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Abstract

This paper deals with the homogenization of a mixed boundary value problem for
the Laplace operator in a domain with locally periodic oscillating boundary. The
Neumann condition is prescribed on the oscillating part of the boundary, and the
Dirichlet condition on a separate part. It is shown that the homogenization result holds
in the sense of weak L2 convergence of the solutions and their flows, under natural
hypothesis on the regularity of the domain. The strong L> convergence of average
preserving extensions of the solutions and their flows is also considered.
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1 Introduction

This paper is concerned with the homogenization of a boundary value problem for
the Laplace operator on a domain in R? with locally periodic oscillating boundary.
Specifically, the domain is given by

=)
8 9
where 7 is a positive Lipschitz continuous function which is periodic in the second

variable, and ¢ is a small positive parameter (see Figure 1(a)). Certain further require-
ments are imposed on 7 to ensure a particularly simple structure of the homogenized
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problem. On the oscillating part of the boundary the Neumann condition is prescribed,
and on a separate part the Dirichlet condition, and the data are assumed to be L?. We
are interested in the asymptotic behavior of the solutions u® to the boundary value
problem, and their flows, as ¢ tends to zero.

Domains with oscillating boundaries have attracted particular interest in the case
where the domain is thin, that is to say when homogenization and dimension reduction
may take place. This is natural in the mathematical physics program of the derivation
of lower-dimensional theories from three-dimensional (see e.g. [16]). There is a rich
literature on thin heterogeneous domains (see [8, 50, 52] and the references therein).
Asymptotic analysis in thin domains with locally periodic oscillating boundary was
conducted in for example [3, 6-9, 20, 23, 24, 48, 54].

There are many works on homogenization in periodically oscillating domains with
pillar type oscillations of fixed amplitude where the cross-section of each pillar is
constant in the vertical direction. For the literature on pillar type oscillations, we refer
to [31, 34, 35, 49] and the references therein. Oscillating boundary domains with non-
uniform cylindrical pillars, that is when the cross-sections of the pillars are varying
in the vertical direction, have been considered in [1, 32, 42, 45]. In the mentioned
works, the top boundary of the pillars have been assumed to be flat, that is the measure
of the cross-section of each pillar at the maximum height is assumed to be positive,
and also the base of each pillar assumed to be flat. There are few works on non-flat
top boundaries, and [2, 22] stand out. In [22], the authors restrict the boundary graph
functions to be smooth, periodic, and to have a unique maximum in each period. In [33],
the authors consider an oscillating domain without explicit periodicity assumption and
the base of each uniform pillar is allowed to be non-flat. Locally periodic flat pillar
type domains were considered in [28], with respect to width and height. The works of
Mel’nyk and his collaborators (c.f. [29, 30, 36, 44, 46, 47]) appear to have had a strong
influence on later developments, after the initial works of Brizzi and Chalot [21, 22].

In this paper, the oscillating domain 2 is a bounded region partially bounded by the
graph of a locally periodic Lipschitz function n(x1, x;/¢), where n : [0, 1] x T — R,
T is the 1-torus, and ¢ is a small parameter. These assumptions on n ensure that
the domain is connected and Lipschitz. In particular, the domain is not thin in the
direction normal to oscillation, and not of pillar-type, and no assumptions are made on
its flatness. Under these assumptions, the domain naturally becomes asymptotically
disconnected (in the x| direction) between two curves, one that appears as a part of
the limiting boundary and one that appears as an interior interface, as € tends to zero.
The assumptions on 7 guarantee that these curves are graphs of Lipschitz functions.

The analysis simplifies considerably with the Brizzi-Chalot condition of a single
bump in each period. It appears to be worthwhile to remark that it is not generally true
that as soon as there is more than one bump in each period, even if one restricts to the
smallest possible periodicity cell, the asymptotic limit will not be decoupled (fast and
slow variables). An example that shows that the connectedness of the sections is not
necessary is given.

The expected influence of the domain oscillations on the asymptotic behavior of the
solutions is that since the Laplace operator is local and the periodicity of the domain
makes a region asymptotically disconnected in the x; direction, d/dx; cannot be
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present in the homogenized equation in that region. This will show in the homogenized
boundary value problem.

The result of this paper is the homogenization of the domain for the particular
boundary value problem in which the heterogeneity is only in the domain. Three
properties of homogenization are shown. Namely, (i) the weak L? convergence of
the zero-extended solutions and their flows (Theorem 6.1), (ii) that the error of the
zeroth approximation of the solutions and their flows converge strongly to zero in
weighted L? restricted to the oscillating domain (Theorem 7.1), and (iii) the strong
L? convergence of average preserving extensions of the solutions and their flows
(Theorem 8.1). In regard to (iii), in [22] reflection extensions were constructed and
used, while the extension we use is the one used in [28, 41].

The analysis methods we use are standard techniques of asymptotic analysis and
homogenization in particular. The method of homogenization is outlined in [38]. The
method of periodic unfolding is described in [25-27], which is closely related to the
notion of two-scale convergence [4, 51, 58], a generalization of weak convergence.
Some works in which the unfolding method was used extensively in problems with
oscillating boundary are [1, 18, 19, 28]. The homogenized problem is of degenerate
elliptic type, as will be described below (c.f. [22]). The classical theory of Sobolev
spaces for such is outlined in [39, 40]. For the method of asymptotic expansions we
refer to [10-15, 17, 43, 53, 55, 56].

The rest of this paper is organized as follows. The problem statement and the results
are presented in Sect. 2. The homogenized problem is derived using formal asymptotic
expansions of the solutions in Sect. 3. In Sect. 4, an example is provided that shows
that the first term in the asymptotic expansion to #° may be globally regular even in
a degenerating case. In Sect. 5, the mean value property for the periodic unfolding
is presented, adjusted to the present problem. The homogenization result of weak
convergence of the solutions and their flows is established in Sect. 6. In Sect. 7, we
prove that the energies in the problem converge. In Sect. 8, the strong convergence of
the extended solutions and their flows using average preserving extensions is shown.
A numerical example, illustrating the rate of convergence is presented in Sect. 9. In
Sect. 10, some information about a case of non-connected sections is provided.

2 Problem Statement and Results

In this section we state the boundary value problem and present the results.

With strictly positive Lipschitz n : [0, 1] x T — R, the sequence of Lipschitz
domains with periodically oscillating boundaries is for each e = 1/k, k = 1,2, ...,
defined by

Qsz{xeR2:0<x1<l, O<x2<n(x1,)%)},

Here, T denotes the one-dimensional torus realized as (0, 1). See Figure 1(a) for an
illustration of 2¢. Additional restrictions on 1 will be added below in order to ensure
homogenization.
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QE
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Fig. 1 A locally periodic domain Q¢ (a), ¢ = 1/8, and the corresponding homogeneous domain Q (b),
with ' marked with a dashed line separating the regions Q24 and €2_. The particular function 7 is
n(x1,y) = (L4 xq cos(dmxy)) (1 + sin27 (x1 +))/2)

Let u® € H'(QF, I') be the sequence of solutions to the following mixed boundary
value problem:

“Au=f inQF,
u=0 onT, (1
Vu-v=0 ondQ°\T,

with f in LZ(Q), where Qf C Q. Here v denotes the outward unit normal to the
domain, and H'(Q¢, I') the functions in H!(2¢) with zero trace on I" = (0, 1) x {0}.
Our goal is to describe the asymptotic behavior of the solutions u* to (1) as & tends to
zZero.

