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In the constrained sequential dominance (CSD), tri-bimaximal mixing (TBM) pattern in the neutrino
sector has been explained, by proposing a certain Yukawa coupling structure for the right-handed neutrinos
of the model. However, from the current experimental data it is known that the values of neutrino mixing
angles are deviated from the TBM values. In order to explain this neutrino mixing, we first propose a
phenomenological model where we consider Yukawa couplings which are modified from that of CSD.
Essentially, we add small complex parameters to the Yukawa couplings of CSD. Using these modified
Yukawa couplings, we demonstrate that neutrino mixing angles can deviate from their TBM values. We
also construct a model, based on a flavor symmetry, in order to justify the modified form of Yukawa

couplings of our work.
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I. INTRODUCTION

From various experimental observations it is known that
neutrinos have very small mass [1]. In a type I seesaw
mechanism, through the mediation of heavy right-handed
neutrinos, smallness of neutrino masses can be understood
[2,3]. To test this mechanism at the LHC the mass of the
right-handed neutrinos should be around 1 TeV. However,
with 1 TeV masses for right-handed neutrinos some tuning
in the Yukawa couplings may be required in order to fit the
tiny masses of neutrinos. Moreover, due to large number of
seesaw parameters this mechanism may not be predicted
from the experimental data. To alleviate the above men-
tioned problems, models based on sequential dominance
[4,5] with two right-handed neutrinos and one texture zero
in the neutrino Yukawa matrix have been proposed [6,7].
These models are named as CSD(n), which we describe
briefly below.

It is known that the neutrinos mix among them [1] and the
current oscillation data [8] suggest that the neutrino mixing
angles are close to the TBM pattern [9]. To explain these
mixing angles in the models of CSD(n), the two right-handed
neutrinos are proposed to have certain particular Yukawa
couplings with the three lepton doublets. To be specific, the
two right-handed neutrinos, up to proportionality factors, are
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proposed to have the following Yukawa couplings: (0, 1, 1)
and (1, n, n — 2). Here, n is a positive integer but can be taken
to be real as well. For the case of n = 1, the model predicts
that the three mixing angles will take the following TBM
values: sinf,, = %, sin @3 = \/%, sin@,3 = 0. This case of
n =1 is originally named as constrained sequential domi-
nance (CSD), which was viable a decade ago. But this case
has been ruled out when Daya Bay and RENO measured the
0,5 and found it to be nonzero [10]. Among the other integer
values for n, only the models with n = 3, 4 are compatible
with the current neutrino oscillation data [7].

In this work, we study on a possibility where we consider
modifications to model parameters of CSD and demon-
strate that the neutrino observables from the oscillation data
can be explained. As explained above that CSD is nothing
but CSD(n = 1) and hence the Yukawa couplings in this
model are proportional to (0,1,1) and (1, 1, —1). In the next
section we will describe that with this particular form for
Yukawa couplings, the mixing angles for neutrinos can be
predicted to have the TBM values. Now, in order to get
deviations in neutrino mixing angles away from the TBM
values, we consider the Yukawa couplings of the two right-
handed neutrinos to be proportional to (e, 1 + €;, 1 + €3)
and (1+e¢4,14€5,—1+¢). Here, ¢;,i = 1, ..., 6, are com-
plex numbers. By proposing above mentioned Yukawa
couplings for neutrinos, we are considering here a phe-
nomenological model. Now, in this phenomenological
model, in the limit where all ¢; — 0, our model should
give the results of CSD. As a result of this, we can expect
that for small parametric values of e; we should get
deviations in neutrino mixing angles away from the
TBM values. The reason for considering all ¢; to be small
is due to the fact that the observed mixing angles are close
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to the TBM values. After assuming ¢; to be small, we study
if we can consistently fit the neutrino masses and mixing
angles, whose values are obtained from oscillation data.
Like in the model of CSD, in our model also only two
right-handed neutrinos are proposed. As a result of this, in
our model, one neutrino would be massless and the other
two can have nonzero masses. Hence, in this model, we will
show that only normal hierarchy is possible for neutrino
masses. We can fit the nonzero masses of our model to
square root of solar (1/Am2,) and atmospheric (/AmZ,)
mass squared differences. From the global fits to neutrino
oscillation data we can see that there is a hierarchy between
Am?2 and Am2y, [8]. In fact, from the results of Ref. [8],

m2
sol

. A
one can notice that T
m

atm

~sin? @3 ~ 2 x 1072. Because of

Am?
sol
Am?

atm

this, we take and sin @5 to be small, whose values

can be around 0.15.

As mentioned above, in our work, we are modifying the
neutrino Yukawa couplings of CSD model by introducing
small complex e; parameters. To be consistent with the
oscillation data, we assume that the magnitude of real and
imaginary parts of ¢; to be less than or of the order of

Am? . . . . .
"ol ~ sin 05. After assuming this, we diagonalize the

atm
seesaw formula for active neutrinos in our model, by
following an approximation procedure, where we expand
the seesaw formula in power series of €;. Recently, this kind
of diagonalization procedure has been used in a different
neutrino mass model [ 11]. In the context of this present work,
the usage and relevance of this diagonalization procedure
have been described in Secs. III and IV. Following this
diagonalization procedure, we derive expressions for neu-
trino masses and mixing angles in terms of ¢;. We show that
by keeping terms up to first order in €; of our analysis, we get
sinf3 and sin 6,3 — \/LE to be nonzero but sinf;, — \/ig is

found to be undetermined. In order to know if sinf;, — %

can be determined, we compute expressions in our analysis
up to second order in €;. Thereafter we demonstrate that

sin 9y, — % can also be determined by €; parameters. Using

the analytic expressions for neutrino masses and mixing
angles, in order to be compatible with current neutrino
oscillation data, we present numerical results and also
demonstrate that the assumptions made in our diagonaliza-
tion procedure are viable.

We study the above described work in a phenomeno-
logical model, where the neutrino Yukawa couplings of
this model are modified from that of CSD model. One
would like to know how such modified form for Yukawa
couplings could be possible in our model. In order to
address this point, toward the end of this paper, we
construct a model, based on symmetry groups, where we
explain the smallness of ¢; parameters and also justify the
structure of Yukawa couplings of our phenomenological

model. In order for this model to explain the structure of
Yukawa couplings, the scalar fields proposed in this model
need to acquire vacuum expectation values (vevs) with
hierarchically different magnitudes. To explain the hier-
archy in the vev of these scalar fields, we analyze the scalar
potential among these fields and give one solution to this
problem.

Deviations from TBM pattern has been studied in
sequential dominance models [5], where neutrino masses
and mixing angles are computed in a general framework of
type I seesaw model and then these results are applied to
models which satisfy sequential dominance conditions.
Here, our approach to the problem is different from that
of Ref. [5]. In this work, we first modify the Yukawa
coupling structure of CSD and then study the deviations
from TBM pattern. Moreover, our analysis is also different
from that of Ref. [5].

The paper is organized as follows. In the next section we
describe sequential dominance and the CSD model. In
Sec. III, we describe our phenomenological model and also
explain the approximation procedure for diagonalizing the
seesaw formula for neutrinos of this model. Using this
approximation procedure we demonstrate that the neutrino
mixing angles in our model deviate away from the TBM
pattern. In the same section, we compute expressions for
neutrino masses and mixing angles up to first order in our
approximation scheme. Second order corrections to the
above mentioned neutrino observables have been computed
in Sec. IV. In Sec. V, we give numerical results where we
demonstrate that our analytic expressions can fit the current
neutrino oscillation data. In Sec. VI, we construct a model
in order to justify the structure of Yukawa couplings of our
phenomenological model. We conclude in the last section.
In Appendix A, we have given detailed expressions related
to the second order corrections to the neutrino observables.
In Appendix B, we analyze the scalar potential of our
model in order to explain the hierarchy in the vevs of the
scalar fields.

