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Codes from symmetric polynomials

Mrinmoy Datta and Trygve Johnsen

ABSTRACT. We define and study a class of Reed-Muller type error-
correcting codes obtained from elementary symmetric functions in finitely
many variables. We determine the code parameters and higher weight
spectra in the simplest cases.

1. Introduction

Over the last decades, good examples of error-correcting codes have been
constructed using algebraic geometric techniques. The codes constructed this
way are linear codes over a given finite field k, where each member of a finite
dimensional vector space of functions, say V', are evaluated at a finite set of
points, say S, all lying in an affine space or a projective space over the same
field k. Examples are simplex codes, Reed-Muller codes ([9]), algebraic-
geometric codes with S a curve (Goppa codes) (|4]) or a higher dimensional
variety (|2]), Grassmann codes ([8]), and codes where the points in question
represent synmmetric or skew-symmetric matrices ([3]).

Having defined such codes, it is imperative that one looks for their pa-
rameters such as dimensions, minimum distance, weight distributions, gen-
eralized Hamming weights etc. These questions are often related to question
that are interesting from the perspective of algebraic geometry, number the-
ory and various branches of discrete mathematics. For instance, one checks
easily that the minimum distance of a code defined using methods described
above is equivalent to determining the maximum possible number of zeroes
that a function in V' (that does not vanish identically in S) may have in S.

In this paper we study a class of codes that are motivated from the Reed-
Muller codes. While defining a Reed-Muller code, one evaluates the set of all
reduced polynomials of degrees bounded above by a given quantity on the
whole of affine space. Instead, here we consider a subspace of the set of all
symmetric polynomials and evaluate them on points from affine spaces that
have pairwise distinct coordinates. As it turns out, the relative minimum
distance of our codes is same as that of Reed-Muller codes. However, relative
dimension of the code is not as good. To this end, we introduce a modified
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family of codes that has the same relative minimum distance, but a better
rate. We also show that, like the Reed-Muller codes, the new codes are
also generated by minimum weight codewords. This property, in particular,
makes the duals of the new codes useful.

We remark that this study has been motivated by a study of properties
of Rational Normal Curves as an arc and possibility of extension of Reed-
Solomon codes to an MDS code of higher length. However, we do not address
these issues as they are beyond the scope of this paper.

This article is organized as follows: In Section 2, we study the number of
points over finite with pairwise distinct coordinates satisfying multivariate
symmetric polynomials that are linear combinations of elementary symmet-
ric polynomials over a finite field. In Section 3, we introduce the new family
of codes and study their properties, such as their dimension, minimum weight
and minimum weight codewords. In Section 4, we derive upper bounds on
the generalized Hamming weights of the codes. In Section 5, we work with
the codes that occur from symmetric polynomials in two variables and prove
several results including their generalized Hamming weights, weight distri-
butions and higher weight spectra. In Section 6, we specially concentrate on
trivariate symmetric polynomials over a field with 5 elements for the sake of
illustrating the difficulties in obtaining the parameters in higher dimensions.

2. Symmetric polynomials and their distinguished zeroes

Let k be a field. In most cases, we shall restrict our attention to the
case when k = [y, i.e. k is a finite field with ¢ elements where ¢ is a prime
power. For a positive integer m and a nonnegative integer ¢, we denote
by i the i-th elementary symmetric polynomial in m variables x1, ..., Zp,.
It is well known that any symmetric polynomial f € k[zq,...,z,,] can be
written as an algebraic expression in 60, ..., 0™. However, in this article we
are interested in symmetric polynomials that are k-linear combinations of
elementary symmetric polynomials. We denote by 3., the k-linear subspace
generated by the elementary symmetric polynomials ¢0,,...,0™. Note that
dimy, ¥, = m + 1.

For a given polynomial f € k[xy,...,z,,], we denote by Zx(f) the set
of zeroes of f in A™(k), the m-dimensional affine space over k. A point
(a1,...,am) € A™(k) is said to be distinguished if a; # a; whenever i # j.
In this paper, we are interested in the distinguished zeroes of symmetric
polynomials described in the last paragraph. For ease of reference, we shall
denote by Ap(k)™ the set of all distinguished points of A™ (k). For a subset
S C k, and a polynomial f € k[x1,..., 2], we denote by Zg p(f) the set of
all distinguished zeroes of f in S™. Thus,

Zsp(f) ={(a1,...,am) € S™| flai,...,am) =0,a; # a; for all i # j}.

