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In this work, nonlocal nonlinear analysis of functionally graded plates subjected to static
loads is studied. The nonlocal nonlinear formulation is developed based on the third-order
shear deformation theory (TSDT) of Reddy (1984, 2004). The von Karman nonlinear strains
are used and the governing equations of the TSDT are derived accounting for Eringen’s
nonlocal stress-gradient model (Eringen, 1998). The nonlinear displacement finite element
model of the resulting governing equations is developed, and Newton’s iterative proce-
dure is used for the solution of nonlinear algebraic equations. The mechanical properties
of functionally graded plate are assumed to vary continuously through the thickness and
obey a power-law distribution of the volume fraction of the constituents. The variation of
the volume fractions through the thickness have been computed using two different ho-
mogenization techniques, namely, the rule of mixtures and the Mori-Tanaka scheme. A de-

tailed parametric study to show the effect of side-to-thickness ratio, power-law index, and
nonlocal parameter on the load-deflection characteristics of plates have been presented.
The stress results are compared with the first-order shear deformation theory (FSDT) to
show the accuracy of nonlocal nonlinear TSDT formulation.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Functionally graded materials (FGMs) are the special class of composites, in which the volume fraction of two or more
materials are varied continuously as a function of position along certain dimension(s) of the structure to achieve a required
functionality. The concept of FGMs was proposed by materials scientists, based on its use in applications such as thermal
barrier materials (Koizumi, 1993; 1997). FGMs have many other applications such as Bio materials (Pompe et al., 2003), Den-
tal implants (Watari, Yokoyama, Saso, & Kawasaki, 1997), Sensors, Thermo-generators (Aller, Drar, Schilz, & Kaysser, 2003)
and wear resistant coatings (Schulz, Peters, Bach, & Tegeder, 2003). Due to smooth and continuous variation of material
properties from one surface to the other, FGMs are usually superior to the conventional composite materials. FGMs pos-
sess a number of advantages, including a reduction of in-plane and transverse through-the-thickness stresses, an improved
residual stress distribution, enhanced thermal properties, higher fracture toughness, and reduced stress intensity factors
along with high wear resistance. Therefore, accurate determination of the deformation and stress variation in such struc-
tures is important. FGMs are mostly used in nano/micro components, in which it is necessary to account for small scale
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effects, higher-order kinematics, and geometric nonlinearity. In view of this, the present work accounts for non locality,
nonlinearity and higher-order kinematics through the TSDT (Reddy, 1984; 2004).

Micro structural and size effects play a dominant role when the structures such as nano beams made up of FGMs are
used for structural purposes (Rahmani & Pedram, 2014; Simsek & Yurtcu, 2013). It has been observed that, the boundary
value problems solved using a classical continuum mechanics approach cease to give solutions that are comparable to ex-
perimental solutions in case of micro/nano structures. The main reason for this discrepancy is that the classical continuum
approach lacks an internal length scale that takes care of material micro structure. Many researchers have discussed the
importance of size effects in nano/micro structures (John, George, & Richard, 2003; Kroner, 1967; Krumhansl, 1968; Kunin,
1984). Nonlocal continuum models are found to be superior to their local counterparts for the analysis of nano structures
(Arash & Wang, 2012; Edelen & Laws, 1971). Many works discussed the importance of nonlocal theories in the analysis of
beams and plates (Reddy, 2007a; 2010; Roque, Ferreira, & Reddy, 2011; Thai, 2012). The effect of non locality appears in the
constitutive relations via a length scale parameter. These constitutive relations are also proven to avoid the singularity at
the crack tip in Fracture mechanics (Zhou, Han, & Du, 1999). These models are also reported to achieve properly convergent
solutions for localized damage analysis (Bazant & Milan, 2002). In the last two decades, Eringen’s nonlocal theory (Eringen,
1972; 1983; Eringen & Edelen, 1972) has received significant attention. Eringen’s stress gradient model is based on the
assumption that the stress at a point is a function of the strain field at all neighboring points on the continuum. The inter-
atomic forces and atomic length scales directly come in the constitutive equations as material parameters (Eringen, 2002).
Recently, Eringen’s model has been modified using the gradient elastic model as well as an integral non-local elastic model
that is based on combining the local and the non-local curvatures in the constitutive elastic relations (Challamel & Wang,
2008; Fernandez-Saez, Zaeraa, Loyaa, & Reddy, 2016; Romano, Barretta, Diaco, & de Sciarra, 2017).