II. SEQUENTIAL DOMINANCE AND CSD

The idea for CSD is motivated from sequential domi-
nance, which is briefly described below. Consider a minimal
extension to the standard model, where the additional fields
are three singlet right-handed neutrinos. After electroweak
symmetry breaking, charged leptons and neutrinos acquire
mixing mass matrices. We can consider a basis in which both
charged leptons and right-handed neutrinos have been
diagonalized. In this basis, the mass matrix for right-handed
neutrinos and the mixing mass matrix between left- and
right-handed neutrinos can be written, respectively, as

Malm 0 0 d a d
Mp= 0 My O |, mp=|ebd D (1)
0 0 My fc
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In the equation for mp, elements such as a, b, ¢, etc can be
viewed as neutrino Yukawa coupling multiplied by vev of
the Higgs field. Assuming that the masses for right-handed
neutrinos are much larger than the elements of Dirac mass
matrix, the seesaw formula for active neutrinos would be

m, = mDMI_leIY; (2)

From the seesaw formula we get three masses for active
neutrinos, which may be denoted by m;, m,, and mj;.
The objective of sequential dominance is to achieve
my < my <K ms, and thereby the model can predict normal
mass hierarchy for neutrinos. In order to achieve this
objective of sequential dominance, following assumptions
on the masses of right-handed neutrinos and the elements of
the Dirac mass matrix have been made [4,5]

2 2 /.,
le*[, [, |ef] > LI g

>
M atm M sol

Matm <<Ms01 <<Mdec’ M
dec

/

Here, x,y € a, b, c and X',y € d',b', .

With the above mentioned assumptions of sequential
dominance, leading order expressions for neutrino masses
and mixing angles have been computed in Ref. [12]. Using
these expressions, the following set of conditions on the
model parameters have been proposed, in order to obtain
the TBM pattern for neutrino mixing angles [6].

la| = bl =c|,  [d|=0, le[=]|f
¢, =0, == (4)

’

Here, ¢}, and ¢/ denote sum of a combination of phases of
the elements in the Dirac mass matrix [6]. From the above
mentioned conditions we can notice that the elements in the
third column of mp and My play no part in determining
the TBM pattern for neutrino mixing angles. In fact, from
the leading order expressions for neutrino masses and
mixing angles given in Ref. [12], we can see that the third
column elements of m and M determine only the lightest
neutrino mass 72;. One can notice that m is proportional to

ML. Now, in the limit where the value of M. tends to very
dec

large, we get m; — 0. In this limiting process, the third
right-handed neutrino, whose mass is M 4., decouples from
our theory. Since the current experimental data can be
satisfied with m; = 0, in order to reduce the number of
degrees of freedom in this model, we can decouple away
the third column elements of mjp and Mpy. Essentially,
in this process of decoupling, the number of right-handed
neutrinos reduce from three to two in the above described
model.

After performing the above mentioned decoupling, in the
resultant model, to satisfy the conditions of Eq. (4), the
Dirac and right-handed neutrino mass matrices can be
taken, respectively, as [6]

M atm 0

o wa) ©

By plugging the above mentioned mj and Mp in the
seesaw formula of Eq. (2), we can check that the m,, can be
diagonalized as

e a |, MR—(
e —a

0 0 O
Utpmm, Uty = 0 /?’Iazl )
00 g
oo
Urpm = _\/Lé % \/% (6)
T

From the unitary matrix Upgy, One can extract the three
neutrino mixing angles and we see that they will have the
TBM values.

We have demonstrated above that in a model with two
right-handed neutrinos, which is motivated by sequential
dominance, TBM pattern for neutrino mixing is possible.
This has been named as CSD [6]. One can notice that in this
process of obtaining TBM pattern, the columns of Dirac
mass matrix need to be aligned in some particular direc-
tions. This problem of alignment has been addressed in a
supersymmetric model which has some flavor symmetries
and flavon fields [6].

III. OUR MODEL AND DEVIATIONS
FROM TBM PATTERN

In the previous section we have described on how CSD
can predict TBM pattern for neutrino mixing angles. Since
this pattern is currently ruled out, we need to modify the
model of CSD. To achieve this, we initially consider a
phenomenological model where the field content is same as
that of CSD. But the difference between our model and the
CSD is that we propose a modified structure for Dirac mass
matrix, which is given below.

0 a
mpy = mp + Amp, mp=\|e a |,
e —a
ee;  aey
Amp = | ee, aes |. (7)
eez  aeg
Here, ¢;,i = 1, ..., 6, are complex parameters. At this stage

we are suggesting the above form for Dirac mass matrix,
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purely from phenomenological point of view. We justify
this form of matrix by constructing a model for this in
Sec. VI. Regarding the Dirac mass matrix, we have
explained in the previous section that the elements of
this matrix should be viewed as a product of neutrino
Yukawa couplings and vev of the Higgs field. As a result
of this, the above Dirac mass matrix corresponds to the
fact that the Yukawa couplings of the two right-handed
neutrinos are proportional to (e,1+ €5, 1+ ¢€3) and
(I +€4,1+€5,—1+¢€g). As we have argued in Sec. I,
with this form for Yukawa couplings we should expect to
get deviations for neutrino mixing angles away from the
TBM values.

C12€13

_ i6
Upmns = | —S12023 — C12823513€%¢7

i
§12823 — C12C23813€"°¢7

Here, c;j = cos0;; and s;; = sin@;;. As explained above
that in our model, with the form for m/, of Eq. (7), we
should get deviations in the neutrino mixing angles away
from the TBM values. As a result of this, we should expect
S13» S1o — 1/4/3 and s,3 — 1/4/2 to become nonzero. In
order to simplify our calculations, we parametrize s;, and
Sp3 as

1
53 =—=(1+5)

V2

The parametrization we have considered for neutrino
mixing angles is similar to that proposed in Refs. [14].
For a different parametrization of these neutrino mixing
angles, see Ref. [15]. We have known the 3¢ ranges for the
square of the sine of the neutrino mixing angles, which are
obtained from the global fits to oscillation data [8]. From
these 3o ranges, we can find the corresponding ranges for r
and s, which are found, respectively, as: (—8.8 x 1072,
2.5%x1072) and (—8.2 x 1072,0.13). The corresponding
allowed range for 53 is found to be narrow, whose values
are around 0.15. From the above mentioned ranges, we can
notice that the values for r and s are less than or of the order
of s13. As explained before that r, s and 53 will become
nonzero in our model, if we allow nonzero values for ¢;
parameters in m/),. As a result of this, to be consistent with
our analysis, we assume that the real and imaginary parts of
€; to be less than or of the order of 3.

As described previously, seesaw formula for active
neutrinos in our model is given by Eq. (8) and this matrix
should be diagonalized by Upyns. The relation for this
diagonalization can be written as

512_%(1‘“’)7 (10)

(11)

d — 71T s -
my = Upyns™y Upvns = diag(my, m,, ms)

As explained above that in our model, the form for Dirac
mass matrix is given by m}, and hence the seesaw formula
for active neutrinos is

mj, = mpMg! (mp)". (8)

Since we are in a basis where charged leptons are
diagonalized, this seesaw formula should be diagonalized
by Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix.
The PMNS matrix can be parametrized by the neutrino
mixing angles and the CP violating Dirac phase dc-p. We
follow the PDG convention for this parametrization [13],
which is given below.

