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Abstract Let o/ be a complex Banach algebra with unit e. Let p be a non trivial
idempotent element in ./ and € > 0. For a € &7, it is proved that the interior of the
level set of (p,e— p) — € pseudo spectrum of a is empty in the unbounded component
of (p,e — p) resolvent set of a. An example is constructed to show that the condition
’unbounded component’ can not be dropped. Further, it is proved this *unbounded
component’ can be dropped in the case when & is B(X) where X is a complex uni-
formly convex Banach space. That is, if T € B(X) then interior of the level set of
(p,I — p) — € pseudo spectrum is empty in (p,I — p) resolvent set of 7.

Keywords Analytic vector valued map, (p,q) — € pseudo spectrum, complex
uniformly convex Banach space.

1 Introduction

Let f be a complex valued analytic function defined on an open connected subset €2
of C. If f is non constant then by maximum modulus theorem, | f| can not be constant
on 2. This need not to be true for general analytic Banach algebra valued functions.
We first see the definition of analytic Banach algebra valued function. Let <7 be a
complex Banach algebra with unit e and 2 be an open subset of C.
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Definition 1 ([11], Definition 3.2) A map f : Q2 — 7 is said to be differentiable at
the point u € Q if there exists an element f' (i) € & such that

lim
A—u

JA)—f(u)
A—pu

= f'(w) H =0.
If f is differentiable at every point in £ then f is said to be analytic in Q.

Consider Q = C, & = M;(C) = {A A= (Z“ Zu> where a;; € (C} with norm
21 G

2
A0 .
|Al[ = 1@??2{; |a,-j|} . Define y : C — M, (C) by w(1) = (0 1). Clearly v is

= (l) 0) Moreover ||y(A)]|; is constant on the
open set {A € C: |A] < 1}. Hence, the norm of general Banach algebra valued ana-
lytic maps may be constant or need not to be constant in an open connected subset of
C. We shall identify A -e as A for any A € C. Recall that for a € 7, the resolvent set
is defined as {A € C: (a—A) is invertible in <7} and it is denoted by p(a). Comple-
ment of p(a) is called spectrum of a, which is denoted by o (a). It is a well known
fact that o(a) is a nonempty compact subset of C and hence p(a) is a nonempty open
subset of C. J. Globevnik in [8] studied about the norm constant value of the map,

analytic and for any u € C, y'(u)

R:p(a)— o/ byR(A) = (a—2)""

in the open subset of p(a). He proved in [8] (Proposition 1, Proposition 2),

(a) for any a € o, ||(a—A)~"|| can not attain local maximum in any unbounded
component of p(a).

(b) If X be a complex uniformly convex Banach space and T € B(X) then ||(T — )|
can not attain local maximum in any open subset of p (7).

One can find, some more answers related to this question in [3], [4] and [5]. E. Shar-

gorodsky in [13] (Theorem 3.1) showed, there exists an invertible bounded linear

operator T acting on the Banach space [*(Z) with norm ||x||, = sup |x¢| + |xo| where
k#0

x = (x¢)ez- such that ||(7 — 2)~"|| is constant in an open neighborhood of A = 0.
The main aim of this paper is to investigate and classify the possible cases, when
the norm of the (p,q) resolvent map (see Definition 3) is not constant in an open
connected subset of the (p,g) resolvent set (see Definition 3).
Consider two idempotent elements p,q € <7 i.e. p> = p and ¢° = q.

Definition 2 ([10], Definition 1.1) Let a € </. An element b € of satisfying,
bab=b,ba=pand 1 —ab=g¢q

(2)

will be called a (p,q) outer generalized inverse of a and it is denoted by a; .
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In [10], KolundZija introduced the concept of the (p,q) — e-pseudo spectrum of a in
/. Lete >0anda € o/. The (p,q) — €-pseudo spectrum is defined as

A((j,)q)—s(a) = {/'L €eC:(a—1) 22] does not exist or H(a - l)g,z,)]H > 8} .
In the same article, KolundZija discusses about (p,q) — e-pseudo spectrum of ele-
ments of the Banach algebra which are in the block matrix form. For the geometric
understanding of (p, q) — €-pseudo spectrum, because of the inequalities in (p,q) — €-
pseudo spectrum and in order to understand it, one has to know more about its bound-
ary set. It is clear that the boundary sets are subsets of the set (see theorem 5),

LY (@ ={rec: H@fmg,%z,u =e}.

