
On the use of Contravariant Tensors to model Anisotropic Soft

Tissues

Arthesh Basak1, Amirtham Rajagopal2, Umesh Basappa3, and Mokarram Hossain4

1Department of Civil Engineering, GITAM Visakhapatnam, Andhra Pradesh, India.
2Department of Civil Engineering, IIT Hyderabad, Telangana, India.
3Department of Civil Engineering, NIT Warangal, Telangana, India.

4Zienkiewicz Centre for Computational Engineering (ZCCE), Swansea University, SA2
8EN, Swansea, United Kingdom.

1 Abstract

Biological tissues have been shown to behave isotropically at lower strain values, while at higher strains
the fibres embedded in the tissue straighten and tend to take up the load. Thus, the anisotropy induced
at higher loads can be mathematically modelled by incorporating the strains experienced by the fibres.
Although existing works on modelling soft tissues using isotropic hyperelastic models have yielded
satisfactory results, the behaviour of the tissue at higher loads can be more appropriately described
by including anisotropic kinematic terms that account for the fibre strains at higher physiological loads.
From histological studies on soft tissues it is evident that for a wide range of tissues the fibres have an
oblique mean orientation about the physiological loading directions. Thus we require a mathematical
framework of tensors defined in non-orthogonal basis to capture the direction-dependent response of
fibres under high induced loads. In this work, we propose a novel approach to determine the fibre strains
with the aid of the contravariant tensors defined in an oblique coordinate system. To determine the fibre
strains, we introduce a fourth order contravariant fibre orientation transformation tensor.This helped
us successfully determining the fibre strains, for a family of symmetrically and asymmetrically oriented
fibres, with the aid of a single anisotropic invariant. Mathematical expressions for the Lagrangian
and Eulerian stress definitions have been derived using continuum laws and the expression for the fourth
order elasticity tensor has also been demonstrated. The proposed model was fitted with the experimental
results from literature to determine the corresponding material parameters.

Keywords: Oblique coordinate system, Reciprocal basis, Anisotropic Hyperelasticity

2 Introduction

Mathematical models that give the relationships between physical quantities of a material are known
as constitutive models. In solid mechanics, the constitutive laws concern relationships between various
stresses and strains. A vast number of materials do not follow a linear relationship between the stresses
and strains as is evident from the various experiments performed on the materials. Hyperelastic materials
are examples of such kind which exhibit path-independent non linear behaviour. An example of such a
material being rubber, see Treloar et al.[1]. Hyperelastic material models can primarily be grouped into
two kinds as Phenomological models and Micro-mechanical models. Phenomenological models make use
of complex forms of polynomial, exponential, logarithmic functions and so on to describe the material
behaviour whereas micromechanical models use statistical mechanics of idealised chain molecules, see
Steinmann et al. [2].

Hyperelastic materials can be modelled using direction independent Isotropic models or direction
dependent Anisotropic approaches. Isotropic models generally are functions of the first three invariants
of the right Cauchy-Green tensor. One of the simplest example of such is the neo-Hookean model [3]
which uses a linear function of the first invariant of the right Cauchy-Green tensor. This invariant
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based approach was used to extend a previously proposed model by Mooney [4], into a polynomial
function of the first and the second invariants of the Cauchy-Green tensor and is commonly known
as the Mooney-Rivlin model [3]. Yeoh [5] presented a nth [n=1,2,3] order polynomial of the first
invariant to model isotropic behaviour of incompressible materials. Another instance of the isotropic
phenomenological model can be due to Ogden [6] which is a polynomial of the principal stretches. These
isotropic models with polynomial forms have numerous applications in computational biomechanical
studies like predicting the mechanical response of the brain during neurosurgery [7], identifying nodules
in soft tissues to predict tumour [8], biomechanical behaviour of temporomandibular joints [9], wound
rupture of skin etc [10]. Putra et al. [11] studied the performance of various hyperelastic material models
for wearable biomedical devices and determined the suitability of the Yeoh model under biaxial extension
tests.