The solutions u® will be approximated in terms of the solution u° to the homoge-
nized problem:

—div(hA°Vu) = hf inQ,
u=0 onT, (2)
hA’Vu-v=0 ondQ\T,

where the coefficients A° and the domain Q are defined as follows. In terms of the
Lipschitz functions

n-(x1) = minn(x1, y), N+ (x1) = maxn(xy, y),
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the domain
Q:{xeR2:0<x1 <1, 0<x <ne(x))}
is separated into the regions

Q_:{xeR2:0<x1<l, 0<xy <n_(x1},

Qr=xeR:0<x <1, n_(x1) <x2 <ne(x},

with interior interface I'_ = 9Q2_ N 9Q24. The effective matrix is

0o (xa_0
A_(O 1). 3)

An illustration of €2, with the regions Q24 and €2_, and the interface I"_, indicated
is shown in Fig. 1b, corresponding to the domain ¢ in Figure 1(a).
Let i denote what we call the density of ¢ in Q:

Y(x) ={y:x2 <nlx,»} )
h(x) = |Y (x)]. ®)

In Q_ the density is 4 = 1. A part of the upper boundary, denoted by I',, is given by
Ly ={(x1,x2) [ x1 € (0, 1), x2 =n4(x1), h(x1, x2) = 0}.

In order to ensure that homogenization takes place, the following hypotheses will
be used:

(H1) Y (x) is connected, x € 2.

(H2) Y(x) = k/N +Y(x), x € Q, k € Z, for some natural number N > 1, and
Y(x) = yo— Y (x) forsome yp € [0, 1/N),and Yp(x) ={y e Y(x) :yo <y <
yo + 1/(2N)} is connected, x € €.

The hypothesis (H1) means that there is only one so-called pillar or bump in each
period, and (H2) means restricting to a fundamental symmetry cell with respect to
some translations and mirror symmetry. The hypothesis (H1) is stronger than (H2),
and it gives a sufficient condition for homogenization. The hypothesis (H2) is included
here to illustrate that it is not necessary there is only one ’bump’ in each period even
if one uses the smallest periodicity cell. The graph of a function 7 that satisfies (H2)
but not (H1) is illustrated in Figure 3.

The assumption that 1 is strictly positive ensures that the segment I = (0, 1) x {0}
is separated from the graph of n(xy, x1/¢), so _ is a nonempty connected Lipschitz
domain. The subdomains €24 and €2_ have been chosen such that 4 covers the
periodic region of Qf, and 2 is of positive measure if 1(x, y) is non-constant in y
for at least one x.
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Denote by L2($2, h) the Lebesgue space {v : fQ v2hdx < oo}, and W(2, T) the
Sobolev space

W(Q,T) = {velL*Q,h): AVve L*(Q,h), v=00nT}, (6)

where AY is defined in (3) and 4 is defined in (4)-(5). The homogenized problem (2)
has a unique solution e W, ).

We will first establish the homogenization of (1), that is the convergence of the
solutions u® and their flows Vu® to the solution u° to the homogenized problem (2)
and its flow 7 A%V, under hypothesis that (H1) holds.

Let u® € H'(Qf, T') be the solutions to (1), and let u® € W (2, I') be the solution
to (2). In Theorem 6.1, it is shown under hypothesis (H1) that

uwt—hu®  weakly in L(£),
Vur—hA°Vu®  weakly in L2(Q2),

as ¢ tends to zero. Here tilde denotes extension by zero.

At this point we know that there will be oscillations in u® in the upper part 24 due
to the periodicity of €2,, while no oscillations in the lower part 2_ due to the compact
embedding of H 1(©_) into L2(2_). Moreover, we cannot at this point exclude the
possibility of oscillations in the solutions u® due to something else, as the above weak
convergences may be expressed as weak unfolding or two-scale convergence. A next
step is to check whether the strong unfolding convergence holds for the solutions u®
and their flows.

The weak convergence of the zero extensions in the upper part 24 cannot be
strong, unless the limit is zero. To this end we first describe the error measured in the
oscillating domain. Not only are the unfoldings of the solutions #® and their flows
strongly converging, there are no oscillations.

For u® the solutions to (1) and uY the solution to (2), in Theorem 7.1 it is shown
under hypothesis (H1) that

0
||M€ — U ||L2(Qg,h) e O,

||lel8 — AOVMOHLZ(QS’h) d O,

as ¢ tends to zero.

Turning back to the question of homogenization, there is an extension of the solu-
tions u® and their flows for which strong convergence holds in L?(£2).

For u? the solutions to (1) and " the solution to (2), in Theorem 8.1 it is shown that
when the functions are extended in a way preserving their average, under hypothesis
(H1) (c.f. [28, 41]),

" = strongly in LX(Q, h),
v e 0y7,,0 o2
Vué — A"Vu’ strongly in L=(S2, h),
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as ¢ tends to zero, when ~m denotes the particular extension ((26), (27) in Sect. 8). It
is remarked that the above mentioned convergences also hold under hypothesis (H2).

Without the hypotheses (H1), (H2), under a slightly milder restriction on the domain,
in Theorem 10.1 it is shown that the solutions u® to (1) converge to the solution u% to
the limit problem (31), with A° given by (30), in the sense that

Ut — u® dy weakly in L% (),
Y(x)

?u_g—\ AOquO dy weakly in Lz(Q),
Y (x)

as ¢ tends to zero. One also has strong unfolding convergence. We do not analyze
further the convergence in the case of non-connected sections.

In the case of the homogeneous Dirichlet condition on the oscillating part of the
boundary, the limit is trivial in the oscillating part. This case was studied in [5].

Remark 2.1 (The effect of anisotropy and oscillating coefficients) To illustrate the
effect of anisotropy and oscillating coefficients on the asymptotic behavior of the
solutions u® to (1), one can consider the following elliptic model problem:

. X1 .