$12€13 s1zeocr
i
C12Co3 — 8128235 13€"°¢F $23€13 )
i
—C12823 — §12€23813€"°P €3C13

|
Here, the matrices m; and Upyng depend on variables ¢;, 7,
s and s3, which are small. As a result of this, we can
expand m) and Upyns as power series in terms of these
small variables. First we expand m; and Upyns up to first
order in €;, r, s and s,5. After doing that one can see that m¢
need not be in diagonal form. But, since we expect this to
be of diagonal form, we demand that the off-diagonal
elements of m¢ to be zero. Thereby we get three relations
among €;, r, s, and s3. Solving these relations, we can
determine ¢; in terms of r, s, and s;3. Now, from the
diagonal elements of m? we get expressions for the three
neutrino masses in terms of model parameters. We follow
the above described methodology for diagonalizing the
seesaw formula of our model. However, while doing so,
one needs to take care of the small numbers that may arise
due to hierarchy in neutrino masses. Discussion related to
this is explained below.

In the limit where €;, r, s, and 53 tend to zero, from
Eq. (11) we get the leading order expressions for neutrino
masses, which are given below.

262
Matm .

3a?
Msol

m; = O, my = ms = (12)

The above result agree with that of CSD which is given in
Sec. II. Here, up to the leading order, the lightest neutrino
mass m, is zero. However, we will show later that even
at subleading orders, m; is still zero. This result is due to
the consequence of the fact that in our model we have
proposed only two right-handed neutrinos. As a result of
this, neutrino masses in our model can only have normal
mass hierarchy. Due to this, we can fit the expressions for

m, and m5 to square root of solar (v/Am? ) and atmos-

sol

pheric (\/Am2,,) mass squared differences, respectively.
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Although the expressions in Eq. (12) are valid at leading
order, at subleading orders, expressions for m, and m; get
corrections which are proportional to ¢;, r, s, and s;5. Since
€, r, s, and sy3 are small values, when we fit the

expressions for m, and m3 to \/AmZ2, and \/Am2,

respectively, we except to have the following order of
estimations.

a’ 5 e? 5 13
~ A/ Am?,, ~ A/ Amg,.
My sol M am (13)

We use the above mentioned order of estimations in the
diagonalization process of the seesaw formula of our
model. Regarding this, a point to be noticed here is that,
from the global fits to neutrino oscillation data [8], a
hierarchy is found between Am2 and Am3,. In fact, from

. Am?
the results of Ref. [8], one can notice that Dol $13-
Amalm

This would imply that, in our model, m,/m3; ~ s;3. One
needs to incorporate the above mentioned order of esti-
mation in the diagonalization process of the seesaw formula
of our model. In order to incorporate this, we reexpress
Eq. (11) as

1
T s
= Upnvins ™ Upmins
V Amgy,

. ny my ms
=diag ( , ) ) (14)
\/Amgtm \/Amgtm \/Amgtm

Now, with the assumptions of Eq. (13), one can see that

ﬁmﬂ can be expanded in power series of €;, 7, s, 513,

atm

Am? . . . .
and /3. We explain below about this series expansion

atm

1 md
V Amg{m ’

and also the results obtained from such expansion.
Up to first order in ¢;, m can be expanded as

s

my, = my) 4y, (15)

)
m 12

mj .y = mpMg' (Amp)" + AmpMg'mp,. (16)

o) = mpMy'mp,

Similarly, up to first order in r, s, and 5,3, the expansion for

Upmns 18
UPMNS = UTBM + AU, (17)
—r L ~foce
7 Nl e 513
5 K
| —rbs efcrsy r2s+V2ecps s
AU= |~~~ 23 V2 (18)
rds _ eCPyy r=2s—v2ei%ps,; —5
Ve V3 23 v2

Here, the form of Urgy can be seen in Eq. (6). After

substituting Egs. (15) and (17) in Eq. (14) and with the

assumptions of Eq. (13), we can compute \/l—ml‘f up to
Amg(m

2
Amsnl

2
Amulm

first orderin ¢;, r, s, 53, and . Terms up to first order

1 d :
~——m, are given below.

atm

in

1 1
d__ d d
Am?, e Am2, (my(o) " mu(l)»

00 O
2
mf(O): Of%] 0
2
00 ﬁ
Xy Xy X3
mz(/i(l): Xy Xy X3 |,
X3 Xp3 X3
x;; =0, x},=0,
e’ .
x’13:\/67[\/§(2€1—€2+€3+2S)—4615CP513]’
atm
x5, =0,

2
= it
atm
262
Matm

[\/5(61 +€2 —€3 —2S) —2€i§CPS13],

X3 = (e2+€3) (19)

Now, equating the diagonal elements on both sides of
Eq. (14), we get the expressions for the three neutrino
masses, which are given below

3d? 2¢?
My M
sol atm

2¢% (€, +€3)
Ma'.m

m =0, m= (20)

From the above equations we can see that only mj get
correction at the first order level. Now, from the off-
diagonal elements of Eq. (14), we get the following
expressions.

€1 = \/Eeiﬁcpsm, €) — €3 = 2s (21)
From the above two equations we can see that, in our
model, sin #;; will be nonzero if we take ¢, # 0. Similarly,
sin 6,3 will deviate from its TBM value if we take either ¢,
or €3 to be nonzero. However, the deviation of sin 8, from
its TBM value, which is quantified in terms of r, is
undetermined at the first order level corrections to the
diagonalization of our seesaw formula. As a result of this,
the parameters €y, €5 and €4 are undetermined at this level.
We will show in the next section that these parameters can
be determined in terms of neutrino mixing angles by
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considering second order level corrections to the diago-
nalization of our seesaw formula.

Results obtained in Eq. (21) are consistent with that in
Partially CSD (PCSD) [16]. In the model of PCSD, the
structure of neutrino Yukawa couplings is similar to that in
our model. The Yukawa couplings in PCSD can be
obtained from that of our model by taking €; # 0 and
all other ¢; to be zero. With this Yukawa coupling structure,
in the PCSD model, it is shown that sinf,3 # 0 after
assuming TBM values for sin @, and sin 6,3. These results
are obtained in PCSD model up to a leading order in
m,/ms. Results in previous paragraph are also obtained up
to this order. Although we have argued that the value of r is
undetermined up to this order, with out loss of generality, in
the beginning of the calculations, we can assume TBM
value for sin 8, and choose zero values for €4, €5 and €¢. In
that case, we would still get the results of Eq. (21). Now if
we choose zero values for €, and €3, that would imply TBM
value for sin 6,3. Hence, results obtained in the previous
paragraph are consistent with that of PCSD model.
Moreover, it is to be noticed that the structure of our
model and the results obtained in this work generalizes that
of PCSD model. We have described above about the

and on the consistency of the results obtained with our
diagonalization procedure.

IV. SECOND ORDER CORRECTIONS

In the previous section, after considering first order
corrections to the diagonalization of the seesaw formula for
neutrinos, it is found that the deviation of sin #;, from its
TBM value is found to be undetermined. To know if this
deviation can be determined in terms of model parameters,
we study here the second order corrections to the diago-
nalization of the seesaw formula for neutrino masses. In
order to do this we need to expand terms in —=—m¢ of

. Amz]
Eq. (14) up to second order in €;, r, s, 513 and 4 /3.
atm

Details related to this expansion and the analysis from that
is explained below.