Modeling of material through the thickness for FGMs has been important for accurate analysis of FGMs. Some works
on the variation of material properties through the thickness according to a power-law distribution and the locally effec-
tive material properties in terms of the volume fractions of the constituents through the Mori-Tanaka scheme includes
Reddy and Cheng (2001) and Vel and Batra (2002). Kashtalyan (2004) derived the three-dimensional elasticity solution for
a functionally graded simply supported plate subjected to transverse loading. A three-dimensional solution for the prob-
lem of clamped rectangular plates of arbitrary thickness is presented by Elishakoff and Gentilini (2005). Aghababaei and
Reddy (2009) provided analytical solutions of bending and free vibration of plates using the nonlocal TSDT. Jandaghian and
Rahmani (2016) provided analytical solutions of vibration analysis of functionally graded piezoelectric nano plates based on
Eringen’s non local theory and Kirchhoff plate theory. Analytical and finite element models of functionally graded plates
using first order theory and third-order theory was presented by Reddy (2000). Many researchers have recently attempted
to study the behavior of FGM plates using higher order theories (Aliaga & Reddy, 2004; Golmakani & Kadkhodayan, 2011;
Reddy & Kim, 2012; Talha & Singh, 2010). Reddy (2010) presented the formulation for FGM plates considering a general
third-order theory and the von Karman nonlinear strains. Kim and Reddy (2015) presented the theory and finite element
analysis of functionally graded plates with modified couple stress effect and the von Karman nonlinearity. Mousavi, Paavola,
and Reddy (2015) presented a variational approach based on Hamilton principle and developed the governing equations for
the dynamic analysis of plates using the Reddy third-order shear deformable plate theory accounting for the strain gradient
and velocity gradient effects. Ferreira, Batra, Rouque, Qian, and Martins (2005) and Qian, Batra, and Chen (2004) carried
out analysis of FGM plates using higher order theories and meshless methods. Transient, thermo-elastic, bending and vi-
bration analysis of the functionally graded plates using FSDT were presented by many researchers such as Praveen and
Reddy (1998), Singha, Prakash, and Ganapathi (2011), Hosseini-Hashemi, Taher, Akhavan, and Omidi (2010), Reddy and
Chin (1998). Reddy, El-Borgi, and Romanoff (2014) performed the nonlinear analysis of functionally graded micro beams
using Eringen’s nonlocal differential model. Rahaeifard, Kahrobaiyan, Ahmadian, and Firoozbakhsh (2013) applied strain gra-
dient formulation to investigate the effect of length scale on the static and dynamic behavior of Euler-Bernoulli beams
made of functionally graded materials. Salehipour, Shahidi, and Nahvi (2015) formulated a novel nonlocal theory that as-
sumes the nonlocal strain at a point as a function of local strain at all neighboring points. This novel theory was applied
to study the functionally graded plates using the first order plate theory and the results are validated with Eringen’s three
dimensional nonlocal models. Nejad and Hadi (2016) investigated bi-directional functionally graded Euler-Bernoulli nano
beams subjected bending using Eringen’s non-local elasticity theory. Recently Ghayesh, Farokhi, Gholipour, and Tavallaeine-
jad (2017) investigated the effect of the small scale parameter, the gradient index on the nonlinear behavior of functionally
graded tapered beams subjected to bending and forced vibration. Here they used a modified couple stress theory to ac-
count for the size dependent behavior of the functionally graded material. Raghu, Rajagopal, and Reddy (2018) developed
nonlinear finite element model using Eringen’s nonlocal model and von Karman nonlinear strains to analyze the laminated
composite plates using Reddy’s third-order shear deformation theory (Reddy, 1984).

In this paper, the formulation for nonlocal nonlinear analysis of FGM plates is presented. The behavior of FGM plates
subjected to static loads is studied. The Reddy TSDT with the von Karman nonlinear strains is used for deriving the govern-
ing equations that accounts for Eringen’s nonlocal stress-gradient model. The nonlinear displacement finite element model
is developed from the resulting nonlocal nonlinear equations. Two homogenization techniques, namely rule of mixtures and
Mori-Tanaka scheme is used to find the mechanical properties of the FGM plate using power-law distribution of the volume
fraction of the constituents. The presented results are compared with the literature and the percentage difference between
the deflections obtained using two techniques are tabulated in the results. The effect of side-to-thickness ratio, power-law
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index, and nonlocal parameter on the load-deflection characteristics of the plates has been presented. The effect of nonlocal
parameter and the power-law index on axial and shear stress has also been presented.

Following this introduction, the nonlocal elasticity theory is discussed in Section 2. In Section 3 the mathematical ide-
alization of FGM plate with the rule of mixtures and Mori-Tanaka scheme employing power-law distribution is explained.
The governing equations are derived using TSDT in Section 4 and a finite element model is presented in Section 5. The
numerical examples with the results and discussion is detailed in Section 6. Some conclusions are presented in Section 7.