The above set is called level set of (p,q) — € pseudo spectrum. In computational point

of view, if we are sure that the level sets do not contain any interior point then it can
)

(p.a)—€
discussed, this paper studies the interior property of L

help us to trace out the boundary sets of A (a). Because of the reasons so far

2
(pe—p)—¢

Preliminary section of this note concentrates on the non emptiness of A((Ii)e—p)— (@)
and the analyticity of (p,e — p) resolvent map. Section 3 of this paper focus on the in-
terior property of the level set of (p,e — p) — € pseudo spectrum set. Theorems which
are in this section ( Theorem 6, Theorem 7 ) are extended version of the results of
Globevnik. Using these results we prove (p,q) — € pseudo spectrum has finite number
of components and each component has nonempty intersection with (p,q) spectrum
2
Ep)’e—p)—s
interior ( Example 4 ) for some Banach algebra </ and a € &7

Throughout this paper, B(A,r) denotes the open disk in the complex plane with
center A and radius » > 0 and B(X) denotes the set of all bounded linear operators
defined on the complex Banach space X.

(a) for givena € &

(Theorem 8). Example is constructed to show that L (@) may have nonempty

2 Preliminaries

In this section, we introduce some basic definitions, terminologies and results which
are related to (p,e — p) resolvent set and (p, e — p) — € pseudo spectrum and the major
goal is to show the non-emptiness of these sets.

Definition 3 For an element a € 7, the (p,q)-resolvent set is defined as
P;(a,zg(a) = {/'L eC:(a—2A) 22, exists }

The complement of the set p,(,.zg (a) is called (p,q)-spectrum and it is denoted by

G,S?(;(a). The map A — (a— ),)5,23, defined from p,(,i;(a) to < is called the (p,q)-

resolvent map.
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From now onwards, we consider the idempotent p # 0 and p # e and we fix the
) ()

idempotent element g := e — p. If 1 € p;, 4(a) then we denote the element (a — 1),

by R,(A).

Note 1 For given a € &, if R,(A) exists for some A € C then from definition 2,
[Ra(A)](a—24) = pand (a—4) [Ra(R)] = p- (1)

By equation (1), ap = pa. Consequently, if ap # pa then o,(,i} (a) = C. Because of
this reason, in the rest of the paper we assume ap = pa for given a € <.

Note 2 If R,(A) exists for some A € C then by equation (1), R,(4) and a commutes

and [(a—A)" ];,2; exists for any n € N. Moreover, [(a )»)"]< V= [Ry(A)]".

Note 3 If A € ozﬁ?q) (a) then we assume that |[R;(A)|| = oo.

It is well known that p (@) for any a € <7 is nonempty open subset of <7, the following
lemma and Theorem prove the same for (p,q) resolvent set.

Lemmal Letac &/ . If A € p(a) then A € p,(,?;(a)
Proof 1t is easy to see that Ry(1) = p(a— L)~ for any A € p(a)

Theorem 1 The set Pz(fq) (a) is a nonempty open subset of C, for any a € <.

Proof By lemma 1, pf,,z,;( ) is nonempty. Take | € pp q( ), for any A € C satisfies

Al <
W21 e
we have e+ [R,(1)] ((a— L) — (a— p)) is invertible. From equation (1),

(@=2)[Ra()] (a—p) = (a— ) [Ra()] (@ —1).
Hence by Theorem 4.1 in [6], A € p,(,?,; ().