Isotropic models with non polynomial functions are also present in the literature. Models of Delfino
et al. [12] and Martins et al. [13] used a modified form of the Humphrey and Yin model [14] using
exponential functions of the strain invariants. Mansouri and Darijani [15] also proposed an exponential
function of the principal stretches and demonstrated its performance for rubber and biological tissues.
Gsell et al. [16] applied exponential models to predict wall stresses and mechanical heart power in the left
ventricle. Anisotropy in the material models can be induced using various forms of the functions of strains.
Vaishnav et al.[17], Fung et al. [18],Takamizawa and Hayashi [19] have used polynomial, exponential, and
logarithmic functions, respectively, of the Green-Lagrange strain tensor. For fibre reinforced hyperelastic
materials, the constitutive model is expressed as a function of the fibre strains. A popular model of this
type is the Holzapfel-Gasser-Ogden model et al. [20], commonly known as the HGO model which can
be used effectively for the response of multilayered soft tissues. A modification to the HGO model was
proposed by Nolan et al.[21] to correctly predict anisotropic compressible behaviour. Prediction of arterial
behaviour with the inclusion of vascular smooth muscle was proposed by Zulliger et al. [22]. In the work
by Cai et al. [23], a new strain energy function of the anisotropic invariants proposed by Ta et al. [24]
was formulated and validated under various loading conditions. Holzapfel et al. [25] proposed two models
based on the generalized structure tensor (GST) and angular integration(AI) and tested the performance
of these models under uniaxial and biaxial extension of soft tissues. Recent works of Holzapfel and Ogden
[26] proposed material models that include collagen content, cross linking of fibres and also proposed
a model to capture damage for biological tissues [27]. Nakahara and Matsuda [28] proposed a new
anisotropic hyperelastic model where the anisotropy is represented using modified Green-Lagrange strain
like quantities. Limbert [29] reviewed various computational models for understanding the biophysics of
the skin. Since micromechanical models are beyond the scope of the current work, the reader is advised
to refer to the works of Chagnon et al. [30], Steinmann et al. [2], Hossain et al. [31, 32] for a comparative
study of various popular micromechanical models.

From the aforementioned short review, we can conclude that the collagen fibres in soft tissues play
a significant role in inducing direction dependent responses under mechanical loads. Therefore, the
inclusion of the collagen fibre strains in the strain energy density function helps to model the realistic
response of the soft tissues especially under high physiological loads. From histological studies [33] we
can infer that the collagen fibres have an oblique mean orientation with respect to the main physiological
loading directions. Therefore in order to determine the kinematic quantities in the fibre directions we
would require a non-orthogonal oblique coordinate system aligned along the mean fibre directions.In this
work we introduce a novel exponential model of the first invariant of anisotropic contravariant strain
tensors that can capture the strains along the fibre directions oblique to the loading. For this purpose
we propose the use of a fourth order fibre orientation transformation tensor.

This work is segmented with several sections 3 describing the motivation and mathematical framework
leading to the formulation of the fourth order fibre orientation transformation tensor (section 3.4).This
tensor leads to the proposal of a novel exponential model (section 5) from a continuum background
described in section 4. Section 5 also demonstrates the expression for the stresses and derives the
fourth order elasticity tensor which is implemented in section 6 to arrive at the discretized finite element
formulation. These finite element equations are implemented using numerical examples in section 8
which have yielded good predictions when compared to the experimental results from literature.
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3 Motivation for the current study

Mechanical strength of soft tissues are significantly governed by the presence and orientation of collagen
fibres as they are the main load bearing components of soft tissues [20],[34].The distribution of the
collagen fibres not only varies with the type of tissue but also varies along the depth of the tissue [35].
Collagen fibres have also been shown to have a significant role in the intralamellar bonding of tissues
[36]. Histological studies have revealed that the seemingly disordered distribution of collagen fibres in a
tissue, can actually be shown to have a mean orientation which are not aligned along the main loading
directions of a tissue [37],[38],[33],[39]. These studies on the orientation of collagen fibres clearly reveal a
general oblique alignment of the fibres with respect to the direction of loading. Thus to account for the
strains in the direction of the fibres, which is the paramount for capturing the anisotropic behaviour, we
propose a new model that expresses the continuum kinematic quantities in an oblique coordinate system
with contravariant unit basis vectors parallel to the direction of the mean fibre orientation.

3.1 The necessity for a non-orthogonal basis

A

AB

B

C

AC

eAB

e⊥AB

eBC

BC

Figure 1: Vectors in equilibrium

Three vectors AB, BC and AC as shown in Figure 1 form a closed triangle and thereby satisfying
the parallelogram law of vector addition, i.e., AC = AB + BC. Hence, it is evident that these vectors
are in equilibrium. The objective is to determine the component of AC along the vectors AB and BC.
Using the trigonometry projection the components of AC along and across the AB are |AC|cosθ and
|AC|sinθ, respectively, that can mathematically be written as

AC = |AC |cosθ eAB + |AC| sinθ e⊥AB (1)

wherein eAB and e⊥AB are the unit vectors along and across the AB. These components do not
generate AC as the component |AC|sinθ is not parallel to BC, mathematically written as

AC 6= |AC |cosθ eAB + |AC| sinθ eBC (2)

wherein eBC is the unit vector along BC. The equality is achieved only when vectors are orthogonal,
that is AB ·BC = 0 . Therefore, the trigonometry projections of AC along non orthogonal vectors AB

and BC shall not satisfy equilibrium equation. The subsequent sections will demonstrate the approach
to determine these vectors using the contravariant oblique basis vectors.