2. Nonlocal elasticity theory

Most of the materials are heterogeneous at smaller length scales such as nano scale (Eringen, 1998). The classical con-
tinuum theories idealize the material as continuously distributed at macro scale there by abandoning the discreteness and
heterogeneity of the material. This idealization can accurately predict the behavior of material at large scale, but this as-
sumption in micro/nano electro mechanical systems cannot predict the accurate results. This is mainly due to the fact that
the classical continuum approach lacks the material length scale parameter in the constitutive relations (Eringen & Ede-
len, 1972). In small scale structures the internal characteristic lengths such as the grain size and distance between the
atoms is comparable to the spatial dimensions of the structure and hence the size effects are predominant (Eringen, 2002).

The nonlocal continuum mechanics was initiated by Eringen (1998) who proposed a constitutive model that expresses
the nonlocal stress tensor o™ at point x as

o (x) :/K(|x/—x|,r)o(x’)d1/ (1)

where ¢(x') is the classical macroscopic stress tensor at point ¥’ and K(|x' — x|, 7) is the Kernel function which is normalized
over the volume of the body represents the nonlocal modulus and 7 is the material constant that depends on the internal
characteristic length (e.g. lattice parameter, granular distance) and external characteristic length (e.g. crack length). From Eq.
(1) it can be seen that the K has the units of (length)~3. The Kernel function has the following properties (Eringen, 1983):

» The function attains it’s maximum at x = X’ and attenuates with |x’ — x|

» When t — 0, K becomes Derac delta function. This makes nonlocal elasticity breaks down to classical elasticity.

« Kernel function K can be determined by matching the dispersion curves of plane waves with those of atomic lattice
dynamics. For two dimensional case, it is found to be

K(|x|, ) = (wt1®) Texp(—x.x/1°T) (2)
Furthermore, K is assumed to be a Green’s function of a linear differential operator £:

LK(® —x|,T) =6(|% —x|) 3)
Applying Eq. (3) to Eq. (1), we obtain

[,O'il}l = O',‘j (4)
If £ is differential operator with constant coefficients, then it follows

! I

(Lof) k= Eai'}'k (5)
Using the Eq. (5), the equilibrium equations of two dimensional linear elastic isotropic body can be expressed as

Ok +L(pfi—pi) =0 (6)

which is a partial differential equation to be solved instead of a integro-partial differential equation.
Eq. (4) can be represented equivalently in differential form as

(1-72PV¥)e" = ¢ (7)

where 72 = @;7;1)2 eo is a material constant and a and [ are the internal and external characteristic lengths, respectively.
In general, V2 is the three-dimensional Laplace operator. The nonlocal parameter p can be taken as u = 1212 = (epa)?.
In rectangular Cartesian component form, the relation can be written as (invoking Hooke’s law for the local stress tensor
components),

E(U,-?l) = 0ij = Gjmn&mn (8)
3. Mathematical idealization of the FGM plate

Although FGMs are highly heterogeneous, it will be very useful to idealize them as continua with their mechanical prop-
erties changing smoothly with respect to the spatial coordinates. The homogenization schemes are necessary to simplify
their complicated heterogeneous micro structures in order to analyze FGMs in an efficient manner. It is worth noting that,
the distribution of material property in FGM structures may be designed to various spatial specifications. A typical FGM
represents a particulate composite with a prescribed distribution of volume fractions of constituent phases. The material
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properties are generally assumed to follow gradation through the thickness in a continuous manner. The effective properties
of macroscopic homogeneous materials can be derived from the microscopic heterogeneous material structures using ho-
mogenization techniques (Birman & Byrd, 2007; Klusemann & Svendsen, 2010; Zuiker, 1995). Several models like the rule of
mixtures (Praveen & Reddy, 1998; Reddy, 2000), Hashin-Shtrikman type bounds (Hashin & Shtrikman, 1962), Mori-Tanaka
scheme (Mori & Tanaka, 1973; Zuiker, 1995) and Self consistent schemes (Willis, 1977) are available in the literature for
determination of the bounds for the effective properties. Voigt scheme and the Mori-Tanaka scheme have been generally
used for the study of FGM plates and structures by researchers (Ferreira et al.,, 2005; Shen & Wang, 2012) and have been
adopted here.