In particular, given a polynomial f € k[z1,...,2y], we denote by Zj p(f)
the set of distinguished zeroes of f in A™ (k).

Next we introduce a combinatorial notation for ease of reading. For pos-
itive integers n, r we denote by P(n,r) the number of possible arrangements
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of 7 objects taken from n distinct objects. More precisely,

Ml if r<n
O (G
(n,7) {0 otherwise.

It follows trivially that |Ap(F,)™| = P(¢g, m). We are interested in analyzing
the number of distinguished zeroes of a symmetric polynomial that is a linear
combinations of the elementary symmetric polynomials on certain finite grids
in A™ (k). Before we state our main result towards this direction, let us state

a few remarks on such polynomials. Let f € k[z1,...,x,,] be given by
(1) f=ao+a1op, + -+ amoy;
where ag, ..., an € k. It can be verified readily that

(2)

f=(ao+ 101+ + G100 1) + T (a1 + a0, 1+ amon 1) .
For simplicity, we shall write

(3) [ =h+zmf,

where
f1=ao+ alaiﬂfl 4+ am,laf{z:i and fo =ay+ aga,{ﬂfl 4 amam:%.
We may readily observe that a polynomial f as in equation (1) can be
classified in two types:
Type I: fi and f> are linearly dependent. In this case, there exists
a € k such that

a; =aa;y forall ¢1=0,...,m— 1

If a,, = 0, then f is a constant polynomial. On the other hand, if a,, # 0,
then

f=am@™ +a™ ol 4. o™,

m
As a consequence, if f is of Type I, then [ = amH(a + x;).

=1

Type II: f; and f; are linearly indepe:ndent. It is not hard to
verify that in this case f is absolutely irreducible, i.e. f is irreducible in an
algebraic closure of k.

Note that, if we identify a nonzero polynomial as in (1) with the point
[ap : a1 : -+ : ap) in a projective space P™ (k) of dimension m over the field
k, then the polynomials of Type I correspond to (upto multiplication by a
nonzero element of k) the k-rational points of the rational normal curve in

P™(k). We are now ready to state our first main result of this article.

THEOREM 2.1. Let m be a positive integer and S be a finite subset of k
with |S| > m. If f is a nonzero symmetric polynomial as in (1), then

(4) 1 Zs,p(f)] <mP(|S] —1,m —1).

This bound is attained if and only if f is a nonconstant Type I polynomial
given by

m

f:cH(mi —b)

i=1
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for some ¢ € k and b € S. Moreover, if f is non-zero and not of the above
type, then

©®)  |Zsp(N)l <mP(|S] = 1,m = 1)) = (|S| = m)P(|S| - 2,m - 2).

PROOF. We prove the inequality (4) by induction on |S|. Suppose that
|S| = 1. Then m = 1 and the assertion follows trivially. Suppose that the
assertion is true for all ' C k™ where |T'| < |S| and m < |T'|. We distinguish
two cases:

Case 1: f is of type I. In this case, we may write

f=clx1=b)(z2—b) (¥, — )

for some b € k. Note that (a1, ,an) € Zgp(f) if and only if b € S and
a; = b for some i. Consequently,

’ZSD(f)’:{mP(\S\—l,m—l) if bes

0  otherwise.

Case II: f is of type II. Write f = fi + x,,f2 as in equation (3).
Since f; and fy are linearly independent, for every o € k, the polynomial
f(x1,...,xm-1,) is a nonzero symmetric polynomial that is a linear com-
bination of the elemetary symmetric polynomials in m — 1 variables. are
linearly independent elements of S,,,. Using induction hypothesis, we obtain,

|Zs,p(f)
= 1Zs\{ay.o(f(@1,. 21, 0))]

a€esS
< |S|(m — 1)P(|S| — 2,m — 2)
=(S|=1)(m—=1)P(S|—2,m —2)+ (m—1)P(|S| —2,m — 2)
=(m-1DP(S|—1,m—=1)4+ (m—1)P(|S| —2,m — 2)
=mP(S|—1,m—1)— (P(|S| —1,m —1) — (m — 1)P(|S| —2,m — 2))
=mP(|S| —1,m —1) — (|S| = m)P(|S| — 2,m — 2)).
This completes the proof. O

We now apply the result to the particular case when S = F, to get the
following corollary.