3.2 Orthogonal coordinate system

A physical quantity can be described appropriately with the aid of rectangular coordinate system (RCS).
The basis vectors most commonly used are the orthonormal basis. But not all quantities can be
expressed easily with RCS as they might require non-orthogonal basis vectors. Such a coordinate system
incorporating non-orthogonal basis is the oblique coordinate system (OCS). Referring to figure 2, let
X1, X2 and X3 be the orthonormal basis in RCS. The unit oblique contravariant bases in the same
space are e1, e2 and e3. The position vectorOA can then be defined using both the coordinate systems as

OA =

3
∑

i=1

uiXi =

3
∑

j=1

vjej (3)
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Figure 2: Rectangular and Oblique Coordinate Systems

where ui are the components of OA along orthonormal basis Xi and vj are the components along the
oblique basis ej . It should be noted here that the orthonormal basis vectors will follow the general rule
as Xi ·Xj = δij ,where δij is the Kronecker Delta, which will not be applicable for the oblique basis. So
for working effectively using the oblique coordinate system, another set of basis known as the Reciprocal
Basis is used. The scalar values vj denote the magnitudes of the vector in the direction of ej which
together are in equilibrium with OA. Now we will see how can we determine the components vj .

3.3 Reciprocal basis

e1

e2

o

e3

e1

e2

e3

Figure 3: Oblique and Reciprocal Basis

Let us now define a set of right handed covariant basis vectors ei, which are related to the contravariant
basis vectors ej (refer figure 3) in such a manner that

ei · ej = δij (4)

where δij represents the Kronecker Delta which essentially signifies that e1 is orthogonal to the plane
containing e2 and e3 and is unity when dotted with e1. Such a set of basis vectors is called the Reciprocal
Basis [40]. Hence the Reciprocal Basis written as

ek =
ei × ej

ek · [ei × ej ]
(5)

3.4 Fibre Orientation Transformation Tensor

If we take the scalar product of equation 3 with the covariant basis ek and use equation 4 we obtain

vk = [ek ·Xj ]uj . (6)

Afterwards, the tensor α from literature [40][41] with components αi
j , is defined as

α = αi
j e

i ⊗Xj = [ei ·Xj ]e
i ⊗Xj (7)

such that α is the second order transformation tensor that converts the covariant components ui of
OA (figure 2) defined in RCS, to its contravariant components vj defined in OCS. We now define a novel
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fourth order transformation tensor β and name it fibre orientation transformation tensor which will
transform a second order tensor Apq, defined in RCS, to a transformed second order tensor Bij defined
in OCS such that

Bij ei ⊗ ej = βij
kl Akl ek ⊗ el. (8)

The components βij
kl can be determined as,

βij
kl e

i ⊗ ej ⊗ Xk ⊗ Xl = αi
k α

j
l e

i ⊗ ej ⊗ Xk ⊗ X l. (9)

The tensor βij
pq will be implemented later in section 5 to determine the strains in the directions of

fibre orientations.

4 Continuum Mechanics Framework

Hyperelastic materials exhibit path independent behaviour as the deformation process can be solely
described using the initial and the final state. As a result the material can be conceived with the use of
a stored elastic potential Ψ which is a function of the deformation gradient FiJ = (∂xi/∂XJ), where
xi denotes the Eulerian/Spatial description of a Lagrangian/Material point XJ . Basically there are four
different types of stresses that we encounter in continuum mechanics. These stresses provide significant
information about the configuration or description in which they are defined. Hence there are two types
of stresses for the Eulerian configuration namely the Cauchy stress tensor (σij) and the Kirchhoff stress
tensor (τij). Similarly there exists two stress definitions in the Lagrangian configuration too, namely the
first Piola-Kirchhoff stress tensor (Pij) and the second Piola-Kirchhoff stress tensor (Sij). An in-depth
description of the various stress descriptions can be found in Lai et al.[42]. These stresses can be derived
from the time derivative of Ψ as [43]