3.1. Mori-Tanaka scheme

For those parts of the graded microstructure that have a well-defined continuous matrix and discontinuous reinforce-
ment, the overall properties and local fields can be closely predicted by Mori-Tanaka estimates. The assumption of spherical
particles embedded in a matrix is considered. The primary matrix phase is assumed to be reinforced by spherical particles
of secondary phase. Zuiker (1995), Mori and Tanaka (1973) derived a method to calculate the average internal stress in the
matrix of a material. This has been reformulated by Benveniste (1987) for use in the computation of the effective properties
of composite materials. According to the Mori-Tanaka scheme, the effective elastic properties of the FGM can be expressed
as

K—-K Vin
K — K 14 (1= Vi) Kin —4I(C
K.+ =G,
C 3 C
G -G Vin
= 9
Gm - Gc (Gm - GC)
1 1-Vp)—=
*( m) Ge+ fe
where
Gc(9K: + 8G¢)
_ 10
fe 6(K. +2G,) (10)

in which K and G are bulk modulus and shear modulus, respectively. The subscript ¢ and m refer to ceramic and metal
phases, respectively. K and G are related to Young’s modulus and Poisson’s ratio v, by the following equations
9IKG 3K -2G

E=s%t¢ "~ 6x+0)

(11)
3.2. Voigt scheme - rule of mixture

With a certain mixture of ceramic and metal phases, the response of the composite is dependent upon factors such as the
concentration, shape and contiguity, and spatial distribution of each phase. There are two extreme rule of mixture models
to describe the effective mechanical properties of a composite comprising two elastically isotropic constituent phase: the
Voigt and Reuss models (Hill, 1952). The Voigt model corresponds to the case when the applied load causes equal strains in
the two phases. The overall composite stress is the sum of stresses carried by each phase.

Voigt scheme has been adopted in most analysis of FGM structures (Ferreira et al., 2005; Hosseini-Hashemi et al., 2010;
Matsunaga, 2009; Reddy, 2000; Reddy & Cheng, 2001; Reddy & Chin, 1998; Singha et al., 2011; Vel & Batra, 2002; Talha &
Singh, 2010). The advantage of the above model is the simplicity of implementation and the ease of computation. According
to Voigt scheme, the effective properties are the arithmetic average of constituent properties and are given by Eq. (12).

E(Z) = Emvm + Ecvc (12)

where, Ep, and E. represent the Young’s modulus of metal and ceramic, respectively, Vi, and V. represent the volume fraction
of metal and ceramic phase, respectively, which vary with respect to thickness coordinate z according to power law given
in Eq. (13).

3.3. Power law for FGM plates

The variation of properties through the thickness is considered to be either exponential (called E-FGM) or based on a
power series (called P-FGM) in the literature, which covers most of the existing analytical models. The Power law is most
popular because of its simplicity and algebraic nature which is easy to implement.

The volume fraction of ceramic at any distance from the mid plane (z=0) can be expressed in the form of power law
as

V= (% + %)n (13)



S. Srividhya et al./International Journal of Engineering Science 125 (2018) 1-22 5

The sum of the volume fractions of all the constituent materials is unity. For a two constituent FGM plate (i.e. ceramic and
metal), the volume fraction of metal can be written as

Vn=1-V; (14)
4. Theoretical formulation
4.1. Introduction

The classical plate theory and FSDT are the simplest equivalent single layer theories. The TSDT represents the kinematics
more realistically and does not require shear correction factor that the FSDT requires. The TSDT of Reddy (1984) is based on
a displacement field that includes the cubic term in the thickness coordinate (z), hence the transverse shear strain and hence
stress are represented as quadratic through the plate thickness and also satisfies the stress free conditions on the bounding
planes (top and bottom surfaces) of the plate. In spite of relatively more complex algebraic equations and computational
effort compared to the classical and FSDT theories, the TSDT yields results that are close to 3-D elasticity solutions (Reddy
& Wang, 1998; Reddy, 2007b). There are some articles that incorporate the third-order plate theory to obtain more accurate
results (Lee & Reddy, 2004; Reddy, 1984; Reddy & Wang, 1998). Therefore, it is useful to study the extension of the third-
order plate theory to include the length scale effects of Eringen’s model.

4.2. Displacement fields and strains

The TSDT of Reddy (1984, 2004) is based on the displacement field

473 9
ur(x,y,2) = u(x,y) +z¢px — 3% <¢x + z;::)

473 9
Uz (X,y,2) = V(X,y) +2¢py — 3% <¢y n 8‘;//)

us(x,y.z2) = w(x,y) (15)

where (u4, uy, u3) are the total displacements in the (x, y, z) coordinates and (u, v, w) are displacements of a point on the
mid plane.