The following corollary shows the norm of the (p,q) resolvent is very large in the
neighborhood of an element from the (p,q) spectrum set.

Corollary 1 Let {A,} be a sequence from p,, q( ). If Ay — A for some A € qu)( )

then ||Ry () || — oo.

1 1
Proof Suppose ||Ry (Ay) || < M for some M € R then —————— > 0 Since A, — A,

[Ra (An) |

there exists ng € N such that

1
for the real number ,
M+1

1 1

1
A=Al <—< — S _
A=Al < 3 < M S TR G

for all n > ny.

By Theorem 1, A € plgg (@). This is a contradiction.
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Theorem 2 The map f : pl(,,zq) (a) — o defined by f(L) = [R,(R)]" is analytic for
eachn € N.

Proof We first prove this theorem for n = 1. For any A, 1l € pgq) (a), by Theorem 4.2
(a)in [6],
[Ra(A)] = [Ra(1)] = (A — ) [Ra(l)] [Ra(m)] - )

) ) . By Theorem 1, B (

Fix pu € pp,.4(a) and consider the open set B (

1
IR ( )l ||R (M)|>
isasubsetofp[(,g( ). Since e — [R, ()] (A — ) is invertible for any A €B</.L, A )||>

and from equation (2),

oo

Ra(A)=Y (A—p)" [Ra()]""".

n=0

Hence the map A — R,() is analytic. The map A — [R,(A)]" is also analytic be-
cause it is the product of n analytic functions of the form A — [R,(1)].

The following are some examples of (p, g)-resolvent set and (p, ¢)-spectrum for given
ac o and p € .

Example 1 Let a = A for some A € C. It is easy to see, p,(,?(g(a) =C\{A} and
op(a) = {2}

Our next example shows that p},i} (a) may have multiple components.

Example 2 Consider the set E={z€ C:1<|z] <2}U{z€ C:3 < |z| <4}. Take
the operator T € B (¢*(N)) with,

T(ezi—1) = riesi—1 and T (ey;) = gien; foralli € N

where {e; : i € N} is the standard orthonormal basis for ¢>(N), {r; € C:i € N} is
countable dense subsets of {z € C: 1 < |z| <2} and {¢g; € C:i € N} is a countable
dense subset of {z € C: 3 < |z| < 4}. Take the projection operator P € B (¢*(N))

P(ez,;]) = ep;_1 and P(eZ,') =0forallie N
Take Q =1 — P. It is evident that PT = TP and o(T) = E. By lemma 1,

{zeC: |z >4}u{zeC:2< 7] <3}U{zeC: 7/ < l}Cp(%)Q)(T).

We prove, {z€C:1<|z| <2} C G(P>Q)( ). Suppose Ry (r;) exists for some r;, then

from the equation [Ry (r;)] (T —r;) = P,
Ker(T — r;) NRan(P) = {0}.

where Ker(T — r;) denotes the null space of T — r; and Ran(P) denotes the range
space of P. But for every i € N,

esi—1 € Ker(T — r;) N Ran(P)
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which is a contradiction. Hence {r; € C:i € N} C G((IE)Q)(T). Since {r; € C:i e N}

isdensein {z€C:1<|z] <2} and p((;)Q)(T) is open,

{reC: 1< <2} C o, (T)

From this we also conclude, p((fz,)Q) (T') has more than one component.

Our next objective is to prove, (p,q) — € pseudo spectrum is non empty. We achieve
this with the aid of the results we observed so far.

Definition 4 ([10], Definition 3.3) Let € > 0. The (p,q) — €-pseudospectrum of an
element a € o/ is defined as

%)
Alpg)—e

(a) = {l eC: (a—l)g; does not exist (or) H(a—l)g;H > 8}.

In the following is an example, we find the (p,q) — € pseudo spectrum explicitly.