—le(A()C, —)Vu) = f inQ°,
€
u=0 onl,
Al 2)Vuv=0 ondQf\T,
e

under the assumption that the not necessarily symmetric matrix A € C L(Q, L>(T))
satisfies the ellipticity condition

A, y)§ 6= CIEP, xeQ, yeT R
Suppose further that hypothesis (H2) is satisfied, and that the coefficient matrix satisfies
the corresponding symmetry conditions: A(x,y) = A(x,k/N + y), k € Z, and
A(x,y) = A(x,yo — y), for x € Q4, where N and yq are the same as for Y (x) in

(H2). Then the weak limits of ue andﬁ? are hu® and A%0, respectively, in L2(Q),
as ¢ tends to zero, where u” solves the limit problem

—div(A°Vu) = hf inQ,
u=0 onT,

A'Vu-v=0 ondQ\T,

where the entries A?j of the effective matrix A° are given by, here including 4,

A9 = (/ L )71
11 = XQ_ y ,
v(x) All
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Yoo All
A
A2l _A(I)I/ ~= dy,
Y All
A A detA
a=at [ SRy [ ays [ Sy
Yoo Al Yo All Yoo All

where A;; denote the entries of the local matrix A. In the fixed region Q_, AV is the
classical effective matrix for layered materials because there Y (x) = T, while in the
oscillating region 24 all but the last term in Agz vanish due to the insulation in the x|
direction. In particular, for — A the effective matrix reduces to the matrix given in (3).
A similar statement can be made for the case of non-connected sections analogous to
Theorem 10.1.

3 Asymptotic Expansions for the Solutions

To derive the homogenized equation (2) for the solutions u® to the equation
—Au® = f inQ°, @)

asymptotic expansions may be used, in the form of a formal power series in the small
parameter €. In the problem (7), in the periodic region Q£ of the domain €2, € represents
both the periodicity in the x; direction, as well as the order of magnitude of the widths
of the pillars with homogeneous Neumann condition on their sides. In the fixed region
Q_ of the domain, ¢ represents the periodicity on the interface I'_.

The above reasoning leads us to consider the following Bakhvalov ansatz for inner
expansion in the periodic region Q¥ :

u () ~ (1 (2, ) + eul (2 ) + ek 02, )| s @®)

where u’+ are assumed to be periodic in y.
Let x (x, y) denote the characteristic function of the set

{(x,y):0<x1 <1, 0<x2<n(x, Y}
Then the characteristic function of Q¢ is
X
xer () = x (x, —)-

We write (7) in the homogeneous domain €2 as follows:

a Xpy 0 X1 .
_Zija_xi(x(x,zl)—u)zx(x,?)f in Q. )

Bxl-
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With the ansatz (8),

A 1 92 92
2aa2 T a2
&= dy 0x5

A substitution of (8) into (9) and collecting similar powers of ¢ result in the following
equations for the initial powers of ¢:

¢ 8y(X ay)_o’
L0 duy
By(X By)_’
o, 0 0wk, 9 ouf
¢ 8y(X By) 8x2(X8x2) xf

The equation for power £ ~2 suggests that ug is independent of y, under the assumption
that Y (x) is connected, or some discrete symmetry in the problem such as (H2).
Viewing the above equations as definitions of u’+ in T with x as a parameter, the
compatibility condition for ui may be read off from the £ equation:

a 8u3_
—(x—= dy =0.
fT(axz(x 8x2)+Xf) y
Because
fx(x,y>dy=/ dy = Y ()] = h(x),
T Y (x)
where

Y(x)={y:x2 <nCx1 yh
h(x) =Y (x)l,

the compatibility condition is

0
a duy

——(h

= ) =hf inQy. (10)

0x2

The equation (10) is the homogenized equation for u® in the periodic part Q2. of €.
In the fixed region Q2_ of the domain, the equation (7) reads

A= f inQ_. (11)
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Consider the following ansatz for inner expansion in the fixed region Q2_:

u () ~ (W Cx ) eul e, y) + et )| (12)

where u’_ are assumed to be periodic in y. With the ansatz (12),

1 82 2 92

A~ 2 42
§209y2 g dydx

+ Ay

A substitution of (12)into (11) and collecting similar powers of ¢ result in the following
equations for the initial powers of &:

- 92u® _o.
0y2
1 92ul 82u
¢ 9y - dydx;
0 0%u* 8%ul 0
dy? - dydx tAw-+f

The equation for power £ 2 suggests that u° is independent of y. By the periodicity
of u! , the compatibility condition for u> reads

A’ =F inQ_.

In order u® = xq_u® + xa +ug to be globally defined, an interface condition is
needed on I'_ = 9Q_ NJ2,.. If one requires continuity of x° and its flow on I'_, one

must have u(}r =uY onI'_, as well as

10 0 0 _
(Oh)Vu+~v—Vu_-v—0,

where v is one of the unit normals on I'_, and the upper left entry of the matrix in the
first term is arbitrary. This condition becomes explicitly,

ul
ha—+vz—Vu(l-v:0,
X2

which may be expressed as
[hA°Vu® - v] =0 onT_,
where [-] denotes the jump on I'_, and A° is given by (3).
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------ - T

() (b)

Fig.2 A locally periodic domain Q° (a), ¢ = 1/4, and the corresponding homogeneous domain 2 (b), with
interface I'— marked as a dashed line separating the regions 24 and Q—

4 Example of Behavior of the Solutions in a Degenerating Case

The solution u° to the homogenized problem (2) may belong to H L(Q) even if h(x)
tends to zero as x approaches M = {x : h(x) = 0} C 9, as the following example
illustrates. Consider the case f = 1 with n(x, y) = 1(y) the piecewise linear function
given by 7(0) = 1 and 7(1/2) = 2, thatis (y) = 2 — 2|y — 1/2|. The homogeneous
domains are 2 = (0, 1) x (0, 2), 24 = (0, 1) x (1,2), 2_ = (0, 1) x (0, 1), and the
interface is ' = (0, 1) x {1}. In Figure 2, illustrations of the domains ©° and 2 are
shown. In this case,

2—x, inQ.
h(x) = F2 AnS+
1 in Q_,

and

h=0 onM={x:h(x)=0}=(0,1) x {2},
h=1 onl_.

The solution to the homogenized problem (2) is

1/4+x2 —x3/4 inQy,

0 —
o = 3x2/2—x%/2 inQ_.

In particular, u® € H'(€2) and it has continuous gradient over the interface I'_.
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5 Periodic Unfolding
The only apparent possible cause of oscillations in the solutions to (1) and their flows
is the periodicity in the domain, in the x; direction. For the study of these oscillations

we will use periodic unfolding.
The periodic unfolding at rate & of a function v : R*> — R along x; is

X1
(TPv)(x, y) = v(s[?] + £y, x2),
where [-] denotes the integer part, and v is extended by zero when necessary. Using this

change of variables for the periodic coefficient xqs in (1), the characteristic function
of the region of Q° where coefficients are periodic,

Q= {x eER?:0<xi <1, n_(x1) <x3 < n(xl, %)},
gives xQe, the characteristic function of the domain
Q= {(x, y) € R2xT:0<x <1, n_(s[%] —l—sy) <X < n(s[%] + ey, y)}
There holds
T®xor, = xa; — xe, stronglyin LP(R*xT), 1<p<oo, (13)
where

Q, ={(x,y) € R? xT:0<x; <1, n=(x1) <x2 <n(xg,y)}
={(x,y) eR*xT:xeQy, yeYx).