4.3. Strain-displacement relations

Substitution of displacements into the von Karman non-linear strain displacement relation yields the strains as

£© e e®
SXX XX XX XX
isyy} =10 b +ziel) ¢ +22] el (16)
AL P73 I V) B P
v _[n) o 1 (17)
Vef yg) Ve
where
u 1 (8W)2 2,
e© ox 2\ ox , e 33(;;
0 1
8}(1_)1) = @ + 1 aiw ) 83(/y) = Tyy (]8)
s RN ol B Y
v du + ov + ow dw Y F) T+ Ty
dy 0Jx 0x dy Y X
O, 0w
g aax gzxz
e t=—q] OB W (19)
- dy ~ 0y?
ny 8¢x n % +2 BZW
ay ax oxay
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ow ow
(0 Oy + — @) by +
{yy«n} -1 5)3\// ' {yy<22>} =-Q ’ aa% (20)
Vez ox + Viz Ox +
and
4
= 3C1? G = 3h2 (21)

4.4. Governing equilibrium equations

The following nonlocal nonlinear governing equations in terms of local stress resultants can be obtained by applying the
operator £ on both sides of the governing equations and by using the relation between local and nonlocal stress resultants
given in Appendix A.

N | Ny
ax Ty 0 (22)
ONyy  ONy
ax "oy 0 (23)
90y 8Qy ow ow 9 ow ow
ox Y *ox <Nxx ax Tl 8y> Ay (ny 0x +Nyy8y>
0%Py 82ny azPyy _ 2
+C]< 9x2 +28x8y * oy =4 - uV5) (24)
My | My~
ax Ty &=0 (25)
M,y aMyy
ax - =0 (26)
where
Nyg h 1 h
2 2 1
{Maﬁ}:/haaﬁ{z}dz {%}:/haaz{zz}dz
Paﬁ -2 z3 -2
and
Myp =Mypg — C1Pyp. Qo = Qu — 2Ry (27)

which are further simplified as
{N} [A] [B] [E]][{e@}
M} =1[Bl [D] [F]|}{e™} (28)
{P} [E] [F] [H]If{e®}
{Q} [A] D] [{y©}
{{R}} - [{D] [Fl] {{?@}} 2
where

(Aij. Bij, Dij. Eij, U’Hl])_/ Q;j(2) 1.z, 2,2,2%,2%)dz

(Aij, Dyj, Fij) = /j Qj(2) (1.2%.2%)dz G

where i, j=1,2,6 in the first expression of Eq. (30) and i, j=4,5 for the second expression. Here Q; denote the plane
stress material stiffnesses, which are known in terms of the engineering constants as

E E
Qu=0Qn= (232, Qu=Q =~ (f))z Q6 = G(2)



S. Srividhya et al./International Journal of Engineering Science 125 (2018) 1-22 7
5. Finite element model
5.1. Weak form

The Hamiltons principle or the dynamic version of the principle of virtual displacements of a typical plate finite element
is given by

0= / [Nt + Nay Sty |dxdy — ?ﬁ (AxNuxSU + iy Nyy Su)ds (31)
Qe Te

0= / (N80 + Ny Jdxdy — f (AN U + 7Ny, Sv)ds (32)
QE FE

0= f {QXSW,X +QydWy + (NxxW x + Ny )W + (NyyW  + Nyyw ) )8w
— 1 (PSW xx + ByySW gy + 2Py W 4y) — q(1 — /LVZ)(SW}dxdy
_ ﬁ {(Qxﬁx +Qyy) W + (NxW.x + Neyw ) x8W + (Ngyw  + Nyyw ), Sw

+C1 [Pxx,xﬁx + Pyy,yﬁy + (ny,xﬁy + ny.yﬁx)]sw

= 1| PudWiaf + By 8wy + (P + By, i) || s (33)
0= [ 1606+ Mubibos -+ Whodeheyldidy — § (Miodips + My )ds (34)
0= [ Q86+ Wy + Wy Siheylixdy — (M xS+ Moy 3y s (35)

5.2. Finite element approximation

In view of the fact that the primary variables of Reddy’s third-order theory are

ow ow 3%w
, W, ' 37)/’ m,(]bx,(py

we use Lagrange family of approximations to interpolate (u, v, ¢x, ¢y), while for w we use Hermite family of approximation
to interpolate (where the variable and its derivatives are interpolated). We seek finite element approximation in the form

u,v

u(y, 0~ Y Uiy’ (xy) (36)
j=1
vy, ) & > ViOy Y (x,y) 37)
j=1
16 _
wx.y.t) ~ Y Aj(t)g;(x.y) (38)
j=1
D%,y 0) & > X0 P (%, y) (39)
j=1
Py 3,0 ~ Y ViOY P (xy) (40)
j=1