Expansion for m; and Upyns, up to second order in €;, 7,
s, and 53 are given below

My = My 0) )+ ).

relevance of the relations in Eq. (21). It should be noted M) = AmpMg' (Amp)T, (22)
that, in our framework, these relations cannot be obtained
without making the assumptions of Eq. (13). In the next Upains = Urpy + AU + A2U, (23)
section we further stress on the usage of these assumptions
|
344, s 0
46 2V3
AU = V2(rs+s2)+(r=2s)s 3¢ =372 4+4rs—852—4/2(r+s)s 3P s (24)
2V3 8V3 2V2
V2rs+(r42s)s 3elcp 3r244rs—4v/2(r—s)s 3%cP _ 252457,
2V3 8V3 2v2
I
Here, the expressions for m;j(o , m‘;(l), and AU can be found p e?
N . . xl3 =
in Egs. (16) and (18), while gJTBM can be seen in Eq. (6). V3 My,
After substituting the above described expansions for ] and V3ol 3ol
Upnns in Eq. (14), and also after using Eq. (13), \/A‘_zmg X [5(3s — 2V 2e"%P s 3) + 2e3(s — V2e"cPs3)],
Myim 2
can be computed up to second order in €;, r, s, 513, and /2'2 — ]EL} (64 +e5— 66),
SO
AA;—:Z‘Z;‘]. The full expressions for second order terms in ) V3 s ) i
— —locp
ﬁmf are given in Appendix A. Now, after using the 23 2M [V2(e5 + €+ 25) +2e s13
un . . 2
res?lts ofd Eq 21 .1n Eq (A1), the secopd order terms in € R2es( Vs eiberg, )
A m{ will be simplified. These are given below. V3M
+5(3V2s + 2eers )],
1 1 SRR " 2¢? (€2 2 2) (25)
d _ XX x| X33 =37 (63 + 235 + 257 + 513). 25
V Amgy, = V A, X A am
13 Y23 X33

(264 — €5 +€6 —37‘),

\/EM sol

Now, after equating the diagonal elements on both sides of
Eq. (14), we get corrections up to second order to neutrino
masses, which are given below.
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0 3a> n 24> (es+ )
my =0, my = €4 T €5 —€g),
Msol Msol
2¢2 N 462 (63 +5)
my = €3 S
Malm Matm
2¢? 2 2 2
+ (515 + €35 + 2e35 + 257). (26)
My i

1 mlc/i
Vv Anlzzum

should be zero, we get the following three relations.

After demanding that the off-diagonal elements of

2¢4 — €5 + €6 = 31, (27)

(35 — 2V/2ecr g 3) 4 2e5(s — V2ers3) =0, (28)

2
7;"1 e [V/2(es5+ €+ 25) +2e 0 g ]
A’/natm

— [265(V 25+ ecrs,3) + 5(3v/2s + 2eicrs3)] = 0. (29)

While obtaining Eq. (29), we have used the expressions for
m, and my of Eq. (26). Here, ¢ is the Majorana phase
difference in the neutrino masses m, and m;.

From the expressions for neutrinos masses which are
given in Eq. (26), we can see that the lightest neutrino mass
is m; = 0. As already explained before, this result follows
from the fact that there exists only two right-handed
neutrinos in our model. But technically, this result will
follow after using the relations of Eq. (21) in Eq. (Al).
Since the relations in Eq. (21) are obtained after making the
assumptions in Eq. (13), we can notice here on the
consistency of the obtained results with our diagonalization
procedure, which is described in the previous section. It is
stated above that the lightest neutrino mass is zero in our
model, and hence, only normal mass hierarchy is possible
for neutrino masses. As a result of this the expressions for

m, and ms of Eq. (26) can be fitted to \/AmZ, and

\/ Am2,, tespectively. While doing this fitting, we can

notice that terms involving €;, s;3 and s give small
2

of the order of \/Am2, and \/Am2,, respectively. This
result agrees with the assumption we have made in Eq. (13).
Another point to be noticed here is that both the expressions
for m, and ms depend on the complex €; parameters. As a
result of this, both m, and m5; can be complex. But since
neutrino masses should be real, the complex phases in m,
and m5 can be absorbed into Majorana phases. Or else,
another possibility is that we can choose the parameters a
and e to be complex in such a way that m, and mjy
can be real. In this later case, the Majorana phases will
become zero.

Regarding the neutrino mixing angles, we have
explained in the previous section that the deviation in

can be

. 2
corrections. Hence, we can see that M"—] and
S0l

sin 0, from its TBM value is undetermined at the first order
level corrections to diagonalization of the seesaw formula
for neutrinos. But now after considering second order
corrections, from Eq. (27) we can see that this deviation
can be determined in terms of ¢y, €5, and €¢. In fact, out of
these three e parameters, only two can be determined by
solving Eqs. (27)—(29). We can see that by solving Eq. (28),
we can compute €5 in terms of s;3, s, and ocp. Now, by
solving Egs. (27) and (29), any two of the ¢4, €5, and €4 can
be found in terms of the neutrino masses and mixing
angles. One among the €4, €5, and ¢4 is still a free
parameter, but it should be chosen to be small in order
to be consistent with our analysis on neutrino mixing
angles. After combining the results of Eqgs. (21), (27)—(29),
we can see that all the three neutrino mixing angles get
deviations from their TBM values. Moreover, these devia-
tions can be fitted to experimental values by choosing
appropriate parametric space for ¢;, which is the subject of
the next section.

V. NUMERICAL RESULTS

We have explained how deviations from TBM pattern
can be achieved by introducing the ¢; parameters in Eq. (7).
Here, we numerically evaluate these parameters in order to
be consistent with the neutrino oscillation data. In this
regard, in our analysis, we have taken the best fit values for
the two mass-squared differences among the neutrinos,
which are given below [8].

Am?; =739 x 107 eV?,
Am2, =2.525x 1073 eV2, (30)

In the analysis, we have varied the three neutrino mixing
angles and the CP violating Dirac phase dcp over the 3¢
ranges. These ranges are given below [8].

sin20;,: 0.275 = 0.350,  sin20,;: 0.418 — 0.627,
sin26,5: 0.02045 — 0.02439,  Scp: 125°—392°.  (31)

As described in the previous section, using the allowed
values for neutrino oscillation observables, we can compute
the ¢; parameters. Since these parameters are complex, we
have resolved them in to real and imaginary parts, whose
expressions are given below.

€; = Re(e;) + ilm(e;). (32)

In order to be compatible with the above mentioned
neutrino oscillation observables, we have obtained the
allowed ranges for Re(e;) and Im(e;). These results are
given in Table I. In this table, the allowed ranges for real
and imaginary parts of €5 and ¢4 are obtained by fixing the
values for ¢, and also by taking the phase ¢p = 0. Moreover,
in this table, the allowed ranges for Im(e,), Im(e;) are
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TABLE I. Allowed ranges for the real and imaginary parts of the €; parameters. For details, see the text.
Re(e;) Im(e;) Re(er) Im(e,), Im(es) Re(e;)
(=0.221,0.221) (—0.221,0.182) (—=0.106, 0.225) (—0.064,0.064) (—=0.15,0.095)
¢ €4 Re(es) Im(es) Re(es) Im(e6)
0 0.1 (—0.084,0.462) (=0.119,0.101) (—0.375,0.168) (-0.119,0.101)
0 -0.1 (-0.282,0.26) (-0.119,0.101) (—0.175,0.367) (=0.119,0.101)
0 0.1i (—0.182,0.362) (-0.019,0.199) (—0.275,0.267) (=0.219,0.001)
0 —0.1i (—0.182,0.362) (—0.219,0.001) (=0.275,0.267) (—0.019,0.199)

same. This result follows from Eq. (21), which implies
Im(e;) = Im(e;). From the results given in Table I, we
notice that except for Re(es) and Re(eg), the magnitude of

other parameters are less than about v/2s,3 ~ 0.221. The
magnitudes of Re(es) and Re(eg) can become as large as
0.46 and 0.37 respectively, for the case of ¢y =0 and
€4, = 0.1. We have varied ¢ away from zero, by fixing
€4 = 0.1, and have computed real and imaginary parts of €5
and €g. In these cases, we have found that the maximum
values for |[Re(es)| and |[Re(eg)| to be lying between about
0.37 and 0.63, whereas, the maximum values for |Im(es)|
and |Im(eg)| are found to be less than 0.2.