Ψ̇ = Pik
˙Fik = SijĖij =

1

2
SijĊij (10)

where, Pik = ∂Ψ/∂Fik and Sij = ∂Ψ/∂Eij and the second order tensors Cij and Eij are the right
Cauchy-Green tensor and Lagrangian or Green strain tensor, respectively, and are defined as

Cij = FT
ik Fkj Eij =

1

2
[Cij − δij ] (11)

The interrelationships between the various types of stresses are given below as

Pij = JσikF
−T
kj Sij = F−1

ik Pkj τij = Jσij (12)

where J = det(Fij) is the Jacobian of the transformation tensor Fij . In order to maintain objectivity
of Ψ, a majority of times it is constructed as a function of Cij . For modelling incompressible and
nearly incompressible materials it is necessary to consider the volume preserving or isochoric component
associated with right Cauchy-Green tensor. Thus Cij can be made to undergo a multiplicative decomposition
in which the isochoric part (C̄ij) is defined as

C̄ij = I
−1/3
3 Cij (13)

and I3 = det(Cij) = J2 is the third invariant of the strain tensor Cij . The strain energy density
function Ψ too can be additively split as

Ψ = Ψvol +Ψisoch (14)

Furthermore, for fibre reinforced composites, Ψisoch can be decomposed to consider the direction independent
(isotropic) and direction independent (anisotropic) portions, respectively as

Ψisoch = Ψiso +Ψaniso. (15)

The isotropic component can be conceived to represent the strain energy density associated with the
matrix of the composite. Hence Ψiso is generally written as a function of the frame independent invariants
of C̄ij so as to negate any directional preference. On the other hand, the anisotropic component Ψaniso

is formulated in such a way so as to account for the straining of fibres.
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Figure 4: Family of obliquely aligned fibres w.r.t loading directions

5 Proposed Model

Fibre reinforced composites are generally an amalgamation of an isotropic matrix which is enhanced by
the fibres. These fibres under strains give rise to directional responses. Generally composites, especially
biological composites, are reinforced with two families of fibres placed symmetrically with respect to
the an axis [33],[44]. Let us consider a fibre reinforced composite and let two orthogonal axes with
orthonormal basis X1 and X2 be aligned along the major loading directions of the composite (figure
4). The orthonormal basis X3 is aligned orthogonal to the plane of the composite. Aligning unit
contravariant oblique basis e1 and e2 along the two family of fibres and the third unit oblique basis e3

along X3 we can state that





e1

e2

e3



 =





cos θ1 − sin θ1 0
cos θ2 sin θ2 0
0 0 1









X1

X2

X3





Using equations 5 and 7, we can derive the second order transformation tensor αi
j and thereby

formulate the fibre orientation transformation tensor defined in section 3.4 using equation 8 as

βij
kl = αi

k α
j
l . (16)

The fourth order tensor βij
kl (e

i ⊗ ej ⊗ Xk ⊗ X l) when applied to the second order isochoric tensor
C̄ij defined in equation 13 yields another second order tensor C̄∗ij such that

C̄∗ij(ei ⊗ ej) = βij
kl (e

i ⊗ ej ⊗ Xk ⊗ X l) C̄kl(Xk ⊗ X l). (17)

Hence the covariant modified right Cauchy-Green tensor C̄ij that was defined using an orthogonal
basis has been transformed, with the help of the fibre orientation transformation tensor βpq

ij , to a

contravariant tensor C̄∗pq with unit basis defined along the directions of fibre orientation. We can
now determine the principal invariants of the tensor C̄∗ij as

Ī∗1 = C̄∗ijIij , Ī∗2 = C̄∗ijC̄∗ij , Ī∗3 = det(C̄∗ij). (18)

The first invariant Ī∗1 contains the sum of the square of the stretches along the fibre direction and
hence can be used as an anisotropic strain measure. The derivative of Ī∗1 with respect to the isochoric
C̄ij can be computed as

∂Ī∗1
∂C̄ij

= αi
kα

j
k. (19)

Now we use an exponential function as used by many previous literature [18],[12],[45] and define the
anisotropic strain energy density function as

Ψaniso =
ω1

ω2

[

eω2[Ī
∗

1
/γ−1]2 − 1

]

(20)
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where, γ = βij
klδklδij is the value Ī∗1 when no deformation occurs; ω1 > 0 is a parameter possessing

the dimensions of stress and ω2 > 0 is a dimensionless parameter. The isotropic strain energy density
function from various literature [45],[44] can be written as a neo-Hookean function as

Ψiso =
µ

2
[Ī1 − 3] (21)

where, the parameter µ > 0 has the same dimensions as stress and Ī1 is the first invariant of C̄ij . Using
the equations 20 and 21 in the expression 15 we can finally state

Ψisoch =
µ

2
[Ī1 − 3] +

ω1

ω2
[eω2[Ī

∗

1
/γ−1]2 − 1]. (22)

Hence Ψisoch becomes a function of the isotropic component Ī1 and the anisotropic component I∗1 .