The property (13) is the strong unfolding convergence of the sequence and it will be
used in the passage from periodic domain to a fixed domain in integrals. It expresses
that xq: converges weakly in LP(R?) while not strongly, and that the oscillation
spectrum of the sequence belongs to the integers if not empty. To obtain (13) one
uses the almost everywhere pointwise convergence of xqe to xq, and the Lebesgue
dominated convergence theorem, or views it as a consequence of Lemma 5.1 below.

The cost of replacing in integrals the ¢ depending unfolded domain Q¢ with the
fixed domain €2, is described by the following lemma.

Lemma 5.1 Let Q contain QF.. Suppose that ||[v| 1r(@) < C and p > 1. Then
/ ve dx =f T¢v® dxdy + O (e'~1/P),
Q5 Qu

as ¢ tends to zero.
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Proof Because T°¢ x5, = X, the discrepancy can be computed as follows:

J.

v'sdx—/ Tgvsdxdy=/ TSXQiTSUdedy_/. T¢v® dxdy
u QxT

&
+ u

= [t~ xan T dxay.
QxT

The differences €2, \ , and €2, \ 2 are contained in some strip of measure O (¢):
{(x,y) € R? x T : dist((x, y), 9Q) < Ce},

where C may be chosen independent of ¢ by the Lipschitz continuity of n and 7_,
By the Holder inequality,

‘/ vgdx—/ Tavgdxdy‘
o Q,
< Ixes — xeu lLa-vm @m0 lLr@) = 0@ P~1/P),

which gives the desired estimate.

6 Homogenization

In this section we establish the homogenization of problem (1) to (2) in the sense of
weak convergence of the solutions and their flows. The method we use is the unfolding
Lemma 5.1 to pass to the fixed domain €2,,, and the weak compactness in L(£2,) to
characterize the asymptotic behavior of u°®.

Throughout this section (H1) is assumed to hold.

Theorem 6.1 Suppose that (HI) holds. Let u® € H'(Q¢,T) be the solutions to (1),
and let u® € W(2, T') be the solution to (2). Then

(i) ut—hu® weakly in L*(R),
(i) Vut—hA"Vu® weakly in L*(Q),

as ¢ tends to zero, where ~ denotes extension by zero.

The convergence of the flows in Theorem 6.1(ii) means that #® converges weakly
to u¥ in H! (22—, '), and strongly in LZ(Q,) by the Relich theorem.

Lemma 6.1 For any ¢ = 1/k, k = 1,2, ..., there exists a unique solution u® €
HY(Q#,T) to (1). For the solutions u®, the following a priori estimate holds:

||M8||H1(Qs,r) <C,

where C is independent of ¢.
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Proof The variational form of (1) is: Find u® € H'(Q¢, I') such that
/ VM'VI/deZf firdx, (14)
Q¢ Q¢
for all v € H'(Q¢, I'). Using the Poincaré inequality

Jv \2
/ v?dx < (max 17+)2/ <a_v) dx, ve H'(QT),
Q¢ Qe X2

one verifies that left hand side in (14) is an inner product on H 1(Q#, T). The right
hand side in (14) is a bounded linear functional on H! (¢, T). The Riesz theorem
guarantees the existence of a unique solution u® € H'(Q, T'). Using u® as a test
function in (14) gives

luf e ry < CllLf L2

uniformly in & by the uniform Poincaré constant, from which the desired a priori
estimate is obtained.

Lemma 6.2 For the sequence of solutions u® to (1), the following a priori estimates
hold for the unfolded sequences:

||T8U€||L2(Qu) =<C,
||T8VM8||L2(QM) <C,

where C is independent of ¢.

Proof By the definition of unfolding,

w)?*dx = (Tgus)zdxdyzf (Tsus)zdxdy—i—/ (T¢u®)? dxdy,
QL Qe Qu QE\Q,

because T°u® is zero outside 2. By using the estimate for the solutions u® in
Lemma 6.1, the estimate || T¢u®[l;2q,) < C is obtained. The same computation
with [Vu®| in place of u® gives the estimate || T*Vu®||;2q, ) < C.

Regarding the function space, W (€2, I') is associated to the homogenized prob-
lem (2). In the cover Q. of the periodic region of Qf, the H'(Q) ellipticity of the
operator to the homogenized problem (2) may be violated. For

hE?  in Qy,

0 . =
hAE g €1 inQ_,
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and h(x) tends to zero as x approaches M = {x : h(x) = 0}, which might be
nonempty. The properties

h(x) >0 inQ,
hh7 e Ll (),

ensure that W(2,T") is a Hilbert space when equipped with the inner product
(u,v) = fQ hA%Vu - Vv dx, and that C(‘)’o(Q) is embedded into W (2, I'). We denote
by C*°(L2, I'), the C*°(£2) functions vanishing in a neighborhood of I".

The existence of a solution u? € W (2, I') to (2) is obtained by weak compactness
in the proof of Theorem 6.1 below, with uniqueness by linearity. One might also obtain
it in the direct way as follows.

Lemma 6.3 There exists a unique solution W e W, ) o (2).

Proof The variational form of (2) is: Find u € W (£, I') such that

/hAOVuO-dex:/ fyhdx, (15)
Q Q

forall y € W(, TI').
The Hilbert space structure on W (€2, I') has been chosen such that

/QhAOVv -Vudx = ||U||%V(Q,I‘)'

By the Holder and Poincaré inequalities, the left hand side of (15) defines an inner
product on W (€2, I'). The right hand side of (15) is a bounded linear functional on
W (2, T'). By the Riesz theorem, there exists a unique u® e W(Q,T) satisfying (15).

Proof of Theorem 6.1 From Lemmas 6.1 and 6.2 we have the following a priori esti-
mates for the solutions u® to problem (1) and their unfoldings:

||M€||H1(QS,F) <C,
||T8“8||L2(Qu) <C,
IT°Vull 2, < C.

By weak compactness, there exist u? e HY(Q_, 1), ug € L*(), p € L*(Q,), and
a subsequence of ¢ which we still denoted by &, such that

uf—u® weakly in H'(Q_, I), (16)
T‘sug—\ug weakly in L%(£2,), 17)

exy, € au(-)i- : 2
T°Vu*—(p, 3_162) weakly in L*(Q,,), (18)
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0
where the equality of second component of the weak limit of 7¢Vu® and %MT;, and
that u?F does not depend on y, follow from the boundedness of the sequences and

du’ ad o ou’®

d
—T%u* =T—, — T u® =¢T

. (19)
0x2 0X2 ay 0x1

By (H1) and (19), u& does not depend on y.

Claim 1: The average of p in y is zero: fY(x) pdy =0,a.e.x € Q.