We have explained previously that the diagonalization of
the seesaw formula of our model is done by assuming that
the magnitudes of real and imaginary parts of €; to be less

Am? . .
than or of the order of 4 / = ~ sin #3. From the numerical
atm

results presented above, we can notice that, real and
imaginary parts of ¢; satisfy the above mentioned
assumption, except for Re(es) and Re(eg). The maximum
values for |Re(es)| and |Re(eg)| can be about 0.4, depend-
ing on ¢4 and ¢ values. At these maximum values, the
analytic expressions presented in previous sections may not
give accurate results, since square of 0.4 is not negligible in
comparison to unity. One can notice that €5 and eg4
contribute linearly to neutrino oscillation observables in
the second order corrections of our analysis. As a result of
this, corrections at the third order level to the above
mentioned observables are not negligible around these
maximum values. On the other hand, one would like to
know, if by restricting the values of |[Re(es)| and [Re(eg)| to
be small, the analytic expressions of previous sections are
sufficient enough to give accurate numerical results. For
this reason, we have computed allowed values for neutrino
mixing angles and §.p by demanding |Re(es)| and |Re(eg)]
to be less than 0.23 for the case of ¢ =0 and ¢4, = 0.1.
These results are given in Figure 1. Now, after combining
the results of Table I, one can notice that in the allowed
regions of Fig. 1, the magnitudes of real and imaginary
parts of all ¢; are less than 0.23, which is about V2515
Hence, in the allowed regions of Figure 1, ¢; satisfy the
assumptions we have made in order to diagonalize the
seesaw formula of our model.

We have discretized the axes of s3;, 535, 53,, 5¢p in order
to obtain the results in Figure 1. From this figure, one can
notice that the allowed range for s?; is almost uncon-
strained. However, the allowed regions for s3; and 57, are
constrained for some specific values of §-p. A notable
feature from Fig. 1 is that points with s, = 0.275 are
excluded for any value of §-p. Although the results in
Figure 1 are obtained for ¢p =0 and ¢, = 0.1, a similar
analysis can be done for any other values of ¢ and e,.
Hence, in our work, we can find a region where ¢;
parameters are small and consistently explain the deviation
from TBM pattern in the neutrino sector.

Recently, results from global fits to neutrino oscillation
data have been updated in Ref. [17]. These results prefer
normal hierarchy for neutrino masses. In our framework,
which is based on CSD, the analytic results from previous
section show that neutrino masses have normal hierarchy.
Hence, the prediction of our CSD scenario is favorable by
the recent neutrino oscillation data. In the case of normal
mass hierarchy, recent results from neutrino oscillation data
prefer second octant for sin? #,; with the best fit value of
0.566 [17]. The CP violating phase dcp, in the above case,
has a best fit value of 1.2z [17]. From the results given in
Fig. 1, we notice lower octant values for sin’@,; are
excluded for §-p around z. Hence, the numerical results
of our work are compatible with the recent neutrino
oscillation data.

VI. A MODEL FOR OUR DIRAC MASS MATRIX

In this section, we construct a model in order to justify
the structure of our Dirac mass matrix of Eq. (7) and also
explain the small values for ¢;. For this purpose, we
introduce a flavor symmetry SU(3) and also the following
scalar fields: ¢, ¢, @', ¢’ These scalar fields are singlets
under the standard model gauge group, but otherwise,
charged under the SU(3). The lepton doublets L, where we
have suppressed generation index, are charged under this
flavor symmetry. The Higgs doublet H and the two right-
handed neutrinos 4™, 13! are singlets under SU(3). To get
the masses for right-handed neutrinos, we introduce the
following additional scalar fields, which are standard model
gauge singlets: y,, y,. To explain the smallness of ¢;
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FIG. 1.
¢ =0 and ¢, = 0.1. d¢cp is expressed in degrees.

parameters, we propose the scalar field £ which is a
standard model gauge singlet. To forbid unwanted inter-
actions in our model we introduce a discreet symmetry
Z3 x Z. In Table II, charges assignments of the fields,
which are relevant to neutrino sector, are given. With these
charge assignments, the leading terms in the Lagrangian are

écp

Allowed regions in neutrino mixing angles and 5cp by demanding |Re(es)| and |Re(eg)| to be less than 0.23, for the case of

Here, Mp ~2 x 10'® GeV is the reduced Planck scale,
which is the cutoff scale for this model. The reason for
choosing the Planck scale as the cutoff of the model is
explained later this section.

The first four terms of Eq. (33) generate effective
Yukawa couplings for neutrinos after the following scalar
fields acquire vevs: ¢, ¢, Pl P, E. The vevs of ¢, ¢,

- b Luampy </>S LDSOI bot give leading contribution to effective Yukawa couplings. In
- Mp order to explain the structure of Dirac mass matrix of
é: o, £ ¢/ Eq. (7) we assume that these vevs to have the following
—L dth+ 501H pattern
M pMp MpMp
Xa
1 4a l/atm atm _|_ sol c sol +H.c. 33
M — Ja ’ M— — Js ( )
P P _1
TABLE II. Charge assignments of the relevant fields under the

flavor symmetry SU(3) x Z3 x Z} are given. Here, @ = €>"/3.

For other details, see the text.

Here, y,, y, are dimensionless quantities. The above pattern
of vevs can be obtained by tuning parameters in the scalar

bo b5 P P E ye oy A L L H potgntial of this model, which is described in the next
SUG) 3 3 3 3 1 1 1 . 1 3 1 section. It is to be noted that the prqblem related to vev
Z, o o oo 1w e o o 11 patte/rn O/f Eq. .(34) has begn addregsed in Ref. [6]. The vevs
Z;3 o W o o o® oo o o o 1 1 of ¢, ¢, & give subleading contribution to Yukawa cou-

plings for neutrinos. Here, we need not assume any pattern
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©

for the vevs of ¢/, ¢;. Hence, after writing M, = € We
can have
Vi €
@_<¢Z> =Ya| Y2 |€=DVa| €2
MP MP a a ’
Y3 €3
y/1 €4
(&) (¢5) :
a7 = Vs| Y €=DYs| € |- (35)
Mp Mp 2

V3 €6

Here, y;,y!, where i = 1,...,3, are O(1) parameters. By

taking [% =¢e~0.1, we get all ¢; to be around 0.1. We can

see that the smallness of ¢; parameters can be explained if
the field £ acquire vev around one order less than the Mp.
Now, using Eqgs. (34) and (35) in Eq. (33), after electroweak
symmetry breaking, we get the structure of Dirac mass
matrix which is proposed in Eq. (7). Finally, the last two
terms of Eq. (33) give diagonal masses to right-handed
neutrinos, after the fields y,, y, acquire vevs.

In the above, by proposing a model, we have explained
the mass structures of Dirac and right-handed neutrinos
of this work. In order to explain these mass structures,
the extra scalar fields proposed in this model need to
acquire vevs and thereby break the flavor symmetry
SU(3) x Z3 x Z; spontaneously. Here we quantify the
scales of these vevs. It is stated above that (y,) and (y,)
generate masses for right-handed neutrinos. Requiring that
these masses to be around 1 TeV, we should have:
(xa), (xs) ~ 1 TeV. One motivation for choosing TeV scale
masses for right-handed neutrinos is that they can be
detected in the LHC experiment. Another motivation for
choosing the above mass scale for right-handed neutrinos is
shortly explained below. The vev of £ can be found from the
fact that it explains the smallness of ¢; parameters. In order
to explain this smallness, we have described above that we

need to have % ~0.1. From this we get (£) ~ 107 GeV.