COROLLARY 2.2. Let f € Fylzy,...,xy] be as in (1). If m < ¢ and
[ #0, then | Zp, p(f)] < mP(q —1,m — 1). Moreover, the equality holds if
and only if f is of Type 1.

PrOOF. Follows trivially from Theorem 2.1. O

Having known the maximum number of distinguished zeroes of a poly-
nomial as in equation (1), it is important to address the following questions.

QUESTION 2.3. Given f € Fylz1,...,xn] as in (1), what are the possible
number of distinguished zeroes in A™(F,) that f may admit?

One can readily note that [Zr, p(f)| is always divisible by m!. Further-
more, if f is a nonzero constant polynomial, then it has no zeroes. If f is a
zero polynomial then it has P(q, m) distinguished zeroes. Moreover, thanks
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to Corollary 2.2, if f is nonzero and of Type I, then it has mP(q¢ —1,m — 1)
distinguished zeroes. We remark that the above question is equivalent to the
question of determination of the weight distribution of the code defined in
Section 3. In general, it is a hard question to answer. Here we completely
work out the case when m = 2 and leave the general question open for further
research.

THEOREM 2.4. Let q be odd, m = 2, and f € Fylx1,z2] be given by
f=ao+ai(x1 + x2) + asw129. If D := a? — apaz, then.
0, ifap#0 and (a1,a2)=(0,0)
q—3, ifas#0,D € FZ and D # 0
qg—1, if{az =0 and a; # 0} or

{aa #0,D ¢ Fg and D # 0}

2(q—1), ifaa#0and D=0
Q(q - 1)5 Zf (CL(], ai, CL2) = (Oa 0’0)

Proor. If f =0, then |Zr, p(f)| = P(q,2). Conversely, it is clear from
Corollary 2.2 that if |Zr, p(f)| = P(q,2), then f = 0. So we may assume

that f # 0, i.e. (ag,a1,a2) # (0,0,0). We distinguish the proof into several
cases:

| Zr,,p(f)| =

Case 1: Suppose ao = 0. If a1 = 0, then f is a nonzero constant polynomial
which does not have any zeroes. So we may assume that a; # 0.
Then the polynomial ag+ aq(x1+22) has ¢—1 distinguished zeroes.
Case 2: Suppose as # 0. We may write

f(x1,m2) = asz129 + a1 (z1 + x2) + ap

2 2
= ao x1x2+—(m1+x2)+—2 +ag— —

aq al a%
=a|lz1+— ) |22+— | +tap— —
a2 a2 a2

By using the change of coordinates X1 = 1 + a1/as and Xy =
x9 + ay/ag, and we get a new polynomial
apag — a%

2
as

It is clear that there is a one-one correspondence between the set
of distinguished zeroes of f and f’. This leads us to analyzing the
distinguished zeroes of the polynomial f’. Note that the number of
distinguished zeroes of f’ depends of the quantity D.

Subcase 1: Suppose D = 0. Then the polynomial f'(X;, Xs) = X7 X5 has
exactly 2(¢ — 1) many distinguished zeroes.

Subcase 2: Suppose D # 0 and D is a square in [F,. Note that the poly-
nomial X7 Xo —D/ a% has g — 1 zeroes and out of them two are
nondistinguished. Consequently, such a polynomial have ¢ — 3
distinguished zeroes.

Subcase 3: Suppose D # 0 and D is not a square in [F,. In this case, all the
zeroes of X1 Xy — D/a3 are distinguished. As a consequence,
the number of distinguished zeroes of such a polynomial is g—1.

(X1, X2) = X1 Xo —
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Number of distinguished zeroes | Number of polynomials
0 q—1
q-— 3 CI(QEDQ
q—1 q(qflg(qﬂ)
2(q—1) q(g—1)
q(qg—1) 1

TABLE 1. Number of polynomials with given number of dis-
tinguished zeroes when ¢ is odd

