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ABSTRACT

We report an unprecedented existence of the zeroth law of helicity spectrum (i.e., the helicity spectrum becomes independent of the
wavenumber) in the transition from production range to inertial range, herein termed the pre-inertial range, of wall turbulence. The zeroth
law is explained by the superposition effect of the forward joint cascade of energy and helicity caused by twisting and stretching of wall-
attached superstructures in an equilibrium layer. The phenomenological model perfectly predicts the zeroth law in the pre-inertial range.
Experimental data support the existence of the zeroth law.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0093998

I. INTRODUCTION

Three-dimensional (3D) incompressible Navier–Stokes turbulence
holds two inviscid invariants: energy and helicity (scalar product of fluid
velocity and vorticity). The helicity is a measure of knotting and linking
of vortex lines.1 The classical picture of the 3D turbulence is based on
the forward energy cascade from energy-carrying large to energy-
dissipating small scales. However, in a wide variety of natural flows,
where parity-invariance is broken, the presence of non-zero mean helic-
ity yields a forward joint cascade of both energy and helicity from large
to small scales.2 Recent direct numerical simulation (DNS) has shown
that the forward joint cascade is compatible because of the presence of
scale-dependent phase orientation between velocity and vorticity fluctu-
ations.3 The forward joint cascade was observed in atmospheric bound-
ary layer measurements,4 numerical simulations of homogeneous and
isotropic turbulence,5–8 and the DNS of the Ekman boundary layer.9 At
large Reynolds numbers, the forward joint cascade yields three spectral
ranges in the helicity spectrum H(k) (where k is the wavenumber)—(i)
the production range, where no specific spectral law has been recog-
nized; (ii) the inertial range, where the spectrum obeys H(k) � k�5/3;
and (iii) the dissipation range, which displays the spectral decay due to
the dissipation. Another spectral range H(k) � k�4/3 was argued in the
transition from inertial range to dissipation range based on the timescale
for helicity transfer at large wavenumbers.10

In this Perspective article, we show that in a wall turbulence, the
helicity spectrum in the pre-inertial range becomes independent of the
wavenumber as H(k)� k0, which is called here the zeroth law of helic-
ity spectrum. Although signature of the zeroth law exists in experi-
mentally observed spectra,4 this law has never been recognized so far.
Moreover, its origin in a wall turbulence is still unknown. The purpose
of this Perspective article is to report the existence of the zeroth law of
helicity spectrum and its origin based on a phenomenological model
of wall turbulence.

The cascades of energy and helicity were previously explained by
the vortex stretching and twisting, respectively.11 However, the vortex
stretching was also reported to take part in the helicity cascade.12

Recent DNS data of a wall turbulence have evidenced the dual chan-
nels of the helicity cascade, where the dynamics are governed by the
vortex twisting and stretching.13 Herein, the forward joint cascade of
energy and helicity in a wall turbulence is explained by the twisting
and stretching of wall-attached superstructures within an equilibrium
layer (Fig. 1). The superstructures are large elongated structures, hav-
ing a length scale of approximately 15–20 times the external flow scale
L, which is of the order of the boundary layer thickness.14 In particular,
their existence was evidenced in a pipe, a channel, a boundary layer,
and atmospheric surface layer flows,15 and in general, they are consid-
ered to be ubiquitous for wall turbulence at large Reynolds numbers.14
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II. CONCEPTUAL FRAMEWORK

Let us consider twisting and stretching of a superstructure with
different cross sections marked as 1, 2, 3,…, n having vorticities x1,
x2,x3, … xn (x1< x2< x3< � � �< xn) [see Fig. 1(a)]. The twisting
action causes vorticity gradient along the filament, and, subsequently,
the superstructure deforms into helices [Fig. 1(b)]. Due to the presence
of axial velocity, the helicity generated at a given cross section is trans-
ferred toward the small scales. However, because of the stretching,
the cross-sectional area reduces to satisfy the mass conservation
[Fig. 1(c)]. As a result, the vorticity enhances to conserve the angular
momentum (x1 < x1t, x2 < x2t,…, xn < xnt). This spin-up causes
energy to cascade toward the small-scales. Therefore, the twisting and
stretching of superstructure yield transfer of energy and helicity into
small-scales. After a certain time, further twisting and stretching result
in a breakdown of the superstructure. As a result, both the energy and
helicity fluxes carried by the small-scale helices are transported toward
the wall [Fig. 1(d)].

The energy and helicity fluxes are obtained as /E � kE(k)/tE and
/H � kH(k)/tE, respectively.