Ψisoch = Ψiso(I1) + Ψaniso(I
∗

1 ). (23)

5.1 Derivation of Stresses

From equation 10 we can determine the Lagrangian isochoric second Piola-Kirchhoff stress tensor as

Sisoch
ij = 2

∂Ψisoch

∂Cij
(24)

But Ψisoch is a function of C̄ij . Hence we can determine the isochoric second Piola-Kirchoff stress S̄ij

as

S̄isoch
ij = 2

∂Ψisoch

∂C̄ij
. (25)

As discussed above in equation (15), S̄isoch
ij can be further split as

S̄isoch
ij = S̄iso

ij + S̄aniso
ij (26)

where,

S̄iso
ij = 2

∂Ψiso

∂C̄ij
S̄aniso
ij = 2

∂Ψaniso

∂C̄ij
(27)

and Sij can be derived from S̄ij using the formula as given in Cheng and Zhang [46]:

Sij = J−2/3
PijklS̄kl (28)

where, Pijkl = Iijkl − 1
3C

−1
ij ⊗ Ckl = Iijkl − 1

3 C̄
−1
ij ⊗ C̄kl and Iijkl is the fourth order identity

tensor. Furthermore, stress quantities can be written in the spatial configuration as

σisoch
ij = J−1 Fik S

isoch
kl Fjl. (29)

Hence the total Eulerian Cauchy stress tensor can be formulated as

σij = −pIij + J−1Fik S
isoch
kl Fjl (30)

where p is a Lagrange multiplier and I is the second order identity tensor.

5.2 Derivation of the Elasticity Tensor

The non-linear relationship between Sij and Cij needs to be linearized such that the Newton Raphson
solution technique can be implemented. The linearization is carried using a fourth order Lagrangian or
material elasticity tensor Cijkl(Xi ⊗ Xj ⊗ Xk ⊗ X l) such that

DSij [u] = CijklDEkl[u] (31)

Where DSij [u] and DEkl[u] are the directional derivatives of Sij and Ekl in the direction [u] [43].
The expression for Cijkl can thus be derived as

Cijkl =
∂Sij

∂Ekl
= 4

∂2Ψ

∂Cij∂Ckl
(32)
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The Eulerian or spatial elasticity tensor Cijkl can be arrived from literature [43],[46] using the Piola
push forward of Cijkl as

Cijkl = J−1FipFjqFkrFlsCpqrs (33)

6 Discretization of Equilibrium Equations

For arriving at the discretized equations of equilibrium we followed the method similar to the one derived
in Rajagopal et al.[47]. Let Nj(x) be the polynomial shape function at a node j with position x. Thus
for n number of total nodes in the discretized domain we can say:

xi =

n
∑

j=1

Nj(x)xji = Nj xji δui =

n
∑

j=1

Nj(x) δuji = Nj δuji (34)

In the above equation xji and δuji are the Eulerian position and displacement vector at the jth node
and for the ith dimension. Thus we can describe the gradient of the displacement vector as

∂δui

∂xk
= δuk,i =

n
∑

j=1

∂Nj(x)

∂xk
δuji = DNk,j δuji (35)

We can write the weak statement of the equilibrium equation for a virtual displacement δu over the
volume v as

δW =

∫

v

σij,j δui dv

Which when further simplified yields

δW =

∫

v

σij δui,j dv −
∫

a

ti δuida (36)

Using equations (34a & 34b) and (35) we can write the discretized form of δW as

δW =

∫

v

δuik DNk,j σij dv −
∫

δa

δuij Nj ti da (37)

Considering the constitute relation derive in eq. 33, then above equation written as

δW =

∫

v

δuik DNk,j CijlmDNl,n δunm dv −
∫

δa

δuij Nj ti da (38)

Let Kiknm = DNk,j CijlmDNl,n be the element stiffness matrix, then the above equation written as

δW =

∫

v

δuik Kiknmδunm dv −
∫

δz

δuij Nj ti da (39)

Expressing the above equation in matrix-vector form the equation is simplified to

δW = UT
i Kim Um − UT

i T i (40)

For equilibrium the δW = 0, which gives the relation

Kim Um = T i (41)

7 Proposed model in terms of principal stretches

The proposed strain energy density function, for an incompressible material, in terms of the principal
stretches (λi) shall take the form