Information about p may be obtained by using oscillating test functions in the
equation for u® (c.f. [43, 57]). The prototype ¢® = e¢ (x){x1/¢e}, with ¢ € C3°(224)
and {-} denoting fractional part, would serve the purpose in view of (22) because
T¢¢? — 0 and T¢Ve® — (¢, 0) strongly in L*(2,). As ¢° are not necessarily
continuous on Q¢ , appropriate shifts are introduced as follows. Note that

X1 .
s{?} =x; —x;, ifx; € [x, x,,) and x = ke.

Replace x,ﬁ = ke with a grid where the graphs of 1(x1, x1/¢) and n_(x1) are close:

B . X 1
Xy eargmmxes[k’kﬂln(x,g), k:O,...,g—l. (20)

Let ¢ € C3°(24). Then with x; as in (20),

@ (x) = (x1 —xp)p(x), if x1 € [xg, xg,), (21)

belongs to C*°(2¢,) for all small enough &. Indeed,

&

X
(e ) = 0=

= min T]()C,f)_minn(-x]‘gv y)
y

xeelk,k+1] &
< max (minn(&,y) — minn(x¢,
_gee[k’km( tin (8, y) — minn(xg )
< Ce,

by the Lipschitz continuity of n_, and ¢ is compactly supported.
With ¢ given by (20), (21) as test functions in the equation (22) for «?, and using
that

T ¢® — 0,
T*Ve¢® — (¢,0),
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strongly in L2(2,) as ¢ tends to zero because |x| — x;| < &, one obtains in the limit

f p¢dxdy=/ / pdypdx =0, ¢ e C5 ().
Qu S-2+ Y(X)

which gives the first claim.
Claim 2: xqo_u® + xq +u& € W(2,T) and is the solution to the homogenized
problem (2).

To verify that xqo_ u® + xg+u3 e W(,I') it suffices to check that u® = ug in
L?(I'_). Note that ui e L2(,) is continuously traced into L*(I'_) because i > 0
in a neighborhood of I'_ in Q2 (see Remark 6.1).

Because u® —u® weakly in H'($2_), the weak continuity of the trace gives u®—u
weakly in LZ(I'_), and so T¢u® (x1, n—(x1))—u® (x1, n—(x1)) weakly in L>((0, 1) x
T), as ¢ tends to zero. Denote ', = Q. NT'_. Let ¢ € Cgo(Q). On the one hand,

1
LMS¢V2dG=L (xr u®v2)(x1, n—(x1)) dx
1
=/0 /TT‘Q(Xrgugfﬁvz)(XhU—(X1))dde1
|
R /0 A Gt o pv) (a1 () dy dxy

= / hu(ldwz do,

as ¢ tends to zero, because 7 xr, (x1, n—(x1)) converges to Xy (x,,n_(x)) (y) strongly
in L2((0, 1) x T). On the other hand,

du 9
/ U v do =/ TgLT8¢dxdy+f w722 axdy + o(1)
r, Q, 0x2 Qu 0x2
au’ B
— ﬂq&abcafy +/ ug—(p dxdy
Q. 8x2 Qu 8x2

= / hu®.¢vs do,

as ¢ tends to zero. Thus
ﬁ (ug — u(i)tbhvz do =0, ¢c€ CSO(Q).

It follows that 1% = u(}r in L>(I"_), for by the Lipschitz continuity of 7_,

min{h(x) : x e I'_} -

/14 max(n)?

hvy > 0.
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A split of the variational form (14) of problem (1) into the periodic ¢ and the
fixed Q2_ reads

f Vu8~V1ﬁdx+f
_ Q

After unfolding Q‘i and using Lemma 5.1 one arrives with ¢ € C®(Q, ) at

Vu® - Vi dx =/ fvdx.
QS

£
+

/ws.wfdwr/ TSVuS.Tsvl/fdxdyzf fyrdx+o(l).  (22)
— Qé‘

u

By passing to the limit in (22) with ¢ € C*(Q, '), using the weak convergence
of u®, T°u®, T*Vu® (16)-(18), and that p is of average zero in y, one obtains that

xa_u® + xq,uY satisfies

auY 9
/ Vu(l~V1ﬂdx+/ ouy 9y dydxz/ fdydx, (23)
) Q QJrm

" 3XQ 8)62

as ¢ tends to zero.
Let

Qu={(x,y):x €, yeYx),

and

9 9
W(Qu, T xT) = {v:vel2Qu), — e LXQ_xT), — ¢ LXQu),
X1 0x2

Vyw=0inQuy, v=0onT x T}

By the density of C®(Q, ) in W(Qy, T x T) under hypothesis (H1), (23) holds for
any test function in W(Qy, I’ x T):

au 9 au9 9
| (o gha S Y axay = [ puanay. o
Qu dx1 0x1 0x 0X) Qu

for any v € W(Qy, ' x T). The equation (24) is well-posed in the Hilbert space
W(Qyu, ' xT). Under (H1), the problem (24) is equivalent to (2), and v belongs to the
weighted space W (€2, I') if and only if it belongs to W(Qy, I' x T). One concludes
that u® = xo_u® + xo ul.
Claim 3: ¢ —hu® weakly in L2(%Q).

The uniqueness of the solution u° to the homogenized problem (2) ensures that the
full e sequences (16)—(18) converge.

The weak limit of a sequence is obtained from the weak unfolding limit (weak two-
scale limit) by taking the average over the cell of periodicity. Because 7°u® converges
weakly to u°, and u° does not depend on y,
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10— u® dy = huo,
Y (x)

weakly in L2(Q+), as ¢ tends to zero. It follows that u¢ —hu weakly in L%(Q), as ¢
tends to zero.

Claim 4: Vit —~h A’V weakly in L2(2).
By the same property of weakly converging unfolding, as was used in the previous
paragraph, and that p is of average zero in y,

— u” ul
Vué— ,—)dy = (0, h—),
= (p axz) y = axz)

weakly in L?(92,), as ¢ tends to zero. It follows that Vit —~h AOVi0 weakly in L3(),
as ¢ tends to zero.

Remark 6.1 (About the L? trace) Let y (v)(x) = v(x) forx € T_, v € C®(Q,).
Then y : {v € L2(Q+) : 387”2 € L2(§2+)} — L2(I'_) is linear and bounded, where
the natural Hilbert space structures are employed. Indeed, for v € C®(Q),

2 Ju
v(xy, n-(x1)) = —/ — (X1, x2) dxz + v(x1, x2).
n-(xp) X2

By the triangle inequality for the integral, the Bunyakovsky-Cauchy-Schwarz inequal-
ity, and the inequality of arithmetic and geometric means,

+(x1) gy

v(xr, n-(x)? < C(/ (—)z(xl,xz) dx; + v*(x1, xz))-

n-(x) 0X2
An integration in xp over the interval (n—(x1), n+(x1)) gives

n+(x1) gy n+(x1)

v(xy, - (x)* < C(/ (—)Z(X1,X2)dX2 +/

5 v?(x1, x2) dX2)-
n—(x1) X2 n—(x1)

An integration in x; over the interval (0, 1) gives

Jv
24 <c/ TV +f 2d>.
/71) o < (m(axz) ot [

The set C*° (€2, ) is dense in the domain of y.