Finally, the vevs of ¢,, ¢, ¢, ¢’ can be determined from
the reasoning that they generate effective Yukawa cou-
plings for neutrinos. Since we have taken right-handed
neutrino masses to be around 1 TeV, from seesaw formula
for active neutrinos, we can estimate the magnitude of
Yukawa couplings for neutrinos by having the active
neutrino masses to be of O(0.1) eV. From this estimation,
we have found that {(¢,), (¢,), (¢.). (¢}) ~ 10> GeV.
After finding the vevs of the additional scalar fields of
this model, we notice that there is a large hierarchy among
these vevs. We can achieve this hierarchy, in this model, by
appropriately fixing the relevant parameters in the scalar
potential among the above mentioned scalar fields.
Analysis related to the scalar potential of our model is
presented in Appendix B.

It is stated that Mp is the cutoff scale for the above
described model. One can notice that the hierarchy between

(&) and M p is very less. However, the hierarchy in the vevs
of other scalar fields such as ¢, ¢, Pl P, xa x5 1S very
large with respect to M p. Here, we explain this hierarchy by
motivating the above described model from supersymmetry
[18]. Since supersymmetry is not exact symmetry, one
possibility is to break supersymmetry spontaneously by
hidden sector fields and the effects of this breaking are
mediated to visible sector via gravity mediated interactions
[18]. Models based on this mechanism are known as
supergravity models, where hidden sector fields can inter-
act with visible sector fields with Planck scale suppressed
nonrenormalizable terms. In these models, hidden sector
fields can acquire vevs around the intermediate scale of

A ~ 10" GeV and the TeV scale can be generated by A’}I—i

Based on this, models have been proposed in order to
conceive TeV scale masses for right-handed neutrinos [19].
In our model, which is described above, the vevs for y,, v
are around TeV and the vevs for ¢, ¢, ¢, P’ are close to
the intermediate scale. Hence, we can explain the hierarchy
in the vev of these fields by embedding our model in a
supergravity setup. In fact, for this reason we have chosen
M p as the cutoff scale to our model.

Above, we have motivated the hierarchy in the vevs of
scalar fields of our model from a supergravity setup. On the
other hand, in order to achieve this hierarchy in the current
framework, we have carried out an analysis on the scalar
potential of our model in Appendix B. In this appendix, we
have given the invariant scalar potential under the flavor
symmetry SU(3) x Z3 x Z,. After minimizing this scalar
potential, the vevs of various scalar fields of our model have
been determined. It is shown in Appendix B that by tuning
the parameters of the scalar potential, the required hier-
archy among the vevs of the scalar fields can be achieved. It
has been argued that the desired vacuum alignment for ¢,
and ¢, can be achieved by tuning the necessary parameters
in the scalar potential. Although the scalar potential in
Appendix B is at tree level, due to large number of
parameters, the above mentioned vacuum alignment is still
possible even after including the radiative corrections to the
scalar potential. It is described in Appendix B that in order
to achieve the desired hierarchy in the vevs of scalar fields,
some couplings in the scalar potential should be suppressed
to as low as 10732, To explain the smallness of these
couplings, one can extend the flavor symmetry of our
model to SU(3) x Z3 x Z} x Z, x Z,. We have noticed
that under the additional symmetry Z, x ZJ, charge assign-
ments for fields can be done in such a way that terms in
Eq. (33) are allowed but the terms in the scalar potential
with couplings of the order of 10732 are forbidden. After
doing that, one can motivate the smallness of these
couplings as a soft breaking of the additional flavor
symmetry Z, x Z). To explain the smallness of other
couplings in the scalar potential, either one can extend
the above flavor symmetry or one needs to device a new
mechanism.
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It is described previously that apart from the Higgs field,
rest of the scalar fields are charged under the flavor
symmetry SU(3) x Z3 x Z5. This symmetry is spontane-
ously broken by the vevs of the scalar fields. Since these
fields are complex, apart from the Higgs boson, a total of
thirty real scalar fields exist in our model. By choosing the
flavor symmetry SU(3) to be gauged, after spontaneous
symmetry breaking, apart from the Higgs boson, twenty
two real scalar fields remain in our model. All these fields
have mixing masses. We estimate the masses for these
fields to be around the scales at which they acquire vevs.
The gauge bosons of the flavor symmetry SU(3) can get
masses around 10'> GeV. Since lepton doublets are
charged under the flavor SU(3), the above gauge bosons
have couplings to leptons. A study on the phenomenology
of the additional fields of our model is out of the scope of
this work.

VII. CONCLUSIONS

In this work, we have attempted to explain the neutrino
mixing in order to be consistent with the current neutrino

oscillation data. From the current data, it is known that
013 #0, and hence, the neutrino mixing angles deviate
away from the TBM pattern. Earlier, to explain the TBM
pattern in neutrino sector, CSD model has been proposed.
Here, we have considered a phenomenological model,
where we have modified the neutrino Yukawa couplings
of CSD model, by introducing small €; parameters which
are complex. We have assumed real and imaginary parts of

. Am?
€; to be less than or of the order of sinf; ~ sl

Thereafter, we have followed an approximation procedure
in order to diagonalize the seesaw formula for light
neutrinos in our model. We have computed expressions,
up to second order level, to neutrino masses and mixing
angles in terms of small €; parameters. Using these
expressions we have demonstrated that neutrino mixing
angles can deviate away from their TBM values by
appropriately choosing the ¢; values. Finally, we have
constructed a model in order to justify the neutrino
Yukawa coupling structure of our phenomenologi-
cal model.

APPENDIX A: FULL EXPRESSIONS AT SECOND ORDER CORRECTIONS

1 d

2
atm

The full form of second order terms in

n

1 /! /!

| 1 X X2 X3
md — x// x// x//

") T T 12 X*» X3 |
V An/latm V An/latm /N 7 1
X3 Xo3 X33

2

m{ are given below.

[V2(2¢1 - €3) = V2(e5 +2s)?

+2ei%crs 5(e3 + 25) + 4\/§eZi5€Ps%3 + €1 (V2(ey — €3 — 25) — 8e'cr 5 13) + 265 (V2(e5 + 25) — ecrsi3)],

[—€2 + €2 +2¢, (e, + €3 — 1) + 2e57 + deys + 4rs + 252 — 4/ 2e%cr 555

[} + €3 + (63 + 25)? +2v2eers 5 (e5 + 29)

[V2(e3 — €3 +exr)

+V2€ (63 + €3 + 2r) — V2(dess — 2rs + 252) — 4ecrs 5 (e5 + 1) — €2(V2r + 4V/2s + 4ePers 5],

(A1)

xj, = _° [4€2 + €} + (€3 +25)% — 4V2e%cr 55(e5 + 25) + 8e2ider g2,
6Matm
- 262(63 —+ 2s — 2\/561‘6@513) - 46] (62 — €3 — 2s + 2\/§ei5CPS|3)},
a’ e’
Xy =—=—2e4—€5s+€5—3r)+
ENCTT (2e4 — €5 + €6 ) oM
"o e’
. \/ZMSOI
+2V2ecr s 37 — 2e,(r — 25 4 2V/2e%crs,3)],
xj _ 2 (€4 +e5—€6) + ¢
2 Msol ! : o 3]Watm
+2e¥0cr 2. 4 D€ (€, — €3 — 25 — V/2ePcrs13) — 2, (€3 + 25 + V2ePcr s 5)],
V3 _ o2
Xy =~ [V2(es + € + 25) 4 2e™0cr g 3] 4 —————
T [V2(es + €6+ 2s) 13 M
2
Xy = —2151 [4v/2€, 5,36~ %cr 4 €3+ €3 —dess + 265(e3 + 25) — 4(s? + 53]
atm
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APPENDIX B: ANALYSIS OF SCALAR POTENTIAL

Here we analyze the scalar potential of the model, which is described in Sec. VI. The invariant scalar potential of this
model is given below.