This completes the proof. O

REMARK 2.5. It is not very difficult to count the number of polynomials
that have 0,q — 3,9 — 1,2(¢ — 1), and ¢(q — 1) distinguished zeroes. It is
trivial to see that there are ¢ — 1 nonzero constant polynomials admitting no
zeroes and exactly one polynomial, namely the zero polynomial, admitting
q(q — 1) distinguished zeroes. In order to count the number of polynomials
ag + ai(x1 + x2) + asxwe, or equivalently, the tuples (ag, a1, as) satisfying
the conditions ap # 0 and D is a nonzero square in F,, we note that there
are (¢ —1)/2 possible values for D, and for each of these choices, the ¢(¢—1)
choices of (aj,as) (namely ¢ — 1 choices for a nonzero value of ay and ¢
choices for a;) determines ag uniquely. This results in a total of ¢(q — 1)2/2
many polynomials admitting ¢ — 3 zeroes. The computation of the other
possible number of polynomials with given number of distinguished zeroes
are left to the reader. The complete picture is depicted in the Table 1.

We remark that, in the particular case when ¢ = 3, then the nonzero constant
polynomials as well as the polynomials satisfying the conditions as # 0 and
D a nonzero square in F, admit no distinguished zeroes. We now study the
case when ¢ is even. The proof is essentially similar, but the difference lies in
the fact that every element of I, is a square in IF,. We include the complete
proof for the ease of the reader.

THEOREM 2.6. Let ¢ > 4 be even, m =2, and f € Fylx1, z2] be given by
f=ao+ai(x1 + x2) + agwi29. If D := a? — apaz, then.

0, if{ap#0 and (a1,a2) = (0,0)}
or {a1 # 0 and (ap,az2) = (0,0)}
q, ifaga; #0 and as =0
q—2, ifas #0, and D # 0
2(¢—1), ifar#0and D=0
q(g — 1), if (ap,a1,a2) = (0,0,0)

Proor. If f = 0, then |Zp, p(f)| = P(q,2). As in Proposition 2.4, it
is clear from Corollary 2.2 that if [Zr, p(f)| = P(q,2), then f = 0. So we
may assume that f # 0, i.e. (ag,a1,az2) # (0,0,0). We again distinguish the
proof into several cases:

|Zr,,.0(f)] =

Case 1: Suppose ao = 0. If a; = 0, then f is a nonzero constant polynomial
which does not have any zeroes. So we may assume that a; # 0.
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| Number of distinguished zeroes | Number of polynomials |

0 2(q —1)

q (¢ —1)?

q—2 (g —1)?

2(¢g —1) q(¢ —1)
q(g—1) 1

TABLE 2. Number of polynomials with given number of dis-
tinguished zeroes when ¢ is even

Subcase 1: If ay # 0, then all the zeroes of ag + a1(x1 + x2) are distin-
guished. Consequently, |Zr, p(f)| = ¢
Subcase 2: Then the zeroes of the polynomial a1(z1 + x2) are not distin-
guished. Thus |Zp, p(f)| = 0.
Case 2: Suppose as # 0. As in Proposition 2.4, after a suitable change of
coordinates, we get a polynomial
apag — a%

2 b
as

(X1, Xs) = X1 X2 —

with |Zr,,p(f)| = |Zr,,0(f')]-

Subcase 1: Suppose D = 0. Then the polynomial X X5 has exactly 2(q —
1) many distnguished zeroes.

Subcase 2: Suppose D # 0. Since ¢ is even, D is a square in [F,. Note that
the polynomial X1 X5 —D/a3 has ¢ — 1 zeroes and out of them
only one is nondistinguished. Consequently, such a polynomial
have ¢ — 2 distinguished zeroes.

This completes the proof. O

Again, it is not very difficult to compute the number of polynomials that
admits a given number of distinguished zeroes in the case when ¢ is even.
We leave the explicit computations to the readers, but present the data in
Table 2.

3. Reed-Muller type codes from symmetric polynomials

Throughout this section, we will denote by I, a finite field with ¢ ele-
ments where ¢ is a power of a prime number. As in Section 2, we denote
by %, the vector space consisting of all symmetric polynomials as in (1).
As noted before, ¥,, is a vector space of dimension m + 1 over F,. Let

n ="P(q,m).

DEFINITION 3.1. We fix an ordering {P,...,P,} of elements in A;.
Define an evaluation map

ev: X, =Ty, given by f = (f(P1),...,f(Pn))

It is readily seen that ev is a linear map and consequently the image, C,, of
ev is a code.