Here, A j denote (w, dw/dx, dw/dy, 92w/0xdy) at each node of a four-node quadrilateral element (known as the conforming
element). Substitution of the approximations from Egs. (36) and (40) into the above weak form Eqs. (31) and (35), we obtain
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u=w=dw/dr=

Y 6.=0

u=dwfir= v=w=dw/dy =

&, =0 o, =0
X

v=0dw/dy=
f,‘iy =0

a

Fig. 1. Boundary conditions and computation domain of simply supported (SS1) plate.

the following finite element equations (for static analysis)

(K" K] [K] [KM] [K"®]7 ({U} {F'}
(K] (K] [K®B] (K] [K®] || {V) {F?}
(K3 [K®2] [K®] K] [KP®] [ {A} g = {F)
(K] [K*2] [K®B] [K*¥] [K*S] | | {x} {F*}
(K] [K*?] [K3] K34 (K] U{y) {F>}
KA =F (41)

The coefficients of stiffness and force matrices are given in Appendix B

5.3. Solution of nonlinear equations

Solution of Eq. (33) by the Newton iteration method results in the following linearized equations for the incremental
solution at the (r + 1)st iteration:

8A =—(T(A}L) 'R, (42)
r oR 7" r 74 r r i
T(AL,) A " R =K(Al )A,,,—F (43)
S
The total solution is obtained from
Al = AL +0A (44)

The tangent stiffness coefficients are computed and detailed in Appendix C. The following formula given in Reddy (2015), is
used to find the tangent stiffness coefficients.
n oy
ret - R _ g i: Wi py _ OF
R V. NN,

(45)
k=1

We note that the von Karman nonlinearity involves only w or A3. Therefore, only derivatives of K%# with respect to A3 are
nonzero. Thus, we have to calculate Tl}3 7'33 T33 7',.3?3 and T33

6. Numerical results

Numerical results are presented to illustrate the effect of nonlocal parameter u, power-law index n and the nonlinearity
on the bending behavior of functionally graded plates. The boundary conditions considered are simply supported (SS1), as
shown in Fig. 1. Because of the symmetry of the problem, the computational domain is taken to be the quadrant depicted
in Fig. 1. Four-noded rectangular element with 8 degrees of freedom at each node is used for the analysis. In all the exam-
ples, a 4 x 4 mesh with reduced integration (2 x 2 rule) for nonlinear terms and shear terms, and a/h ratio of 10 has been
considered to obtain plots of the load versus non-dimensional central deflection. The material properties used in comput-
ing results are E. = 151 GPa, E;; =70 GPa and v = 0.3. In all the examples the following non-dimensional parameters are
w(0, 0) qoa* z o0xx(0, 0, 2)h?

i= 2%

considered. w = o 4= E 1’ n o Tod®
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Table 1
Comparison of dimensionless deflections for Al/Zr FGM plate subjected to uniform load (§ = 1) for various
power-law index values using rule of mixtures (RM) approach and Mori-Tanaka (MT) scheme.

alh  w n
Ceramic 0.5 1 2 Metal

20 Present (RM) 0.02080  0.02657  0.02973  0.03246  0.04486
Ferreira (RM) (Ferreira et al,, 2005)  0.02080  0.0265 0.02970  0.03240  0.04480
Present (MT) 0.02080  0.02746  0.03052  0.03305  0.04486
Ferreira (MT) (Ferreira et al,, 2005)  0.02080  0.02790  0.03090  0.03330  0.04480
Qian (MT) (Qian et al., 2004) 0.02118 - 0.03150 0.03395  0.04580
Difference (%) 0 324 2.58 1.78 0

5 Present (RM) 0.02487  0.03148  0.03530  0.03899  0.05366
Ferreira (RM) (Ferreira et al., 2005)  0.02477 0.03135 0.03515 0.03883  0.05343
Present (MT) 0.02487  0.03256  0.03634  0.03985  0.05366
Ferreira (MT) (Ferreira et al., 2005)  0.02477 0.03293 0.03666  0.04009  0.05343
Qian (MT) (Qian et al., 2004) 0.02436 - 0.03634  0.03976  0.05253
Difference (%) 0 332 2.86 215 0

Table 2

Effect of nonlocality on the non-dimensional center deflec-
tions of Al/Zr FGM plate subjected to sinusoidal load for vari-
ous power-law index values.

alh n w
=0 = =3 =
20 Ceramic 00132 0.0428 01130  0.2159
0.2 00149 00483 01276  0.2437
0.5 00169 00546 01443 02756
1 00189  0.0611 01615 03085
2 0.0207 00668 0.1765  0.3372
Metal 00285 00922 02438  0.4657
10 Ceramic  0.0141 00453 01193 02276
0.2 00158 00510 01344 02565
0.5 00179 00576 01519  0.2897
1 0.0201 00645 01701  0.3245
2 00220 00708 01866 03560
Metal 0.0304 00977 02574  0.4910
5 Ceramic  0.0169 00538 01406  0.2674
0.2 0.0189 00603 01577  0.2999
0.5 00213 00679 01776  0.3378
1 00239 00762 01993 03790
2 0.0265 00844 02206  0.4195
Metal 00365 01161 03034  0.5769

_ 0x(0,b/2,2)h?