V= m} plipy + ml, picbs + md, @i b+ m3 @G A mE yixa +mlxix, + miEE

+myHH + 4y (Piha)? + g, (i) + Ay (94 D) + Ay (95 ) + 4, (i)

+ 2y (s ) + 26 (EE2 + Ag(HTH)? + Ay (dicha) (HTH) + Ay 1y (plep) (H'H)

+ g (P @) (HYH) + Ay (B B (HTH) + 2y Giaea) (HTH) + Ay O ) (HTH)

+ e (EE)(HTH) + [a) (bl E + ar(hpidhxa + as(did)xs + as(hldh)Eé + asyar &

+ a6l + ary + agyd + He] + by (iba) (Pids) + ba(bicha) (i dl) + bs(bacha) (5 BY)

+ Dy Pihs) (D Bl) + bs(hih,) (B @)) + be(d L) (D4 %) + b1 (i) (D o)

+ by (i) (D) + [bo(plpa) (B ) + bro(hid) (¢ da) + Hec] + by (hld) (b )

+ Do (B ) (DLL) + bis(5 L) (B ) + bra(Bichly) (B ha) + €1 (Dhpa)EE + ca(Pich)E'E

+ e3(Qd P EE + ca( @ P EE + cs(Php)rina + co(Bibo)ioa + c7(dd dl)xina

+ cs (B P )xira + co(phpa)xins + croldid)xixs + e (@d P wins + cra (B ¢ )i

+ [es (i axs + cla(Bida)Exs + c1s(hds)Exa + crs(Dbdi)vios + c1r (D da)x &

+ c15(Pi i + cro(da o xsxs + C20(B5 ) xaxs + ca1(Pad)E xa + con(Pa b )iixs

+ o3 (@ POXE + Coa( B P )ara + Cos(Phdy)EE + cog (i) EE + Hoc ]

+ d\ & a + & x s A daixdaxa + 1 AaE E N X+ AsE Xy xs + de& XX ak o +HoC ] (B1)
In the above equation, the parameters in the first eight terms have mass-squared dimensions and the a parameters have

dimensions of mass. Rest of the parameters in Eq. (B1) are dimensionless. After minimizing the above scalar potential,
different scalar fields of the model acquire vevs, which satisfy the following relations.

m%y + 225 (HT H) + Ay 5 (i) + Ap 1 Bibs) + dgy it (D d) + Agy (5 1)
+ l)([,H WZX() + l;(XH <Z>:ZY> + l§H<§*§> =0, (BZ)

(m2, + 24, (vixa) + cs{badba) + co(dis) + cr(dd ) + cs (@ dL) + ds(rins) + di(€°8)
+ Ay (H H) (ra) + ao (@hl) + [ci3(iba) + (@ dl) + d5(Eri) () + [ers(dichs)
+ ot (Pd PET) + Claldd b} (&) + [as(E) + clo(b da) + ca0 (@ by) + da(&EN (1)
+ 2024 (¢ o) +2d6(E 20 (xa) = O, (B3)

[m2 + 24, (rixs) + coldhda) + croldlehy) + c1i(d dl) + cr(d ) + dr(E°)
+ ds(riga) + Ay (HYH) (r3) + as(9lgh) + [c13(dhepy) + conldbid ¢)] (i)
+ [era(@ida) + ¢33 (@5 PLIE) + [as(E) + cio(da da) + caold bs) + dal &) (va)
+ (e (@5 da) + di Crani)1€) + Bas(xs) + 2c10(dd ds) + 2ds(E 52 (xs) = O, (B4)

(M} +22:(8) + 1 (Pldha) + c2(Bidhs) + e3(dd bl) + caldd @) + d (riwa) + o (ixs)
+ e (HUH)(E) + ay (o) + aslple) + [clalis) + co (b i) + ds(raxs)) (k)
+ [eis(@ida) + 3 (@5 P (ri) + [ern (@ da) + di Ui + as(ra)l () + Cla(dd bs) (xa)
+ [Bag (&) + 2¢35 (¢ ha) + 2036 (95 ) + 25 (i) )(E) = 0, (B5)
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[mj + 24, (Pidpa) + b1 (plps) + ba(
+ Ay (HTH) () +
+ [bg(hps) + bo(dd b

+ c17(x58) + c2a(raka)) fy =

(M3, + 224 (Dlbs) + by (icha) + bl
+ Ay (HTH) (1) +

+ (e + is(Exal(di) =0,

adl) + bs(
[a3 () + bri (i) + cig(ra) + cro(rars)
bio(@adly) + bia(didhh) + caolrars) + c36(EE)]( &+

T+ b L) + e (EE) + es(riva) + colins)
+ [aj (&) + b10<¢s¢/> + b14<¢a¢/> + 016<)(a)(x> + 025<§<§>]< >
> + C13<)(s)(a> + C14<§* s> + ClS(Xa >]< >
(5

m3, + 24y, (9 @) + ba(diha) + balbithy) + be (@i 9y) + c3(E°E) + 7 (ria) + 11 (ixs)

+ Ay, (H'H)) (¢

+ c22<)(a)(s> + 023O(‘§*>]< s > =0,

d) + [ar (&) + big(@F bs) + braldd da) + crolrix
+ a3 (xs) + b1y {¢a ¢s> + 18w + clolrsas) (¢ >

[, + 24 (05 95) + ba(Blcha) + bs{dibs) + be(@d pl) + (&) + s (tixa) + cr2(ins)

+ Ay (HTH) (b5 "+
+ by (B ) + colrax
+ e (rs ) /aT> =0.

In Sec. VI, in order to obtain correct phenomenology in
the neutrino sector, the order magnitude of the vevs of
different scalar fields of our model have been estimated.
Since these vevs are determined by the Egs. (B2) — (B9),
one has to adjust the unknown parameters of these relations
in such a way that the above mentioned order of magnitude
for these vevs can be obtained. In order to fix these
parameters, we first assume that the mass-square param-
eters in Eq. (B1) should be around the square of the vevs of
the corresponding fields. This assumption is based on the
fact that after spontaneous symmetry breaking, a scalar
field acquires mass around the scale at which the symmetry
is broken. As a result of this, we take the scales of the mass-
square parameters as:

2 ~ (1 TeV)?,
(102 GeV)?,
(B10)

2 ~
My My,

Now, in order to achieve the desired magnitude of the vevs
for the scalar fields, we can estimate the unknown param-
eters of Eqs. (B2) — (B9). These are given below.