2 Here, E(k) is the energy spectrum and

tE(k)� ð
Ð k

0 k
2EðkÞdkÞ�1=2 is the distortion time governed by the time-

scale associated with the energy transfer. Setting the energy and helic-

ity dissipation rates as e¼ 2�
Ð1
0 k2EðkÞdk and g¼ 2�

Ð1
0 k2HðkÞdk,

respectively (where � is the coefficient of kinematic viscosity), and
using the Kolmogorov scaling E(k) � e2/3k�5/3 yield the helicity spec-
trum in the inertial range as2,16

HðkÞ � g k5EðkÞ
� ��1=2

� ge�1=3k�5=3: (1)

In the phenomenology of wall-attached superstructures within
the equilibrium layer [Fig. 2(a)], each superstructure transfers the
energy and helicity fluxes toward the wall. Therefore, the net energy
and helicity fluxes at any wall-normal distance can be obtained by
superposition of the energy and helicity fluxes transmitted by all
superstructures above that level [Fig. 2(b)]. This superposition effect
can be inferred from Townsend’s hypothesis.17 As the characteristic
length l of the superstructure scales with wall-normal distance (l � z),
the energy and helicity fluxes enhance with wavenumber k (� z�1).
So, at an arbitrary distance zi, these fluxes increase with k up to k¼ z�1

i

because of the contributions from all superstructures above z¼ zi. On

the other hand, for k > z�1
i , the energy and helicity fluxes attain their

local dissipation rates el and gl, respectively. This suggests

/EðL
�1 < k � z�1Þ ¼ /E1 þ /E2 þ /E3 þ � � � þ /Ei; (2)

/Eðz
�1 < k < kdÞ ¼ el; (3)

/HðL
�1 < k � z�1Þ ¼ /H1 þ /H2 þ /H3 þ � � � þ /Hi; (4)

/Hðz
�1 < k < kdÞ ¼ gl; (5)

where kd is the dissipation wavenumber. Dimensional argument sug-

gests e � u2l /tE, where ul is the amplitude of velocity fluctuation associ-

ated with scale l. The distortion time tE is set as tE � l/ul. Within
the equilibrium layer, the scaling relationships, such as l � z and ul
� u�,

17 establish the law of the wall,18 where u� is the shear velocity.

This makes tE� z/u� � (u�k)
�1 (since k� z�1). Thus, e reads e � u3�/z

� u3�k. The turbulent helicity within the equilibrium layer can be set as

follows:3 h � ulxl � u2l /l (since xl � ul/l, where xl is the amplitude of

vorticity fluctuation associated with scale l), yielding h � u2�/z � u2�k.
Similar scaling was found in the DNS of the Ekman boundary layer via

a different route as h � e/ul � u2�/z.
9 Therefore, the helicity dissipation

rate g (¼ h/tE) is g � u3�/z
2 � u3�k

2. With this phenomenological
model, for a given wall-normal distance z within the equilibrium layer,
Eq. (1) predicts

HðL�1 < k � z�1Þ � ge�1=3k�5=3 � u3�k
2ðu3�kÞ

�1=3k�5=3 � u2�k
0;

(6)

Hðz�1 < k < kdÞ � gle
�1=3
l k�5=3: (7)

Equation (6) predicts the zeroth law of helicity spectrum in the pre-
inertial range (L�1< k� z�1).

From the above conceptual flow physics, the zeroth law of helicity
spectrum in the pre-inertial range of wall turbulence states as follows:

At large Reynolds numbers in a wall turbulence, the
superposition effect of the forward joint cascade of energy and
helicity caused by twisting and stretching of wall-attached
superstructures in an equilibrium layer yields a pre-inertial
range (i.e., transition from production range to inertial range)
with the helicity spectrum to be independent of wavenumber.

FIG. 1. (a) A superstructure subject to
twisting and stretching, (b) formation of
small-scale helices, (c) spin-up of the
superstructure at later time, and (d) break-
down of the superstructure transmitting
the energy and helicity fluxes toward the
wall.
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It is worth mentioning that for L< k� z�1, the energy spectrum

follows E(k) � e2/3k�5/3 � (u3�k)
2/3k�5/3 � u2�k

�1, which shows the

“–1” spectral law of energy spectrum in a wall turbulence, as reported
previously.19

III. EVIDENCE OF THE ZEROTH LAW

Quantification of the spectral characteristics of turbulent helicity
through experimental measurements has been challenging and
extremely rare. This is because of the difficulties in measuring the
velocity and the vorticity components simultaneously. Moreover, a
direct estimate of the vorticity from the velocity field is another com-
plicated aspect. However, by measuring the circulation along a given
contour, a precise estimation of the area-averaged vorticity can be
obtained. By means of a three-component circulation meter and an
acoustic anemometer, combined measurements of the circulation and
velocity components in the atmospheric boundary layer have been
reported in the literature.4 In September 2004, the measurements were
taken at an elevation of 46m at the Zvenigorod scientific station,
Institute of Atmospheric Physics. It was found that the effects of the
surface heterogeneity are minimal at an elevation of 46m. To be spe-
cific, the circulation was measured by a quadratic contour having the
side lengths of 0.5m, and the distance of the velocity measuring point
from the contour center was 1m. Further details of the measurements
are given in Ref. 4.