G % difference— present(MT)—present(RM)

qoa? present(MT)
ness of the plate, respectively, and qq is the intensity of the applied load. In all the examples taken below a square plate
where a/b =1 is considered.

In Table 1 the non-dimensional central deflections of a simply supported square plate using the rule of mixtures and
Mori-Tanaka scheme is calculated and compared with the literature. The presented results are compared well with those
computed by the finite point multi-quadric method by Ferreira et al. (2005) (varied by less than 1%). Also the present results
are compared well with those results obtained by meshless local Petrov-Galerkin method (MLPG) by Qian et al. (2004) using
Mori-Tanaka scheme which shows that the present solution is well matched with the literature and variation is in the
range of 1-2%. Table 1 also presents the percentage difference between two homogenization schemes with respect to Mori-
Tanaka scheme and it is evident that for power-law index n = 0 and n = oo both yield exact same value of deflection, as in
both of these schemes for n = 0 and n = oo, material properties reduce to ceramic and metal, respectively. It is shown by
Qian et al. (2004) that the MLPG solution agreed very well with the exact solution of Vel and Batra (2002). It is observed
that the percentage difference between the deflection values corresponding to a/h ratio of 5 and 20 is maximum at the
power index value of 0.5. Although rule of mixtures is a simple arithmetic average, whereas Mori-Tanaka scheme takes into
account the interaction of the elastic fields between neighboring inclusions (Vel & Batra, 2002), in the following examples
we used the rule of mixtures approach for its simple nature and also we believe it is reasonable in predicting the global
responses (Shen & Wang, 2012). Table 2 shows the effect of nonlocal parameter on non-dimensional center deflections. The
deflections are increasing with the increase in the nonlocal parameter u irrespective of any power-law index n and the a/h
ratio.

x 100 where qa, b, h are the length, breadth and thick-
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Fig. 2. Non-dimensional center deflection versus load parameter for various values of power-law index n; uniform load and linear analysis (u = 0).
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Fig. 3. Non-dimensional center deflection versus load parameter for various values of power-law index n; uniform load and nonlinear analysis (& = 0).

n

Fig. 4. Non-dimensional center deflection versus power-law index for various values of p; sinusoidal load and nonlinear analysis.

In Fig. 2 plots of the linear non-dimensional center deflections versus load for different values of the power-law index
is presented. As the metal plate (n— oo) has lower stiffness compared to the ceramic plate (n = 0), it is expected to deflect
more than the ceramic plate; and for all other intermediate values of n, the deflections increase with increase in n. Fig. 3
contains plots of nonlinear non-dimensional center deflection versus load for different values of the power-law index. To
show the effect of nonlinearity the deflections are plotted up to a very high value of load (§ = 200). The deflections are
becoming completely nonlinear for a value of g greater than 50 for all the power-law index values. Fig. 4 shows the variation
of nonlinear non-dimensional deflections with n and u values. The non-dimensional deflection increases with an increase in
the power-law index value and percentage difference between extreme values is about 20-40%. From Fig. 5, it is observed
that for a fixed power-law index, an increase in the nonlocal parameter results in an increase in deflections, as expected
because of a reduction in the stiffness. If we consider the first three curves in Fig. 5, which have the same power-law
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Fig. 6. Non-dimensional center deflection versus a/h ratio for various values of ; and n; sinusoidal load and nonlinear analysis.

0

-0.5

3 -1

—— Ceramic
——n = 0.2
15+ n=05

—+—n=1.0
——n =2.0
9 —o—Metal .
0 1 2 3 4 5

I

Fig. 7. Non-dimensional center deflection versus p for various values of power-law index n; sinusoidal load and nonlinear analysis.

index value i.e. n =1 the deflections are increasing significantly with an increase in the value of u from 1 to 3 and to 5.
This indicates that Eringen’s stress gradient model is a diffusion type model and has the effect of representing the plate as
flexible. In Fig. 6, the effect of a/h ratio on the non-dimensional center deflections is shown. It can be observed that there
is an increase in the deflections from a/h ratio 5 to 10 after which it is almost constant. With the increase in the nonlocal
parameter the deflections increase nonlinearly and a similar trend is observed for various values of the power-law index, as
shown in Fig. 7.