7 Justification
In this section it is shown that the error in approximating the solutions u? to (1) and

their flows with the solution u° to the homogenized problem (2) and its flow tends to
zero, measured in L?(Q°, k). The method we use is the convergence of energy.
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Theorem 7.1 Suppose that (HI) holds. Let u® € H'(Q¢,T) be the solutions to (1),
and let u® € W(Q2, ') be the solution to (2). Then

() lu® —u®ll 2eqe ) — O,

(i) Ve® — A"Vl 2(qe sy = O,

as & tends to zero.

Proof By the weak convergence of u®, T¢u®, T¢Vu?® (16)—(18), the property that sum
of lim inf is less than or equal to lim inf of sum, using that u?, u9 solve (22), (15),

/ p?dxdy +/ hA'Vu® . vu dx
Qu Q

< lim inf/ |T¢Vu®|? dxdy + lim inf/ |T¢Vu®|? dxdy
e—0 Q e—0 QE\Qy

+1iminf/ [Vu|? dx
e—0 _
glimi(r)lf(/ |T8Vu€|2dxdy+/ |vu€|2dx)
E—> Qlé; —
=liminf(/ T £ Tu’ dxdy+/ fut dx>
e—>0 Qf Q
= liminf(/ T® f T®u® dxdy +/ fu® dx)
e—>0 Qu Q.
= / fulhdx
Q

= / hA'VLO - Vil dx.
Q

This shows that the energies converge:

J,

_>/ (uO)zdxdy—i—/ AOVMO-Vuodxdy—i—/ IVul?dx,  (25)
Qy Qy

(Tgug)zdxdy+/ |T5Vu8|2dxdy+[ |Vul|? dx
Qf _

as ¢ tends to zero, as well as
lim IT¢Vu)? dxdy = 0.
e—0 Qe\Q,
It follows that each weak convergence in (16)—(18) is strong, and p = 0. For (i),

/Qs W —u"hdx = fo, T¢w® —u®)’Tehdxdy + [ u® —u®)?dx — 0,
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as ¢ tends to zero. The convergence in (ii) then follows by the same argument.

As Ta% converges to zero strongly in L?(£2,), the proof of Theorem 7.1 shows
that

ous

3X1

— 0 strongly in L*(Q2,),

as ¢ tends to zero, which justifies the first term in the asymptotic expansion under
hypothesis (H1).

8 Average Preserving Extension

In this section we prove the homogenization Theorem 6.1 for an average preserving
extension (see [28, 41]). The method we use is the strong unfolding convergence
obtained in the proof of Theorem 7.1, which is stated explicitly in the form of
Lemma 8.1 below.

Throughout this section (H1) is assumed to hold. By the end of the section, a remark
about (H2) is included.

Let the local average of a function v in the x; direction over 2 be denoted by

1
me(W)0) = o /Y( TGy, w9 26)

where m(v)(x) is set to zero at points where h(x) = |Y(x)| = 0. The average
preserving extension is defined by

T ) = { u®(x) if x € QF, 27

me(W®)(x) ifx € Q\ Q°.

For v € H'(Q), m,(v) and m,(Vv) are well-defined, using the Sobolev space
property that v has a representative that is absolutely continuous on almost all line
segments parallel to the coordinate axes and with square integrable partial derivatives.
In particular, v belongs to H! ({t,xp) :t e R} N Qi) for almost all x;, of relevance.

Theorem 8.1 Suppose that (HI) holds. Let u® € H'(Q¢,T) be the solutions to (1),
and let u® € W (2, T") be the solution to (2). Then

() w" — u® strongly in LZ(Q, h),

o oo 0 0 . 2
(i) Vu® — A"Vu" strongly in L<(2, h),
as ¢ tends to zero, where ~m denotes the extension (26), (27).

In the proof of Theorem 7.1, the following strong convergence of the unfolded
sequences were obtained.

@ Springer



14 Page22of34 Applied Mathematics & Optimization (2022) 86:14

Lemma 8.1 Suppose that (HI) holds. Let u® € H'(QF, ') be the solutions to (1), and
let u® € W(2, T') be the solution to (2). Then

() Tfu® - u’ strongly in L2(Q.),
;- € 3 8”0 : 2
(i) T°Vu® — (O, 8_) strongly in L=($2,),
x2
as € tends to zero.

Proof of Theorem 8.1 Because the extension does not alter the functions u? in Q_, the
_ parts of (i) and (ii) are included in Theorem 7.1. In €2, by definition,

emo e 042 ey _ 002
”u u ||L2(Q+ h) ”M u ”LZ(Qi,h) + ”ma(u ) u ||L2(Q+\Qish)'

The first term on the right hand side tends to zero as ¢ tends to zero according to
Theorem 7.1. The second term may be estimated as follows. Because u? is independent
of y, and T¢u® converges to ud strongly in L?(Q), by Theorem 6.1 and Lemma 8.1(i),
the Holder inequality gives

&
”mé‘(u ) u ||L2(Q+ h)

1 0\2
=f (— Tgusdy—u>hdx
Q. \h(x) Jy

1 £,.& 1 0 2
= (— T°u"dy — —— udy) hdx
Q. \h(x) Jye h(x) Jy )
< / (T¢u® — u®)? dxdy — 0,
as ¢ tends to zero, which gives part (i).

Part (ii) is obtained by repeating the above two steps for the components of Vu® in
place of u®, using the second parts of Theorem 7.1 and Lemma 8.1.

Remark 8.1 (Hypothesis (H2)) The Theorems 6.1, 7.1, 8 1, and Lemma 8.1, hold under
the slightly weaker hypothes1s (H2). The weak limit 9 3 of T#u® is the first component
of the unique solution (19 T u?) in the Sobolev space

5 v 2 av
W={@w w) :veL (), — € L*(), — =0,
0x2 ay
weHl(Q_,F),vzwonF_x']T},

to the following problem: Find (4, u_) € W such that

0 B
/ / 9+ 99 gy ax +/ u,-v¢dx:/ f (pdydx—l—/ fedx,
Q. Jr 9x2 dx2 _ o, Jrw Q
(28)
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for any (¢, ¢) € W. This statement relies on the density of C®°(Q,T") in W (c.f.
Sect. 10 below).

By (H2), (uS.(x, k/N + y),u%), k € Z, and (% (x, yo — y), u®) solve the prob-
lem (28). By uniqueness of solution, ug(x, y) = ug(x, k/N + y), k € Z, and

aul .
u‘i (x,y) = u(_),_ (x, yo — y). Because all Y(x) are connected, BL; = 0 implies that ui
is constant in y.