We discuss some properties of this code in the following proposition:
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PROPOSITION 3.2. Ifm < q, then the code C,, is a nondegenerate [n, k, d|
code, where n = P(q,m), k = m+1 and d = (¢ — m)P(¢ — 1,m — 1).
Furthermore, the code C(d,m) is generated by minimum weight codewords.

PROOF. The statement on the length of the code is trivial, while the
fact that the code is nondegenerate follows readily by observing that ev(1) =
(1,...,1) € Cp,. To show that C, is of dimension m+1, it is enough to show
that the map ev is injective. To this end, let f € 3, with ev(f) = (0,...,0).
Then |Zr, p(f)| = P(g,m). But from Corollary 2.2, we see that, if f # 0,
then | Zr, p(f)] < mP(g—1,m—1). Since m < ¢, we have mP(¢—1,m—1) <
P(q,m). This implies f = 0. Consequently, the map ev is injective. The
assertion on the minimum distance follows from Corollary 2.2. Moreover,
it is clear from the last assertion of Corollary 2.2 that the minimum weight
codewords of C,, are given by ev(f) where f is a Type I polynomial. Thus, to
show that C,, is generated by minimum weight codewords, it is now enough
to prove that X, is spanned by a set of m + 1 Type I polynomials. Since
m + 1 < ¢, we may choose aq,...,ayy1 € Fy that are distinct. For each
i=1,...,m+ 1, we define

fi=(x1+a;) (v + ).

Since ag,...,am+1 are distinct, it follows from the Vandermonde determi-
nant formula that fi,..., f;m41 are linearly independent. Since dimp, ¥, =
m + 1, they span the vector space Y,,,. This completes the proof. O

REMARK 3.3. We note that the relative minimum distance of C,, is the
same as that of the generalized Reed-Muller codes of order m.

The code C,, is made by evaluating each of the functions in X,, at the
points of A7, But the points of A} constitute a disjoint union of S,,-orbits,
each of cardinality m!, where the symmetric group S,, in m letters acts freely
by permuting the coordinates. This motivates us in defining a code of smaller
length, namely, by constructing a smaller evaluation set, say Rp, consisting
of one point from each of the S, orbits mentioned above. Again we fix an
ordering of the elements in the set Rp, say @Q1,...,QnN, where N = (gl)

We now consider the restriction of the evaluation map, still denoted by
ev:

ev:Em—>FéV given by  f— (f(Q1),...,f(QnN)).
Let C,, denote the image of Rp under the map ev. The following proposition
follows readily from Proposition 3.2.

PROPOSITION 3.4. If m < q, then C), is a nondegenerate [N, K, D] linear
code where N = (1), K=m+1and D= (%) — (qfl).

q
m m m—1
PROOF. The assertions on length and dimension is readily obtained as

in the case with Proposition 3.2. The assertion on minimum distance is
deduced from Corollary 2.2 and the fact that the weight of any codeword

ev(f) € Cl, is given by (gl) — %|ZFq7D(f)|. O
4. Generalized Hamming weights

Ever since their introduction by V. Wei in [10], the computation of gener-
alized Hamming weights of several codes have been in the center of interest
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of many mathematicians and coding theorists. The study of generalized
Hamming weights of several evaluation codes has paved the way for a lot of
research articles such as [1, 5, 6] among others.

In this section, we derive some natural upper bounds on the generalized
Hamming weights of the codes C,,, and C,,. At the outset, we remark that
it is enough to derive any parameters related to the Hamming weight of
codewords for one of the codes. Since, the codes C,, are somewhat more
natural to work with, we choose to restrict our attention to them.

PROPOSITION 4.1. Fix positive integers 1 < r < m+ 1 < q and denote
by d, the r-th generalized Hamming weight of C,,. We have

d, gP(q,m)—m!<q_r>-

m-—r
Proor. Since 1 < r < g, there exist distinct elements by,...,b, € F,.
For ¢ =1,...,r, we consider the polynomials
fi = (1‘1 — bz) e (.%'m — bz)
Note that f1,..., f, are linearly independent and as a consequence ev(f1),...,ev(f;)

span an r dimensional subspace, say F, of C,,. It follows that

dr < [Supp(E,)| = P(q,m) = |Zs.p(f1,-- -, fr)l,

where, as usual, for any subspace V' C Fy,

Supp(V) = {i | I(a1,...,a,) € V,a; # 0}.