Example 3 Consider the Banach algebra B(C") where C" is the Euclidean space.
Let T € B(C") such that T(e;) = a;e; for some o; € C and the projection operator
P € B(C") defined as P(e;) = e; and P(e;) =0foralli=2to n. Forany A € C\ {c; },
we define the operator S(1) € B(C") by

¢ fori=1
S 2, i) = (Xl_z’el
S ) {O otherwise .
It is easy to see, RE?,’)FP)(?L) =S(A) forany A € C\ {a; }. Hence

(PI-P)—¢

A2 (T):{AE(C:M—OMS::}.

Theorem 3 The set A((;)@_ ¢ (@) is a compact subset of C.

2 2 2
Proof We know, A((p?q)fs (@)= 6,(,,(3 (a)U{A € C[|Ra(A)| = €}. By Theorem 1, G[(u; (a)
is closed. The set {A € C: ||R,(A)|| > €} is closed, because the map A — ||Rs(A)||

2 _e(@) with |A] > |a

is continuous. By lemma 1, for any A € p(a)NA , we have

) 1
e <R[l = lpla—2)7"| < Il =

The above equation implies, |A| < e + ||a||. Hence A® )—e (a) is compact.

e (pa

2)

Theorem 4 The set o, (a) is a nonempty subset of C. In particular, A®

(g)—e (a)isa

nonempty subset of C.
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Proof Suppose G,Si} (a) = 0 then AP )_s(a) = {), € p;?,}(a) H[Ra(A)]] > 8} . Since

(p.g
Aé;‘)q)ig (@) is compact, there exists M > 0 such that |[R,(A)|| < M forall A € A((I%)q%e (a).
Consequently,
|IRz(A)|| < M for every A € C. 3)

Since pl(,,zq) (a) = C and the map A — R, (1) is analytic and bounded on C, by Theorem

19.1 in [1], there exists a constant K such that
IR.(A)|| =K forall A € C.

If K =0 then R,(A) = 0, this implies p = 0, which is a contradiction to our as-

sumption p # 0. If K > 0 then A((?q)_K(a) is unbounded, which is a contradic-

tion to Theorem 3. Hence 0',@ (a) # 0. By definition 4, 61272,3 (a) C A((i)q)— (@). Thus
(2)
Amq)ie(a) #0.

Theorem 5 Leta € &/ and € > 0. Then A(z)

(rid)— ¢ (@) has no isolated points.

()
(P

exists a sequence {A,} with A, € péi)q) (a) and ||R4(Ay)|| < € such that A, — A. This
is a contradiction to corollary 1. Since the map A — |R,(1)|| is continuous, the set

Proof Every point in ©, ) (@) is an interior point of A((z)q)_g(a). Otherwise, there

{repl))@: IR > e} )

is open and hence every A which satisfies |R,(A)|| > € is an interior point Ong)q),g (a).

((;)q)*f (a) such that |R,(1)|| = €. If W is an isolated

point then there exists an r > 0 such that |[Ry(1)|| < € for every A € By, r).Take
Qy = Q = B(U,r) define the following map

Next, we consider a point L € A

F:Qy— of definedby F(A) =R, (A).

We apply Theorem 2.1 in [13] and it gives us ||R, (1L)|| < &, which is a contradiction.

3 Level Sets of (p,q)- Outer Generalized Pseudo Spectrum

(2)

. . 2
This section focuses on L(p p

ciple (see Theorem 6) to the (p, g) resolvent map, we prove that L

)—¢ (a). By proving a version of maximum modulus prin-
2

(pq
interior in the unbounded component of pl(,z,z (a). We observed a similar kind of result
to any non scalar operator 7 acting on the complex uniformly convex Banach space

- (@) has empty

X irrespective of the size of component of p,(,zq), (T). With the help of these results, we

also look at some topological property (see Theorem 8) of A(f)q% (@)
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() : : )
Note 4 The set Ly g—e (a) is non empty. Otherwise Ag

as well as closed subset of C. This is a contradiction to the fact C is connected.