9 A Numerical Example

Toillustrate the rate of convergence in Theorem 7.1 under hypothesis (H2), we consider
the following example. Let u® be the solutions to (1) with f = 1 and

nix,y) = %(1 4+ x cos(4mx))(3 — cosRmy))b(y), 29)

where a bump is introduced at yg by

1-206 -1y — if |y — <3,
b(y):{ (6 —1Iy—yo ifly—yol =

otherwise,

withd = 1/10and yo = 1/2,y € [0, 1). Then 7 satisfies (H2) but not (H1). Moreover,
h = 1 on the graph I'_ of n_, and & = 0 on the graph of 1. The domains 2° and Q2
are illustrated in Figure 3.

The solutions u?, u° to the problems (1), (2) are approximated by means of the finite
element method using piecewise linear Lagrange elements. The numerical approxi-
mations are denoted by u§, u? The numerically computed rates of convergence for the
approximation in Theorem 6.1, are illustrated in Figure 5, obtained using the numer-
ical tool FreeFEM [37]. The data points were obtained using the values of ¢ and the
number of degrees of freedom given in Table 1.

One observes that the rate of convergence for u® appears to be close to /4, and
for Vu¢ close to /4, for the approximation measured in L2(Q#, h) for the selected
values of €.

10 A Case of Non-connected Sections

In this section we consider a case where the sections Y (x) are allowed to be discon-
nected, that is the hypotheses (H1) and (H2) are mildly relaxed. First we describe
the weak unfolding limit of the zero extended solutions to problem (1), and then we
describe the weak limit in terms of local domain densities using the ideas of Mel’nyk,
splitting the oscillating part of the domain into branches (c.f. [29, 30, 46]).

Here, the full unfolded limit domain will be used, denoted by

QU = {(x7 )’) X € Qv y € Y(X)},
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(a) (b)

Fig. 3 A locally periodic domain Q¢ (a) that satisfies (H2) but not (H1), & = 1/8, and the corresponding
homogeneous domain €2 (b), with I'_ marked as a dashed line separating the regions 24 and Q2_. The
particular function 7 is specified in (29)

X2

A

Fig.4 The region below the graph x, = 1(1/2, y) for n given by (29) that satisfies (H2) but not (H1), with
symmetry line y = 1/2 marked with a dashed line

and the effective matrix is given by

0o_ (xa_xT10
A _( . 1). (30)
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-1.0 T T T T T T

-15}k 4

—-2.0}F

2.5}

-3.0}

—-3.5}

log error

—40}

—— lus = u2llizeem
—— VU — A%VL2|| 2, )
—_— 81/4
- 72}
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log €
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Fig. 5 The numerically computed rates of convergence for the approximations u to u®, and A%Vu0 to
Vu?®, in Theorem 7.1 for f = 1 and QF given by (29) and illustrated for ¢ = 1/8 in Figure 3

Table1 The numerically computed errors for the approximation in Theorem 6.1, rounded to three significant
digits

P fluf — ugan(m 3 Vs — Aowgan(m 5 dof

0 - - 78 - 102
1/1 0.0488 0.141 39103
12 0.0502 0.140 46103
1/3 0.0336 0.101 33103
1/4 0.0226 0.0918 27103
1/5 0.0149 0.0830 59103
1/6 0.0104 0.0736 69 - 103
1/7 0.0120 0.0781 77103
1/8 0.0115 0.0784 11-10*
1/9 0.0101 0.0738 13- 10*
1/10 0.00941 0.0689 15 - 10*
1/11 0.00940 0.0698 20 - 10%
1/12 0.00882 0.0704 23104
1/13 0.00801 0.0680 24 . 104
1/14 0.00740 0.0649 35104
1/15 0.00716 0.0638 35104
1/16 0.00688 0.0642 37104

The number of degrees of freedom, rounded to two significant digits, is abbreviated to dof. The row ¢ = 0
is for the numerical solution u? to the homogenized problem
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The limit problem reads

—div.(A°V,u) = f in Qy,
Vyu =0 inQyp, (31)
A'u v, =0 ondQu\T xT,
u=0 onI xT,

where v, denotes the projection of the outward unit normal to Q¢ onto R?. The limit
problem (31) is well-posed in the Sobolev space

W(Qu,T xT)
={ve L*Qu): A°V,v e L*(Qu), Vo =0in Qy, v=0o0nT x T},

equipped with the natural Hilbert space structure.

Theorem 10.1 Let u® € H'(Q¥,T) be the solutions to problem (1). Let u® e
W(Qu, ' x T) be the solution to (31). Then

1) ue— uody weakly in LZ(Q),
Y (x)

(i1) Vue— AOquody weakly in Lz(Q),
Y (x)

as ¢ tends to zero.
Proof The following a priori estimate holds
Il g1y + 1T U2, + 1TVl 2, < C.
There exist
ul e H'(Q-,T),
uf e {ve L () : 5—;2 € L*(Q), Vyv = 0in Q,},
p e L*(u),
such that, along a subsequence still denoted by &,

weakly in H'(Q_, I'),

0
Teuf—ub weakly in L%(S2,),
dus 2
TSVMEA(p, 8_) weakly in L~(2,,).
x2

ut—u

At this point ug and p depend in general on the fast variable y.
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The unfolded variational form of problem (7) is by Lemma 5.1,

f Vu® - Vi dx —l—f T*Vu® - T*Virdxdy = / T f T*Y dxdy + o(1),
_ Qu Qu
(32)

as ¢ tends to zero, for any sufficiently smooth ¥ € H!(Q?, I).
Step 1: p =0 a.e.in .

We will show that p = 0 almost everywhere in ,,. Let ¢ € C{°(£2,,) and consider
the sequence of test functions ¢ (x) = ¢ (x, %L). Then

T®¢® — 0,
(5
d

T°V¢® — (—.,0),
y

strongly in L2(£2,), as & tends to zero. By passing to the limit in (32) with test functions
¢° one obtains

9
/ p% dxdy =0, ¢ € C5°(Qu),

as ¢ tends to zero. Thatis, Vyp = 0in .

Let ¢ € C3°(S2,) be such that Vy¢ = 0. Then consider the sequence of test
functions ¢¢ defined by

X1 .
¢°@) = (11— x)p(x. 7). i€ b xgy ),
where x; is a tagging such as in (20). Then

T ¢® — 0,
T°V¢* — (¢,0),

strongly in L?(£2,,), as ¢ tends to zero. By passing to the limit in (32) with test functions
¢° one obtains

/ ppdxdy =0, ¢ e C(Qu,Vy), (33)

u

as ¢ tends to zero. By the density of C§°(£2,, Vy) in the Sobolev space {v € L2(Qu) :
Vyv = 0in Q,}, one concludes that (33) holds for ¢ = p, that is

/ p2 dxdy = 0.
QI.‘
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Step 2: Transmission condition.
To determine the transmission condition for u° and u?r on the internal interface

Mt ={(x,y):xel_, yeYx)}
we will trace u® from either side.