Ψ(λ1, λ2, λ3) = 0.5µ[λ2
1 + λ2

2 + λ2
3 − 3] +

ω1

ω2
[eω2[I

∗

1
/γ−1]2 − 1] (42)

Considering the mean fibre orientations θ1 = θ2 = θ then I∗1 = ℓ2λ2
1 +m2λ2

2 is a function of in-plane
stretches (λ1,λ2). The transformation parameters ℓ = secθ/

√
2 and m = cosecθ/

√
2 are obtained from
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the fibre orientation transformation tensor β. The scalar factor γ = ℓ2+m2 referring to the undeformed
configuration.The components of the Cauchy stress can thus be obtained as

σi = λi
∂Ψ

∂λi
. (43)

7.1 Uniaxial Extension

When a specimen is subjected to uniaxial extension, a unidirectional elongation (λ1 = λ) is applied. The
incompressibility condition ensures that λ1λ2λ3 = 1 and hence the corresponding deformation gradient
and the invariants take the form

F =





λ 0 0
0 λ−0.5 0
0 0 λ−0.5



 , I1 = λ2 + 2λ−1, I∗1 = ℓ2λ2 + m2λ−1. (44)

The Cauchy stress is determined as

σ1 = 2
∂Ψ

∂I1
[λ2 − λ−1] +

∂Ψ

∂I∗1
[2ℓ2λ2 −m2λ−1], (45)

where
∂Ψ

∂I1
= µ, (46)

∂Ψ

∂I∗1
=

2

γ
ω1e

ω2[I
∗

1
/γ−1]2 [I∗1/γ − 1]. (47)

7.2 Equibiaxial Extension

In the case of a biaxial extension the specimen is stretched in two orthogonal directions. Applying the
incompressibility condition we arrive at the deformation gradient and the corresponding invariants as

F =





λ1 0 0
0 λ2 0
0 0 (λ1λ2)

−1



 , I1 = λ2
1 + λ2

2 + (λ1λ2)
−2, I∗1 = ℓ2λ2

1 +m2λ2
2. (48)

In the case of an equibiaxial extension λ1 = λ2 = λ and thus the corresponding components of the
Cauchy stress can be determined as

σ1 = 2
∂Ψ

∂I1
[λ2 − λ−4] + 2

∂Ψ

∂I∗1
[ℓ2λ2], (49)

σ2 = 2
∂Ψ

∂I1
[λ2 − λ−4] + 2

∂Ψ

∂I∗1
[m2λ2]. (50)

The derivatives of Ψ with respect to the invariants is determined using equations 46 and 47.The
material constants µ, ω1, ω2 and θ are obtained after performing a curve fit with the experimental data.
For the uniaxial loading condition, the model was fitted with the experimental data of extension of the
arterial adventitia layer (specimen IX of Holzapfel et al.[44]) in the circumferential direction. The material
constants for the equibiaxial condition were obtained by fitting the model to the experimental data from
Niestrawska et al.[35] for abdominal aortic aneurysm in the circumferential and longitudinal directions.
The circumferential stretch and longitudinal stretches were considered to be λ1 and λ2 respectively.
Table 1 gives the values of the parameters obtained from curve fitting and the corresponding R2 value
illustrating the goodness of fit. The material constants thus obtained were used to plot the stress-stretch
curve for both uniaxial and equibiaxial cases which showed good prediction with the experimental data
as shown in figures 5 and 6.
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7.3 The case of fibre asymmetry

The family of fibres can be asymmetrically aligned with respect to the loading directions (figure 4).Under
such circumstances we can modify the strain energy function given in equation 42 in terms of principal
invariants by taking ℓ2 = (sin2θ1 + sin2θ2)/sin

2(θ1 + θ2) and m2 = (cos2θ1 + cos2θ2)/sin
2(θ1 + θ2)

are obtained from the fibre orientation transformation tensor β after simplifications.The expression for
Cauchy stress remains the same as given by equations 45,49 and 50.The expression of the derivative in
equation 46 and 47 also remains unchanged.
It is interesting to note here that most popular anisotropic strain invariant models use two different
invariants I4 and I6 to capture the fibre strains for asymmetrically aligned fibres. In case of the current
proposed model we are able to integrate the fibre strains for asymmetric alignment of fibres ,with same
material composition,with the help of the single parameter I∗1/γ.
As there exists no experimental data ,to the best of our knowledge, for soft tissues embedded with
asymmetrically oriented fibres, we used the numerical results of Holzapfel et al.[20] with material
parameters k1 = k3 = 4 kPa and k2 = k4 = 50 for a qualitative comparison. The fibres were assumed
to be oriented at θ1 = 75o and θ2 = 30o. The equivalent material properties for the proposed model
were determined as ω1 = 6.3 kPa and ω2 = 97.9. A neo-Hookean constant µ = 4 kPa was used for both
the models. Figure 7 shows the prediction from both the models under an uniaxial extension for the
mentioned parameters. It is seen that the pseudo invariant I∗1/γ gives an accurate prediction for the case
of fibre asymmetry.