) . (@) is a nonempty open

Note 5 Let 1 be a point of the boundary ofA(i)q)_g(a). By Theorem, 3 ||[R,(u)|| > €.

Suppose ||R,(1)|| > €, then by Theorem 3, u is an interior point of A((]i)q)i c(a). This
(2) :

is a contradiction to t is a boundary point. Hence u € Lé_q)i 8(a). Consequently,

) (2)

. 2
boundary set of A\ . (@) is a subset of Lo ().

The following is a form of maximum modulus principle to the map A — [R,(1)]".

Theorem 6 Leta € o7, Q be an open subset in the unbounded component of p((j)q) (a)

and n € N. For some M > 0, suppose H[(a—l)”]E,Z(;H < M for all A € Q, then
)

H [(a _)L)n]”"’H <M forall A € Q.

Proof Let us take the unbounded component of p((i)q) (a) be Qy. By note 2, for any
neN, [(a— l)”]g,zf)l = [Ry(A)]" for all A € ©y. We note the following,

A eC: RN =M} S {A €T [Ry(A)] = M7}

By theorem 3, {l eC:||R,(A)|| = Mi } is bounded and hence

{2 € C:[[RA)]"] < M}NQy #0.

Take p € {A € C:||[Ra(A)]"|| < M} N Q. Proof follows by applying theorem 2.1 in
[13] to the analytic function A — [R,(A)]" defined from Qg to <, the open set Q2 and
to the point L.

Corollary 2 Let a € of and € > 0. Then L?

2 s
(rg)—e (a) has empty interior in the un-

bounded component of p((i)q) (a)
Proof Follows from Theorem 6, by applying n = 1.

Our next aim is to prove the interior of L((? p

p ,(3,3 (T) where T € B(X) and X is complex uniformly convex Banach space. We prove

that, if ||[R7(1)]"|| is constant in an open set of pl(,,zg(T) then it is the global mini-

) ((T) is empty in any component of

mum of ||[Ry(4)]"]| for all A € p,()?,z(T). The following is the definition of complex
uniformly convex Banach space, with the help of lemma 2, we obtain the required
result.

Definition 5 ([13], Definition 2.4 (ii)) A complex Banach space X is said to be com-
plex uniformly convex (uniformly convex) if for every € > 0 there exists § > 0 such
that

x,yeX, |y >eand ||x+8y| <1,V e C(§eR), with [{|<1=|jx]| <1-38.



Level Sets of (p,e — p) Outer Generalized Pseudo Spectrum 9

It is so obvious that every uniformly convex Banach space is complex uniformly
convex Banach space and hence L, (with 1 < p < o) spaces are complex uniformly
convex Banach spaces. In [7], Theorem 1, Globvink showed L; space is complex
uniformly convex. The Banach space L. is not complex uniformly convex Banach
space.

Lemma 2 ( [9], Lemma 1.1) Let A + f(A) = ap +aiA +ayA* +--- be a function
with values in a complex Banach space X, defined and analytic in a neighbourhood of
the point 0 in the complex plane. If || f(1)|| = ||ao|| in a neighbourhood of the point 0,
then for each a; (i=1,2,--+) an r; > 0 exists such that ||ap + Aa;|| < ||ao]| (|A| < ;).

Proof of the following theorem goes similar to the proof of the Theorem 3.4 in [2].

Theorem 7 Let T € B(X) where X be a complex uniformly convex Banach space and
neN. IfH (T — l)”];};H = 1 in an open subset U ofp,(,?q)(T) then H (T - l)”];Z()IH >1
forall L € p;,z,i(T)

Proof We know, [(T—l)”]g; = [Ry(A)]". By Theorem 2, for every fixed Ay € U,
there exists an r > 0 such that the map,

f:B(0,r) = B(X) defined by f(A) = [Rr(A +L)]"
is analytic at 0. Moreover, for any A € B(0,r),