Now, an element (ai,...,am) € Zs,p(f1,..., fr) if and only if for each i =
1,...,r, there exists j; € {1,...,m} such that a;, = b;. A simple counting
argument now completes the proof. O

REMARK 4.2. We note that the determination of the r-th generalized
Hamming weight of C,, (resp. C/)) is equivalent to computing the maxi-
mum number of common zeroes of r linearly independent elements of ¥,
in AT (F,) (vesp. Rp). It follows trivially that d,(C,) = m!d,(C;,). The
following corollary is now immediate:

COROLLARY 4.3. d,(Cl,) < (%) — (47").

m. m—r

The following proposition shows that the bounds obtained in Proposition
4.1 is exact for the largest two values of r.

PROPOSITION 4.4. We have

(a) dm41(Cr) = mldpy1(Cl,) = m!(2).
(b) dm(Cm) = mldi(Cy,) = m! ((1) — 1)

PROOF. Part (a) follows trivially since (1,...,1) € C,, and hence C,, is
a nondegenerate code. We prove the part (b) for the code C/,,.

A generator matrix for C/, is a parity check matrix for its dual code.
Such a matrix M = (m; ;) can be formed by setting m;; = the value of
oi—1 at point number j in Rp,, for some fixed order of the points in Rp,.
Another way to put it is that m;; = the value of 0;_1 at a chosen point
in orbit number j of Sy, in Ap(F,)™, for some fixed order of the orbits in
Ap(F,)™. Any two columns of this matrix are equal if and only if they
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are equal up to a non-zero, multiplicative constant. This is because their
first entries are both 1(= 0g). The last observation immediately shows that
no column of M is zero. Moreover any two columns are different. This is
because the elementary, symmetric functions o1, --- , 0y, separate orbits of

Smoon Ap(Fg)™. (If
X" o X" o (=DM = (X —a))(X —ag)--- (X — am),

then the a; are unique up to order, since F,[X] is a UFD). Hence no two
two columns are parallel vectors either (i.e. no two columns are equivalent
up to a non-zero multiplicative constant). Hence the minimum distance of
the dual code of C’ is at least 3. By Wei duality

d(C') = length (C') — 1 = ( 7 > ~1.
This completes the proof. O

Propositions 3.4 and 4.4 give all 3 generalized Hamming weights d,. for
C!, and C,, for the case m = 2. If m = ¢ — 1, then C], fills the whole ambient
space F¢, and everything is trivial. It is a challenge, though, to give good
results in the intermediate cases 3 < m < m — 2.

5. The case m = 2.

As it is clear from the work done in previous sections, we are interested
in computing the basic parameters such as length, dimension, minimum dis-
tance, generalized Hamming weights and the weight distributions for the
codes Cy, and C},. In this section, we completely determine these parameters
for the codes when m = 2. To begin with, we derive from Proposition 3.2
that C, is an [n, k, d] code, where

n=gq(g—1), k=3, and d=(¢g—1)(¢—2).
Furthermore, it follows from Propositions 3.4 and 4.4 that

(di,dz,d3) = ((g—1)(q —2),q(g — 1) = 2,q(q¢ — 1)),

where dy,ds,ds denote the first, second and third generalized Hamming
weights for the code Co. We now proceed to determine the weight distri-
bution for the code Cs. To this end we introduce the following notation:

DEFINITION 5.1. Let w and r be integers satisfying 0 < w < g(q¢ — 1)
and 1 < r < 3. Define

(a) A, := the number of codewords of Cy of Hamming weight w.

(b) A" = the number of r-dimensional subcodes of Cy of support
weight w.

Let ¢ € Cy be a codeword. Then ¢ = ev(f) for some f € Xy. It follows
that c is a codeword of Hamming weight w if and only if |Zr, p(f)| = q(q —
1) —w. One can now readily compute the values of A,, from Tables 1 and 2
for all values of w. We have the following results:



CODES FROM SYMMETRIC POLYNOMIALS 11

PROPOSITION 5.2. If q is odd, and q > 5, then we have
(1, ifw=0

q(¢—1), ifw=(q—1)(q—2)

4, = )M fw=ga-D=(@-1)
W1 ifw =q(g — 1) — (¢ — 3)
(¢q—1), ifw=q(qg—1)

0, otherwise.

We remark that for ¢ = 3, we have Ag =1, 43 =6, A4y =12 and Ag = 8.