The bending stress oxx and the transverse shear stress oy, are computed at the center of the plate and at the uncon-
strained corners of the plate, respectively. The bending stresses of the TSDT do not differ much from the bending stresses
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Fig. 9. Bending stress versus Z for various values of power-law index n and nonlocal parameter (; sinusoidal load and nonlinear analysis.

Fig. 10. Transverse shear stress versus power-law index n for various values of the nonlocal parameter u; sinusoidal load and nonlinear analysis.

of the FSDT (Vel & Batra, 2002). The nonlinear stress variation of TSDT for various values of the power-law index under
uniform load, is given in Fig. 8. The bending stresses are varying nonlinearly through the thickness even for the extreme
values of power-law index. The steep gradients of some curves in the bending stress plot near the bottom of the plate are
due to sudden change in the material properties at that point of the plate. Fig. 9 shows the effect of nonlocal parameter on
the bending stresses through the thickness of the plate. With a fixed value of non local parameter u , values of the stresses
decrease with increase in the n value. Fig. 10 shows a plot of the transverse shear stress versus power index for various
values of the nonlocal parameter. From Fig. 10, it is clear that the transverse shear stress is maximum at some points in
between n = 0 and n = 0.5. The transverse shear stresses are almost constant or the rate of decrease is becoming minimum
as we increase the power-law index value.
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Fig. 11. Transverse shear stress through the thickness for various values of the nonlocal parameter p by TSDT and FSDT; sinusoidal load and nonlinear
analysis.
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Fig. 12. Transverse shear stress through the thickness for various values of the power-law index n; uniform load and nonlinear analysis.
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Fig. 13. Transverse shear stress through the thickness for various values of the nonlocal parameter p and the power-law index n; sinusoidal load and
nonlinear analysis.

The variation of transverse shear strains of the TSDT is quadratic through the thickness; therefore, the transverse shear
stresses will also vary quadratically. From Fig. 11 it is clear that for TSDT the shear stress has a quadratic variation, whereas
in FSDT it is a constant. From Fig. 11 we can see that the transverse shear stresses are increasing with the increase of
nonlocal parameter in both the theories. Unlike for the homogeneous plate, the variation of the stresses of the FGM plate
depends not only on the variation of strains, but also in the variation of the material properties in the plate. Fig. 12 shows
the transverse shear stress variation through the thickness and for various values of the power-law index n for the case of
uniform load. From the plot we can see that, transverse shear stress goes to zero at top and bottom surfaces and varies
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quadratically through the thickness. The peak in the transverse shear stress is not exactly at the mid plane except for the
extreme cases (i.e. for ceramic and metal). In all other cases the maximum value occurs at the neutral plane, which depends
on power-law index and volume fraction of the components of the plate. Fig. 13 shows the variation of transverse shear
stress through the thickness with various values of  and n. Fig. 13 shows that transverse shear stresses increase with the
increase in the nonlocal parameter.

7. Conclusions

Equations of equilibrium of Reddy’s third-order shear deformation theory for the analysis of FGM plates are derived based
on Eringen’s nonlocal differential constitutive model and the von Kiarméan nonlinear strains. The weak forms are derived
and the finite element model is developed. Numerical examples are presented to bring out the parametric effect such as
the power-index, non-local parameters, and side-to-thickness ratio a/h and the von Kiarman nonlinearity on the bending
behavior of FGM plates. It has been observed that the Eringen’s nonlocal model results in reduced structural stiffness of
FGM plates, hence the deflections increase with the nonlocal parameter.

Appendix A

The governing equations of equilibrium for the bending of plates based on the nonlinear third-order shear deformable
plate theory are

aNnL AN

ax ay =0

ONy,  ONy,

o *W‘O

aQr QM 9 wOW W\ 9 (0w dw
x T ay Tax Mgy TN gy ) T gy \ Moy TNy

a2pnl _92py 2Py
+c1< T2 +28x8y+ 372 +q=0

8]\71;’}6 81\7[2}” Anl
ax T dy Q=
81\71;’;, BM;)I’ Anl
_ -0
0x + ay %
where
My =My —ciPhg, Q' = Q' — &oRY

The relation between local and nonlocal stress resultants can be derived from Eq. (8) as

L(Nglp) = Nyjp. - L(MGlg) = Mgl LG =Ry, £QH =Q  LRY) =Ry
Appendix B

Stiffness matrix term'’s
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Appendix C

Tangent stiffness matrix term’s
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