[ax(xa) + b7 (B o) + (i) + i) (¢
)+ e (EEN (DY) +

(a5 (i) + br (b))
(B6)
SO+ ea(EE) + colrina) + crolrizs)
a)+ [az(e)
[bs (plpa) + bs(@5 dl) + c13(rixs)
(B7)
)+ C25<§*§*>]<¢T>
[b13<¢ ) + b*<¢a¢s> + c51(8xa)
(B8)
5+ [ag (&) + bioldd da)
[bo(pia) + 13 Pl) + (& xa) + cn(ins)
(B9)

|
A Ay Ay oA D, A A A~ 1

A, At A A~ 1072,

Ay 1Ay 1~ 1072, Ay~ 10730,

ay,a,~10"GeV, a,,a;~10"1GeV,

as~10""1GeV, ag~10'7GeV,

ar,a5~103GeV, by,....bys~1,
€1.€2,€3,C4,C25,Co6~ 10710
05’06’67708’6976'10’0111012’0137016»6'19’CZOaC227024N10_18
C14:C15:C17,C18: a1, €23~ 10732,

dl,dz,d4~10_28, d3~1, d5,d6~10_14. (B]])

From the above mentioned values for the unknown param-
eters, we notice that some couplings need to be suppressed
in order to achieve the desired hierarchy in the vevs of the
scalar fields of our model.

Some parameters in the potential of Eq. (B1) can be
complex. As a result of this, after solving Egs. (B2) — (BY),
except for the Higgs field, rest of the fields can acquire
complex vevs. We will explain about the vacuum alignment
for ¢, and ¢, shortly below. Assuming this vacuum
alignment, using the above mentioned complex vevs in
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our model of previous section, Dirac and Majorana mass
matrices for neutrinos are generated with complex ele-
ments. Hence, the following parameters are complex: a, e,
€;, M ym, and M. With these complex parameters, we can
explain the neutrino masses and mixing angles and it is
described in Sec. IV that the phases of these parameters
can be fixed in order to get real values for the neutrino
masses. On the other hand, to explain the neutrino
oscillation data, it is sufficient to make ¢; to be complex
and rest of the above mentioned parameters can be chosen
to be real. To achieve this particular case, we choose
the following parameters of Eq. (B1) to be complex:
ay, dy, ds, dg, C14, C15, C17, C18, €21, €23, €25, €26, dy., ds. dg.
The phases of these parameters can be adjusted in such a
way that only (&) can be complex and rest of the scalar
fields have real vevs. As a result of this, only ¢; become
complex and rest of the parameters of Dirac and Majorana

mass matrices can be real. It is explained before that the
scalar fields ¢, and ¢, need to acquire vevs in some
particular directions, in order to obtain TBM pattern in the
neutrino sector. The vev for these fields are determined by
solving Eqs. (B6) — (B9). The unknown parameters in
these equations should be fine-tuned in such a way that the
vevs for ¢, and ¢, can acquire the desired directions. One
can notice that, in order to do this fine-tuning, enough
number of parameters exist in Egs. (B6) — (B9). Hence, in
our scenario, the desired vacuum alignment for ¢, and ¢,
can be achieved. The scalar potential given in Eq. (B1) is at
tree level. This potential can get corrections at loop level.
Since loop effects give small corrections to the tree level
potential and due to large number of parameters in our
model, we can still fine-tune these parameters in order to
get the necessary vacuum alignment for the above scalar
fields.

[1]1 M. C. Gonzalez-Garcia and M. Maltoni, Phys. Rep. 460, 1
(2008).

[2] P. Minkowski, Phys. Lett. 67B, 421 (1977); T. Yanagida, in
Proceedings of the Workshop on the Unified Theory and the
Baryon Number in the Universe, edited by O. Sawada and A.
Sugamoto (KEK, Tsukuba, Japan, 1979), p. 95; M. Gell-Mann,
P. Ramond, and R. Slansky, Complex spinors and unified
theories, in Supergravity, edited by P. van Nieuwenhuizen and
D.Z. Freedman (North Holland, Amsterdam, 1979), p. 315;
S.L. Glashow, The future of elementary particle physics, in
Proceedings of the 1979 Cargése Summer Institute on Quarks
and Leptons, edited by M. Lévy, J.-L. Basdevant, D. Speiser, J.
Weyers, R. Gastmans, and M. Jacob (Plenum Press, New York,
1980), pp. 687-713.

[3] R.N. Mohapatra and G. Senjanovic, Phys. Rev. Lett. 44,
912 (1980); J. Schechter and J. W. F. Valle, Phys. Rev. D 22,
2227 (1980).

[4] S.F. King, Phys. Lett. B 439, 350 (1998); Nucl. Phys. B562,
57 (1999); B576, 85 (2000); S. F. KingJ. High Energy Phys.
09 (2002) 011; T. Blazek and S. F. King, Nucl. Phys. B662,
359 (2003).

[5] S. Antusch, S. Boudjemaa, and S. F. King, J. High Energy
Phys. 09 (2010) 096.

[6] S.F. King, J. High Energy Phys. 08 (2005) 105.

[7] S. Antusch, S.F. King, C. Luhn, and M. Spinrath, Nucl.
Phys. B856, 328 (2012); S. F. King, J. High Energy Phys. 07
(2013) 137; 02 (2016) 085; S. F. King and C. Luhn, J. High
Energy Phys. 09 (2016) 023; P. Ballett, S.F. King, S.
Pascoli, N. W. Prouse, and T. Wang, J. High Energy Phys.
03 (2017) 110; S.F. King, S. Molina Sedgwick, and S.J.
Rowley, J. High Energy Phys. 10 (2018) 184; S.F. King,
Phys. Lett. B 724, 92 (2013); J. High Energy Phys. 01
(2014) 119; F. Bjrkeroth and S.F. King, J. Phys. G 42,
125002 (2015).

[8] I. Esteban, M.C. Gonzalez-Garcia, A. Hernandez-
Cabezudo, M. Maltoni, and T. Schwetz, J. High Energy
Phys. 01 (2019) 106.

[9] P.F. Harrison, D. H. Perkins, and W. G. Scott, Phys. Lett. B
530, 167 (2002); P. F. Harrison and W. G. Scott, Phys. Lett.
B 535, 163 (2002); Z.-z. Xing, Phys. Lett. B 533, 85 (2002).

[10] E.P. An et al. (Daya Bay Collaboration), Phys. Rev. Lett.
108, 171803 (2012); J. K. Ahn et al. (RENO Collaboration),
Phys. Rev. Lett. 108, 191802 (2012).

[11] R.S. Hundi and I. Sethi, Phys. Rev. D 102, 055007
(2020).

[12] S.F. King, J. High Energy Phys. 09 (2002) 011; Phys. Rev.
D 67, 113010 (2003).

[13] M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98,
030001 (2018).

[14] S.F. King, Phys. Lett. B 659, 244 (2008); S.F. King, C.
Luhn, and A.J. Stuart, Nucl. Phys. B867, 203 (2013).

[15] S. Pakvasa, W. Rodejohann, and T.J. Weiler, Phys. Rev.
Lett. 100, 111801 (2008).

[16] S.F. King, Phys. Lett. B 675, 347 (2009).

[17] P. E. de Salas, D. V. Forero, S. Gariazzo, P. Martinez-Miravé,
O. Mena, C. A. Ternes, M. Tértola, and J. W. F. Valle, arXiv:
2006.11237.

[18] H. Baer and X. Tata, Weak Scale Supersymmetry: From
Superfields to Scattering Events (Cambridge University
Press, Cambridge, England, 2006); M. Drees, R. Godbole,
and P. Roy, Theory and Phenomenology of S Particles
(World Scientific, Singapore, 2004); P. Binetruy, Supersym-
metry (Oxford University Press, Oxford, England, 2006);
S. P. Martin, Adv. Ser. Dir. High Energy Phys. 21, 1 (2010).

[19] N. Arkani-Hamed, L.J. Hall, H. Murayama, D. Tucker-
Smith, and N. Weiner, Phys. Rev. D 64, 115011 (2001);
F. Borzumati and Y. Nomura, Phys. Rev. D 64, 053005
(2001).

035007-14