PROPOSITION 5.3. If q is even, and q > 4, then we have
(1, ifw=0

qlg—1), fw=(¢—-1)(¢-2)
ag—1)?, fw=q(g—1)—(¢-2)
(¢—17% fw=q(g-1)-1
2(¢—1), fw=gq(g—1)

0, otherwise.

We now turn our attention towards computing Ag)—s for all values of
1 <w<gqg(g—1) and i = 1,2,3 for the code C2. To this end, we have the

following result:
PROPOSITION 5.4. For 1 <w <q(q—1) andi=1,2,3 we have

Augf i=1
@, if w=q(l@—1)—2andi=2
Ag): 7‘12*3%2, if w=q(qg—1)andi=2
1, if w=q(qg—1) andi=3,

0, otherwise.

PrOOF. The assertions concerning the cases when ¢ = 1 and ¢ = 3 are
clear. To prove the claims concerning the cases when 7 = 2, we must analyze
the possible number of distinguished points on the intersection of two curves
given by f1, fo € 39 such that f; and fy are linearly independent. Suppose
that

fi(z,y) =ao +ai(x +y)+axy and fo(z,y) = bo + bi(x + y) + bazy.

We claim that f; and fo have no common factors. To see this, first note
that, f1 is not a nonzero constant multiple of fy since they are linearly
independent. However, if f; has a factor of degree one, then f; = c(z —
a)(y — a) for some a,c € F,. The fact that f; and fy have a common factor,
now readily implies that f; = d(x — a)(y — a) for some d € F,. This is a
contradiction. Now the projective closures of the zero sets V(f1) and V(f2)
are given by homogeneous polynomials F; and F5 of degree 2, namely

Fy = a2’ + a1(x +y)z + agzy and Fh = boz? + bi(z + y)z + bexy.

By Bezout’s theorem, the projective curves given by F; and Fy intersect at
exactly 4 points over the algebraic closure, counting multiplicities. We also
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observe that they have two points on the line z = 0 in common, namely
[0:1:0] and [1 : 0: 0]. Hence they have at most 2 points in common
in the affine space A?(F,). To this end, we observe that if V(f1) and V(f2)
have points in common in A%(Fq), then by symmetry, the points will be of
the form (a, 5) and (8, ) for some a, f € F, with a # §. Thus the affine
curves V(f1) and V(f2) either do not intersect in A% (F,) or they intersect
)

that ¢(¢ — 1) and ¢(¢ — 1) — 2. We now compute AP for w = q(g — 1) and
w = q(q—1)—2. It is enough to compute the same for w = ¢(¢—1) —2. The
elements of Y5 that contain the above points form a 2 dimensional linear
system of curves, which in turn gives us a two dimensional subcode that has
weight ¢(¢— 1) —2. On the other hand, there are ¢(q—1)/2 ways of choosing

two such points from A?(F,). This shows that A¢(12(¢)1—1)—2 =q(qg—1)/2. Since

there are a total of ¢?> + ¢ + 1 number of 2 dimensional subcodes of Cs, the
(2
a(g—1)

in exactly 2 points. It is thus evident that AEE = 0 for all values of w other

assertion on A follows trivially. O

Let (Co)®) = Cy ®p, Fgs for s > 1. It is a linear code over Fq, for
@ = ¢°, with the same generator matrix as Co itself. In [7], one gives a
relation between the higher weight spectra of a linear code and the usual
weight spectrum (only counting individual words of each weight), for such
an extension code over larger, finite fields. Denote the number of codewords
of weight w for (Co)*) by P, (Q). Then:

k r—1 k r—1
Py(@Q) =Y AP T[@ - d)=>_ AP T]@-d).
r=0  i=0 r=0 =0

This gives:
COROLLARY 5.5. For (Co)®) we have, if ¢ > 7 is odd :
¢ +4q

PO(Q) =1, Pn—Z(q—l)(Q) = Q(Q - 1)’ Pn—(q—l)(Q) = 2 (Q - 1)5

2 2

P 9@ =L2@Q-1), Pia@ =L@ - 1)@~ a),

9 3 9.2
PAQ) = (Q-1)(@ + LI 2 T2 22

We leave it to the reader to find analogous formulas for ¢ = 3,5, and for
even q > 4.