[Rr (A +20)]" = i [Rr (20)]™"" 1’1 = [Rr(A)]" +n[Rr ()" A+ 6(22).
i=0

Take ap = [Rr(X)]" and a; = n[RT(lo)]"H. Since || f(A)| = |lao
exists r1 > 0 such that

, by lemma 2, there

H[RT(AO)]Y"*‘ln[RT(lo)]nHH <1foral |A| <r.
Hence for any A € B(0,1),
| 1Rr o))"+ riAn Ry (o)™ | < 1. )

There exists a sequence {e;} from X with ||ex|| = 1, such that

lim [[[Rr(R0))" (e0)]| = I[Rr (Ao)]"| = 1. (©)
Equation (5) implies,
|[Rr (A0)]" (ex) + riAn[Rr (o)™ ()| < 1. @)

Take x, = [Rr(20)]" (ex) and yx = rin [Ry(A0)]™ ™ (ex).
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We claim that klim Ilvkl] = 0. Suppose ||yk|| > € for some € > 0 then by equation (7),
—yo0

llx + Ayi|| < 1 forall A € B(0,1). (8)

From the definition of complex uniformly convex Banach space, there exists 6 > 0
such that
[l <1-8.

This is a contradiction to equation (6). Hence,
fim [y} = Jim {|run [Rr (R0)]" (ex) | 0.
k—yoo k—ro0
Therefore,
lim H N )H —0. )

k—yo0

Forany A € p,(,,zq) (a), by Theorem 4.2 (a) in [6]

Rr(A) = Rr (o) = (A —Ao) [Rr(A)] [Rr(R0)] = (A = A0) [ + (& — 20) [Rr (A)]] [Rr (A0)).

(10)
where I denotes the identity operator on B(X). From equation (10), it is easy to see,
[Rr (M)]" = [Rr(2)]" = Bu [Rr (20)]""! (11)

n—1

where B, = Z <]+]> (A = 20 NI+ (A = A0)Rr (M) "1 (Rr (X)), Since the

operator B, is bounded and from the equation (6), equation (9),
fim [ [Rr(A)]" (ex) | = Jim [ [Rr(R0)}" ex) | = Jim || B, [Rr(20))"" (e

k—ro0
Tim 1Ry (A0)]" (ex)| = 1B im R (R0)]"*" (ex)|
= 1.

v

Hence the theorem follows.

Corollary 3 Let M > 0, T € B(X) where X be a complex uniformly convex Ba-

nach space and n € N. If H — A1) (2) H = M in an open subset U ofplg?q)(T) then
| =210\ = M or it 2 € py(T).
Proof Suppose H [(T—A)" H = M in an open subset U ofp,,q( ), then

=1forall A €U. (12)

J[Getrsia),

Consider the operator S:=MnT. From equatlon (]2) for each 1 € Mo U, we ob-
[(S— /.L )" H*l By Theorem 7, ||[(S — )" H >1f0rallu€p},3( S). Thus

tain

H (T —A)" H>Mforazleep,,q( )
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Corollary 4 Let X be a complex uniformly convex Banach space. If T € B(X) then
@)
L

(» q)is(T) has empty interior in p((;_)q) (T).

Proof Immediate from corollary 3 by applying n = 1.

Theorem 8 Let X be a complex uniformly convex Banach space, T € B(X ). Then

A((i)q% (T) has finite number of components and every component of A @ )= (T)
(2)

contains an element from 6, 4(T).

Proof Let E be a component of A((Ii)q)i (T). We first prove the following,

FEN{A €C:||Rr(A)] >8}7S(Z)thenEOqu( ) # 0.

Assume to the contrary that E is a component and EN{A € C: |[Rr(L)| > €} #0
but EN 6[(,723 (T) = 0. Consider the set

G=E\ (Lgi?q)_s(T)) —EN (Lgi?q)_s(T))c .