Let ¢ € C5°(Qu), and set ¢° (x, 71).
On the one hand, from below,

1
/ru£¢8Vzd0=/0 (xr.u@°v2)(x1, n—(x1)) dxy
1
=/0 /TTS(Xrgusdwz)(xl,n—(xl))dydxl

1
- /O /T Gty o $v2) (et 1 (xe1), ¥) dy dixy

=/ / u(idwzdyda,
r-JY)

as ¢ tends to zero, because 7 xr, (x1, n—(x1)) converges to Xy (x;,n_(x;)) (y) strongly
in L2((0, 1) x T).
On the other hand, from above,

& & Sau‘g & & & € £a¢8
uP*vrdo = T° —T*¢° dxdy + T°u*T*—dxdy + o(1)
re Q. 0x7 y 0x7

dul 3
—>/ ﬁq‘)dxdy—l—/ ui—q‘)dxdy
Q 3)(?2 Q 8)62

=/ / u3_¢vzdyd0,
r—Jy)

as ¢ tends to zero.
Thus

/ / (ugL - u(l)qbvzdy do =0, ¢ e Cy°(Qu).
r- JY()
It follows that
u® =ul in LAY, (34)

for by the Lipschitz continuity of 1_,

1

V> — > 0.

/1 + max(n’)?
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The transmission condition (34) means here that the trace of u& on each connected
component of the sections Y (x) for x € I'_ is equal to the trace of u° . That is, zero
jump condition into each branch from below.

Step 3: Limit problem.

Let ¢ € C*®°(Qy) be such that Vye =0, and ¢ vanishes on I" x T. Set *(x) =

o(x, ’%), which belongs to H!(Q¢, I'). Using v/¢ as test functions in (32), one obtains

f AV, u - Vipdxdy = / fodxdy, (35)
Qu Qu

in the limit as & tends to zero, where u = XQuug_ + XQ_XWQ e W(Qy,I' xT) by
Step 1. In the upper part £2,, one uses p = 0 by Step 2. By the density of the considered
set of test functions in W (Qy, I' x T), as Qy is Lipschitz, one has that u = u0 is the
unique solution to problem (31). One concludes that the weak convergences (i) and
(ii) have been established for the full sequences.

Remark that Lemma 8.1 holds without hypotheses (H1), (H2), by the same
argument, and it takes the following form, which is the result that corresponds to The-
orem 7.1 in this case.

Lemma 10.1 Letu® € HY(QE, ) be the solutions to (1), and let u® € W(Qy, T x T)
be the solution to (31). Then

(i) T?u® — u® strongly in L*(Q),

. co & ou’ du S
(i) T°Vu® — (xo_x1——, =) stronglyin L*(Qu),
0x] 0x2

as ¢ tends to zero.

We will conclude this section by translating the limit problem (31) into a system in
the original coordinates x € €2, (€2 is the Hausdorff limit of ©¢), in a particular case
of a finite number of "bumps’ on the boundary.

Lemma 10.2 Let w be an open set in RN. Then there exists an open cover K' of
such that for all v € Lz(w) with Vv = 0 almost everywhere in o, (x,x’) € w, one
has that v is constant in x’ almost everywhere in each V € K'.

Proof A subset V of w is said to have the property (P) if the intersection of V and any
k-plane parallel to the x’-coordinate k-planes is connected, x’ € R, For (x, x') € ,
let V(x, x) be a neighborhood of (x, x’) in w that is not contained in any distinct
neighborhood of (x, x’) in w with the property (P). By the Zorn lemma, at least
one such maximal element exists for the set inclusion partial order on the set of all
neighborhoods of (x, x) with the property (P), because w is open and if F is a totally
ordered subset, Uy <V is an upper bound for F. Then K’ = {V (x, x') : (x, x') € w}
is an open cover of w.

Let v € L*(w) be such that Vv = 0 almost everywhere in w. Then v has a
representative v that is absolutely continuous on almost all line segments parallel to the
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x’-coordinate axes and whose classical partial derivatives parallel to the x’-coordinate
axes belong to L?(w). It follows from Fubini’s theorem that § assumes constant value
on each connected component of each k-plane parallel to the x’-coordinate k-planes
when intersected with w. Therefore v is constant in x” almost everywhere on each
VeKkK'.

Now we restrict to domains such that there is a finite open cover of Qy as
in Lemma 10.2 with @ = Qg and x’ = Yy, effectively discarding domains with
a countably infinite number of ’bumps’ on the boundary. For instance, excluding
n(x,y) = x% sin(%), and n(x, y) = dist(y, K), where K is a Cantor set.

We say that K is a partition of an open set w in RV if K consists of disjoint nonempty
open subsets of w such that w = Uy ¢ x V. Under the assumption that there is a finite
open cover K’ of Qp as in Lemma 10.2, we can construct a finite partition K of Qy
as follows. Given K’ = {V1, ..., Vi},let K = {Vi, Vo \ V1, ..., Vi \ u’]‘.;{Vj}.

Let K be a finite partition of Qg with the same property as the open cover in
Lemma 10.2. Denote the measure of the connected components of Y (x) by

hy =1Y(x) N {y : (x,y) € V}I,

for V € K, that is the density of Q° in Q. Denote the common boundaries of the
subdomains U, V € K of the partition by

Tyy =3UNAV.

Let the effective matrix be given by
0o_ (x-0
A" = ( 0 1) .

Wi ={{vvlvek :vv € L*(gaV, hy),
Aoy € L2 (g V, hy),
[U] =0on nRzr‘U,V,

Let

vy =0onT NmpaV,
U, VeK},

where 7> denotes the projection onto R?, equipped with the natural Hilbert space
structure.
The limit problem
—div(hy A°Vuy) = hy f  inmp2V,
uy =0 onT" NmpaV,
hyA°Vuy -v=0  on(0Q\T)Nmg.V, (36)
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[M] =0 on 7TR2FU,V7

[hAOVu -] =0 on 2y v,

is then well-posed in Wk .

Corollary 10.1 Letu® € H'(Qf, I) be the solutionsto (1), and letu® € W(Qy, ' xT)
be the solution to (31). Let K be a finite partition of Qy with the same property as the
open cover in Lemma 10.2 with w = Qu and x' = y. Then

() uf— Z thnszuO|V weakly in Lz(Q),
VekK
() Vur— Y hyxr,vA'Vi®|,  weakly in L*(S),
Vek

0

as & tends to zero. Moreover, u° = u(‘)/ inV € K, where {u(‘),}VGK in Wk is the solution

to (36).

Proof It follows from the weak unfolding convergence T¢u®—u® in L2(Qy), that

l;é—\ uody = Z Xvuody = Z thnR2Vu0|V,
Y (x) Y yek Vek

as ¢ tends to zero. The same computation gives the convergence of the flows. By
writing u® = Y vek xvu®, one verifies that the limit problem (36) is equivalent to
the limit problem (31) with u(\), = xyu on V, for any suitable partition K.
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