6. The cases m > 3.

If m = 3, the only unknown generalized Hamming weight of C,,, = C3 is
ds, since we know that di = 6(%) — 6(q§1),d3 =6(%) —6, and dy = 6(%), by
the results above. Furthermore we know from Proposition 2.1, as for general
m, that there are precisely ¢(¢ — 1) codewords of minimal weight, namely
T(e(xy —b) -+ (xy — b)), for ¢ choices of b, and ¢ — 1 choices of non-zero c.

The case ¢ = 4 is a special case of the trivial case m = ¢ — 1 mentioned
at the end of Section 4, with d,(C3) = 6r for all r.
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In order to illustrate the complexity, we give our only example below, of
a more non-trivial result for m = 3. We leave it to further research to find
good results for m > 3 in general.

EXAMPLE 6.1. If ¢ = 5, one can show that dy(C3) = 42 (and hence
(d1,da,ds,dy) = (24,42,54,60)). One may prove the equivalent statement
da(Ch) = 2 = 22 = 7 as follows: A generator matrix M = (m;;) of Cs, as

described above, with m; ; = 0i—1(P;) becomes

1111111111
34001212314
23 413 21441
0 00O0O0OO0OT13 2 4

when the Pj = {a;,bj,c;} € {0,1,2,3,4} are ordered lexicographically with
respect to the ordering of F5. The columns of M may be interpreted as
points of projective 3-space Proj(Fs[yo, y1,%2,y3]) = P3 over F5, and one sees
that d(C3) = 10— the maximal number of points from Py, --- , Pjy that are
contained in a (projective) plane (= 10 —6 = 4), d2(C3) = 10— the maximal
number of points from Py, - - , Pjo that are contained in a line, d2(C3) = 10—
the maximal number of points from Py, - - - , Pjg that are contained in a point
(=10—1=09). There are ¢*+¢*+q+1 = 156 planes in P?, and among them
we have the 5 (call them Wy = 0,--- , Wy = 0) that correspond to (totally)
reducible elements of Y5, and that contain (f{;ll) = 6 of the 10 points.
We see directly from the matrix description that Wy = y3 = 0 is one of
them (corresponding to totally reducible elements ¢(z1 — 0)(x2 — 0)(z3 — 0),
for arbitrary non-zero ¢. A computer analysis, or a by-hand calculation,
shows that there is no plane (corresponding to irreducible elements of ¥,
that contain exactly 5 (column) points (of M), although the last part of
Proposition 2.1, which is obviously not sharp in this case, allows it. Moreover
there are exactly (52) = 10 planes that contain exactly 4 of 10 of the points
(For each unordered pair W;, W;, with i # j, there is exactly one such plane
Vij =0 of type = W; + gW,; = 0, with g # 0).

This also proves that no more than 3 of the (column) points (of M) are
on a line. First, two planes W; = 0 and W; = 0, with ¢ # j, are well known
to intersect in exactly 3 points, by the proof of Proposition 4.1.

If two distinct planes of type V; ; = 0 contained the same 4 points, add
any point outside L, which is the intersection of those two planes. Then
those 5 points would span a plane. This plane would have to be one of the
W; = 0, since no other planes contains at least 5 points, as we have seen.
But a plane of type W; = 0 does not contain 4 points on a line, so that is
impossible.

The assertion that a plane of type W; = 0 does not contain 4 points on a
line, follows from symmetry, and showing that this is true for Wy = y3 = 0.
One shows this for Wy = y3 = 0 by direct inspection of the 15 choices of 4
of the 6 leftmost columns of M, or by arguing that if you remove the zeroes
in the bottom row from these columns, then these 6 columns are among the
10 = ( 52) columns of the analogous matric M for the case ¢ =5 and m = 2.
Since d(C2) = 6 — 3 = 3, at most 3 of these points are on a line.
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If a plane of type V;; = 0 and a plane of type W) = 0 contained 4
common points (in their intersection, a line L), we again have four points in
a plane of type W; = 0, a contradiction.

Hence the maximal number of column points of M on a line is 3, and

d2(C3) = (%) — (%:22) =10—3 =7, for ¢ = 5. As a byproduct of this analysis

we observe that in addition to g(¢—1) = 20 words of minimal weight 4 there
are exactly (¢ —1) ( qz) = 40 codewords of "subminimal" weight, in this case
6, in C3 for ¢ = 5.
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