Note that, G C{AL € C:||Rr(A)|| > ¢} C (Léi>q)78(T))c. We prove that G is open
inC. Let u € G. Since {A € C:||Rr(A)|| > €} is open, there exists ry > 0 such that

B(wr) C{A€C Rl > eb € (20, (1)

Since E is a component, U € E and B (u, ru) is connected, we have B (u, rﬂ) CE.
By the definition of G, B (/,L, rﬂ) C G, it follows that G is open in C. Let | € G, hence
there exists F € B(X)* such that F (Ry (1)) = ||Rr(1)|. Define

v:G—Cbyy(A)=F(Rr(1)).

Clearly y is well defined, analytic and also continuous on G ( closure of G ). For any
boundary point A of G we have ||R7(A)|| = €, hence |y (1) | < € bur at the point U,
we have |y(u)| = |[F (Rr(1))| = ||Rr(1)|| > €. This is a contradiction to Maximum
Modulus Theorem.
By corollary 1, for each A € 0'1<),q( T), there exists ry >0 with B(A,ry) C A ) (7)
)

and {B(l,r;t) (A e G;,ZLI)(T)} is an open cover for qu>( T). Since G,,,}(T is com-

pact, there exists {A1, A2, , Ay} such that GIS q( UB (Ai,r3,). Consequently,
i=1

there exists components C1,Cy,--- ,Cpy, 0fA<(;)q>_8(T) with m < n and each C; con-
tains atleast one B (li, V)L,-) such that

o)1) C B (M) € UG
i=1 i=1
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We claim that {A € C: ||Ry(A)|| > €} C U Ci. Forue{A eC:|Rr(A)| > €}, there
i=1
exists r > 0 such that B(1,r) C{A € C: ||Ry(A)|| > €} hence B(u,r) C E for some

connected component E of A(f?q)7 (T). We proved that E N G,(,i;(T) £ 0, it follows

m
that E C UCI" Thus

i=1
{Aec:|rRrM))>erc e
i=1

Since each C; is closed in C and by Theorem 5, corollary 4, we have

L eC R[> el =Al, _(1)=JC.
i=1

Hence the theorem follows.

2)

The following is an example for interior of L(i - (a) can be nonempty in the

bounded component of p[(,?g (a).

Example 4 Consider the Banach space {.(Z) with norm

el = bxo| + suple| where x = (- xa.x 1 [Fo|xa. -+ ).
n#0

and the box represents the zero” coordinate of an element in /..(Z). For M > 2, take

an operator A € B ({-(Z)) such that

X1
A ( ,x,27)€,1,,)€1,xz7"‘> = < ) X—2,X-1,X0, M ax2ax3a"'> . (13)

11 1
Take R := min< —, - — — » and from Theorem 3.1 in [13], we know that
M2 M

=M (14)

*

A=) =] a=2)" )

where eg = ( . ,0,0,,0,0, . ) and A € C such that |A| < R. Consider the Banach

1
space X = lo(Z) ® lo(Z) with norm || (x,y)|| = (||x\|z + Hy||§) 2. By Theorem 1.8.6
in [12], X is a Banach space. We take the following operators

T : X — X defined by T (x,y) = (A(x),A(y))
where A is an operator defined in equation (13) and

P:X — X defined by P(x,y) = (x,0).
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It is easy to see that P> = P and PT = TP. By Theorem 1.8.12 in [12], 6(T) = o(A)
and so we get,

Rr(A)=(T—A)"'PforallA € {1 cC:|A| <R}
For any (x,y) € X with ||(x,y)|| = 1, we have

|- Py = | =2)" w0)| = [[(a=2)" )| <Ml <Ml
15)
and particularly for the unit vector (eg,0) € X, we have

|27 P(eo,0)|| =||(T = 2) " (e0,0) || = |4 = 2) " (e0) || =11 =M (e0,0) .

(16)
From equation (15) and equation (16), we get H(T—k)flPH = M for each A in
{A € C: |A| < R}. Thus interior of {A € C: |[Rp(A)|| = M} is non empty.
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