The experimental evidence of the zeroth law of helicity spectrum
is shown in Fig. 3. Both the experimentally observed helicity and
energy spectra corresponding to the atmospheric surface layer at an
elevation of z¼ 46 m having a time-averaged wind speed um of about
2m s�1 are shown in Fig. 3. The external flow scale L defining the

boundary layer thickness was approximately 700m. The spectra in
Fig. 3 were obtained from the time signal. From the time series of the
velocity and vorticity for each component, the scalar multiplication
results in the time series for the helicity components to which the
Fourier frequency analysis was applied. With the frequency f, the fre-
quency spectrum of helicity H( f ) was, therefore, converted to the
wavenumber spectrum of helicity H(k) by applying the simplest form
of Taylor hypothesis, i.e., k¼ f/um and H(k)¼ umH( f ). Likewise, the
energy spectrum E(k) was obtained. For each spectrum, the total num-
ber of data points in Fig. 3 is 107 with finest wavenumber spacings of
3.123� 10�5 and 2� 10�3 m�1 in the production range and the iner-
tial range, respectively. The theoretical bounds of the pre-inertial range,
given by L�1 < k� z�1 (i.e., 1.4� 10�3 m�1 < k� 2.2� 10�2 m�1),
are also shown.

The zeroth law of helicity spectrum [H(k) � k0] in the pre-
inertial range, as predicted in Eq. (6), is shown in Fig. 3. Specifically,
the experimental data of H(k) follow a flat spectrum in the range
1.4� 10�3 m�1< k< 6� 10�3 m�1. In Fig. 3, the total number of
data points in the range 1.4� 10�3m�1 < k< 6� 10�3 m�1 is 16.
However, just above k¼ 7� 10�3 m�1, the helicity spectrum falls off
slightly, displaying another flat spectrum from k¼ 10�2 m�1 to
k¼ z�1 (i.e., 2.2� 10�2 m�1). The discontinuity in the flat spectrum
could be due to the operation on the mast positioned at z¼ 46 m (i.e.,
k¼ 2.2� 10�2 m�1), disturbing the zeroth law to some extent toward
low wavenumber range, i.e., 7� 10�3 m�1 < k< 2.2� 10�2 m�1, as a
result of either the natural fluctuations of the spectrum or the vortex
shedding. The discontinuity may disappear with other boundary con-
dition or longer averaging. This remains a future scope of research.
However, as far as the pre-inertial range (L�1 < k� z�1) is concerned,

FIG. 2. (a) Superstructures S1, S2, and S3
at distances z1, z2, and z3 (z1 > z2 > z3)
from the wall and (b) transformation of the
physical domain to the wavenumber
domain (k � z

�1) with k1 < k2 < k3

showing the superposition effect of energy
and helicity fluxes at levels z2 (�k�1

2 ) and
z3 (�k�1

3 ). For clarity, only three super-
structures S1, S2, and S3 are shown.
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the experimental data of H(k) support the zeroth law [H(k) � k0] quite
well in the entire pre-inertial range. For the H(k), the total number of
data points in the pre-inertial range (L�1< k� z�1 i.e., 1.4� 10�3 m�1

< k� 2.2� 10�2m�1) is 23.
In this context, one may raise a question whether the experimen-

tally observed helicity spectrum supporting the zeroth law is accidental
or genuine. It is worth mentioning that the experimental data of helicity
spectrum were not fitted by the relationship H(k) � k0 to establish the
zeroth law. Moreover, there has not been any direct speculation about
the trend of the helicity spectrum to seek the zeroth law. In fact, there
remains a concrete conceptual framework underlying the zeroth law of
helicity spectrum. Therefore, agreement between the theoretically antici-
pated zeroth law and the experimentally observed spectrum is not acci-
dental. To substantiate this argument further, the experimentally
observed energy spectrum E(k) is shown in Fig. 3. In the pre-inertial
range, the experimental data of the energy spectrum convincingly evi-
dence the ‘–1’ spectral law [E(k)� k�1], as discussed previously.

With regard to the helicity spectrum, it remains an open question
as to how the zeroth scaling range evolves when the control parame-
ters (i.e., the Reynolds number or the sensor position) are changed.
High-fidelity experimental and numerical data would help to get a sat-
isfactory answer to this question. Moreover, experimental data having
different boundary conditions and longer sampling durations are
required in order to substantiate the accuracy of the zeroth law.

In essence, the present phenomenological model perfectly pre-
dicts the zeroth law in the pre-inertial range. In this context, we
remark that the proposed phenomenological model applies for large
Reynolds numbers, which establish a prolonged inertial range, so that
the presence of dynamic phase orientation between velocity and vor-
ticity fluctuations supports the forward joint cascade of energy and
helicity.3

IV. CONCLUSION

We discover the zeroth law of helicity spectrum in the pre-
inertial range of wall turbulence explaining its origin by the superposi-
tion effect of forward joint cascade of energy and helicity transmitted
from wall-attached superstructures subject to twisting and stretching.
The newly coined zeroth law is preserved in the wavenumber range
L�1< k� z�1, which matches satisfactorily with the experimental
data.
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