can prove the following result:

Theorem 3.6. Let H = ℓ2(H) and N ∈ C(H) be normal. Assume that
σS(N) = ΩK, where K is a subset of a rectifiable curve in C+

m. Then
for ǫ > 0 there exists a diagonal operator D and a Hilbert-Schmidt
operator K with ‖K‖ < ǫ such that N = D +K.

Proof. The proof follows by [3, Corollary 4] and the technique used in
Theorem 3.5. �

References

[1] R. Ghiloni, V. Moretti and A. Perotti, Continuous slice functional calculus in
quaternionic Hilbert spaces, Rev. Math. Phys. 25 (2013), no. 4, 1350006, 83
pp. MR3062919

[2] R. Ghiloni, V. Moretti and A. Perotti. Spectral properties of compact normal

quaternionic operators, Hypercomplex Analysis: New Perspectives and Appli-
cations, 133-143

[3] I. D. Berg, An extension of the Weyl-von Neumann theorem to normal opera-
tors, Trans. Amer. Math. Soc. 160 (1971), 365–371. MR0283610 (44 #840)

[4] P. R. Halmos, Ten problems in Hilbert space, Bull. Amer. Math. Soc. 76

(1970), 887–933. MR0270173 (42 #5066)
[5] G. Ramesh and P. Santhosh Kumar, Spectral theorem for normal operators in

Quaternionic Hilbert spaces: Multiplication form, Preprint
[6] K. R. Davidson, C∗-algebras by example, Fields Institute Monographs, 6,

Amer. Math. Soc., Providence, RI, 1996. MR1402012 (97i:46095)
[7] Daniel Alapy, Fabrizio Colombo, David P. Kimsey The spectral theorem

for quaternionic unbounded normal operators based on S-spectrum, Preprint
(arxiv.org/abs/1409.7010)



WEYL-VON NEUMANN-BERG THEOREM FOR QUATERNIONIC OPERATORS9

Department of Mathematics, I. I. T. Hyderabad, Kandi (V), San-
gareddy (M), Medak (D), Telangana , India-502 285.

E-mail address : rameshg@iith.ac.in


	1. Introduction
	2. Preliminaries
	3. Main Results
	References