It is also interesting to note here that if the family of fibres is assumed to be aligned along the loading
directions viz θ1 = 0o and θ2 = 90o,then the second order transformation tensor α becomes equal to I,
the second order identity tensor.Hence β does not transform the anisotropic invariant and therefore I∗1 /γ
becomes equal to I1/2 ,in two dimensional case,which induces direction independence in the material
model.In figure 7 we can see that if β is inactivated by aligning the fibres along the principal loading
directions, it is not possible to accurately predict the stresses for the same material parameters.Thus
the inclusion of the anisotropic pseudo invariant I∗1/γ ,arriving from the fibre orientation transformation
tensor β ,is able to capture accurately the anisotropic response arising due to stretching of the fibres.Also
for angles θ1 = θ2 = 45o, it is worth observing that I∗1/γ becomes equal to I4.

Loading condition Parameters R2

Uniaxial extension

µ = 3.05 kPa

0.987
ω1 = 3.25 kPa

ω2 = 12.22

θ = 75.30o

Equibiaxial extension

µ = 2.5 kPa

circumferential = 0.981
longitudinal = 0.958

ω1 = 2.85 kPa

ω2 = 37.5

θ = 57.1o

Table 1: Summary of material parameters and R2 value for both loading conditions

8 Numerical examples

The proposed model was validated by implementing it in a finite element scheme.Two examples were
considered (a) A square plate with a central hole under uniaxial extensions and (b) A homogeneous square
plate under equibiaxial extension. From various literature [44],[25] it is evident that a combination of
uniaxial and biaxial tests are necessary to accurately determine the material parameters of a constitutive
relation thereby enhancing its predictive capability. A Line Search algorithm was implemented to arrive
at the solution in finite number of incremental steps.
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Figure 5: Horizontal stretch (λ1) vs Horizontal Cauchy stress (σ1)under uniaxial extension. The stars
represent the circumferential experimental data from Holzapfel et al.[44].The smooth line represents the
prediction of the proposed model
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Figure 6: Stretch (λ) vs Cauchy stress (σ) under equibiaxial extension. The stars and squares represent
the experimental data from Niestrawska et al.[35] for abdominal aortic aneurysm in the circumferential
and longitudinal directions respectively. Smooth lines represent the prediction of the proposed model in
the circumferential and longitudinal directions
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Figure 7: λ1 vs σ1 under uniaxial extension for a family of asymetrically oriented fibres. The ’X’
represents the prediction of the model from Holzapfel et al.[20].The smooth line represents the prediction
of the proposed model. The dashed line represents the prediction of the model for fibres oriented along
the loading directions.
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Figure 8: Square plate with a central hole under uniaxial extension in the horizontal direction

Figure 9: Horizontal Cauchy stress σ1 (in kPa) contour under uniaxial extension

8.1 Uniaxial Extension

A square plate of dimensions L = H = 5mm with a central hole of radius r = 1.5mm was taken as shown
in Figure 8.The plate was meshed using 4 noded quadrilateral elements. Quadratic mesh convergence
was achieved at 765 elements. The material parameters were chosen from table 1. The material was
considered to be nearly incompressible.The load was applied by fixing all nodes at one end of the plate
and applying a stretch of 20 percent of the length in the horizontal direction to simulate the experimental
boundary conditions [48].The contour of horizontal stress (σ1) is shown in Figure 9

8.2 Equibiaxial Extension

Equibiaxial extension is a test that is commonly carried out to determine the bidirectional properties
of a hyperelastic material.The test specimen is attached to clamps and pulled along the two axes of
loading [49]as shown in Figure 10. A homogeneous square plate of dimensions L = H = 5mm was
meshed using 256, 4 noded, quadrilateral elements.The parameters for the proposed model were chosen
from table 1. Seven nodes (symmetrically chosen) along each edge were stretched in the horizontal and
vertical directions upto 12 percent.This was attempted to recreate the clamping procedure associated with
equibiaxial tests [50]. Figure ??(b) shows the deformed mesh after application of equibiaxial extension.
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Figure 10: Square plate under equibiaxial extension

(a) (b)

Figure 11: (a) σ1 (in kPa) and (b) σ2 (in kPa) contour for a square plate under equibiaxial extension
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Figure 12: λ1 vs σ1 (in kPa) under uniaxial extension. The stars represent the experimental data from
Holzapfel et al.[44]. The smooth line represents the prediction of the proposed model from FE analysis
and the dots represent model prediction from equation 45
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Figure 13: λ1 vs σ1 (in kPa)under equibaiaxial extension. The stars represent the circumferential
experimental from Niestrawska et al.[35]. The smooth line represents the prediction of the proposed
model from FE analysis and the dots represent model prediction from equation 49
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Figure 14: λ2 vs σ2 (in kPa) under equibaiaxial extension. The stars represent the longitudinal
experimental data from Niestrawska et al.[35].The smooth line represents the prediction of the proposed
model from FE analysis and the dots represent model prediction from equation 50
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The contour for Cauchy stress in horizontal and vertical directions is shown in Figure 11.

9 Discussions and Conclusion

For the square plate with a hole under uniaxial extension a bulk modulus (κ) = 300kPa was used.This
resulted in the material exhibiting a Poisson’s Ratio (ν) ≈ 0.254. The stress concentration factor at the
hole was observed to be ≈ 38 for a horizontal stretch of 1.20 (Figure 9) for the proposed model. Figure
12 depicts the response from the FE analysis of the proposed model with respect to the experimental
results of Holzapfel et al.[44]. A bulk modulus (κ) = 50kPa was used for the FE analysis of the square
plate under equibiaxial extension. Figures 13 and 14 show the prediction from the FE analysis in both
the horizontal and vertical directions respectively as compared with the experimental data [35] .
The R2 value from the FE prediction of the uniaxial extension of the square plate with a hole was
determined as 0.987.For the square plate under equibiaxial extension the R2 value was determined as
0.981 in the horizontal (circumferential) direction and 0.958 in the vertical (longitudinal) direction. Table
1 shows the summary of material parameters and the corresponding R2 values.

Thus the current work presented an anisotropic hyperelastic material model with a novel approach for
determining the fibre strains.This approach has been shown to be accurate in capturing the fibre strains
for both symmetrically and asymmetrically placed two families of fibres as it reduces the computational
time and model complexity by taking a single strain invariant I∗1 to determine the effect of fibre stretches
in both directions. The proposed model was found to efficiently agree with the experimental data
under uniaxial and biaxial loading conditions from literature, which are customary during the laboratory
testing of hyperelastic materials. The response of the model under both uniaxial and biaxial extension
displayed convexity of the function[30]. The elasticity tensor determined from equation 33 had a very
robust performance when implemented in the Newton Raphson iterative scheme. Fitting the model to
different kinds of experiments will generate better values of the coefficients. This will give rise to a
better prediction and truncate the error further. Use of better fitting techniques may also result in more
judicious predictions. Further investigations need to be carried out to determine the performance of the
model in predicting the behaviour of other soft tissues.

References

[1] LRG Treloar. Stress-strain data for vulcanized rubber under various types of deformation. Rubber
Chemistry and Technology, 17(4):813–825, 1944.

[2] Paul Steinmann, Mokarram Hossain, and Gunnar Possart. Hyperelastic models for rubber-like
materials: consistent tangent operators and suitability for treloars data. Archive of Applied
Mechanics, 82(9):1183–1217, 2012.

[3] RS Rivlin. Large elastic deformations of isotropic materials IV. Further developments of the general
theory. Philosophical Transactions of the Royal Society of London. Series A, Mathematical and
Physical Sciences, 241(835):379–397, 1948.

[4] Melvin Mooney. A theory of large elastic deformation. Journal of Applied Physics, 11(9):582–592,
1940.

[5] Oon H Yeoh. Characterization of elastic properties of carbon-black-filled rubber vulcanizates. Rubber
Chemistry and Technology, 63(5):792–805, 1990.

[6] R. W Ogden. Non-linear elastic deformations. Dover Publications,INC. New York, 1997.

[7] Karol Miller, Grand R Joldes, George Bourantas, Simon K Warfield, Damon E Hyde, Ron
Kikinis, and Adam Wittek. Biomechanical modeling and computer simulation of the brain
during neurosurgery. International Journal for Numerical Methods in Biomedical Engineering,
35(10):e3250, 2019.

19



[8] Antonio Candito, Javier Palacio-Torralba, Elizabeth Jiménez-Aguilar, Daniel W Good, S Alan
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