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Abstract: We study the cyclic, supercyclic and hypercyclic properties of a composition operator Cy on the
Segal-Bargmann space (&), where ¢p(z) = Az + b, A is a bounded linear operator on &, b € € with |[A| <1
and A*b belongs to the range of (I — A*A) I, Specifically, under some conditions on the symbol ¢ we show
that if Cy is cyclic then A* is cyclic but the converse need not be true. We also show that if C ; is cyclic then
A is cyclic. Further we show that there is no supercyclic composition operator on the space J(€&) for certain
class of symbols ¢.
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1 Introduction

It is known that every bounded linear operator on an infinite dimensional complex separable Hilbert space
is the sum of two hypercyclic operators [3, p. 50]. It is interesting to note that this result holds true with the
summands being cyclic operators. Therefore, it is very important to study the cyclic operators in order to study
bounded operators. We know that every hypercyclic operator is cyclic and supercyclicity is a property which
is intermediate between these two.

Since the closed linear span of Orb(T, x) is the smallest closed T-invariant subspace that contains the
vector x, the cyclic property is connected with the study of invariant subspaces. Analogously, hypercyclicity
has the same connection with invariant subsets. On a finite dimensional space there does not exist a linear op-
erator which is hypercyclic . But this is not the case with the bounded linear operators on infinite dimensional
spaces. This was first observed by G.D. Birkhoff [4], who showed that the translation operator f(z) — f(z+ 1)
is hypercyclic on the Fréchet space of all entire functions. Details on dynamical properties of operators can
be found in [3].

Let € be a separable Hilbert space of complex valued functions on a nonempty set Xand ¢ : X — X bea
map. The composition operator Cy is defined by

(Cof)(x) = f(Pp(x)) forallf € &, xeX.

Such operators are clearly linear. The basic idea in the study of composition operators is to describe the op-
erator theoretic properties of Cy with the help of function theoretic properties of ¢ and vice versa.
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Since nth-powers of the composition operator Cy is related with the composition induced by the nth-
iterates of ¢, the cyclic property of Cy is connected with the dynamics of ¢. In [8], Guo, Kunyu; Izuchi, Keiji
gave a necessary and sufficient condition for a holomorphic mapping to be a cyclic vector of a composition
operator on Fock type space.

In [9], Jiang, Liangying; Prajitura, Gabriel T.; Zhao, Ruhan gave a necessary and sufficient condition for
the cyclicity of composition operator on the classical Fock space 2 (C). In [11], T. Mengestie proved that the
cyclicity of weighted composition operator Cy, ,, on the classical Fock space J° 2(C) depends on the inducing
map ¢(z) = az + b, where |a| < 1, b € C and the weight function .

In the remaining part of this section, we give brief details of the basic material that we need to prove
our main results. In the second section, we study the cyclic behaviour of the composition operator Cy and
establish the connection between dynamical behaviour of Cy4 and the Hilbert space operator A*. In other
words, we are able to show that the cyclic behaviour of a composition operator is strongly influenced by the
dynamical properties of its inducing map, ¢(z) = Az + b for z € €. In the third section, we show that there is
no supercyclic composition operator on the Segal-Bargmann space under certain conditions on the inducing
map. Later we discuss about the hypercyclic property.

1.1 The space H(E)

Let € be an arbitrary infinite dimensional complex Hilbert space. For each integer m > 1, we write £™ for the
symmetric tensor product of m copies of €. Define £° = C with its usual inner product, &! = & and for m > 2,
€™ is the closed subspace of the full tensor product E®™ consisting of all elements that are invariant under
the natural action of the symmetric group Sy. Precisely,

&M= {xe &®:x = xforallme Sp}.
The action of Sy, on €¥™ is defined on elementary tensors by
TX1@X2® - ®Xm) = Xp(1) @+ ® Xp(m)-

Foranyz e &, weusez™ = z®---®z € ™ to denote the tensor product of m copies of z. Each €™ is a Hilbert
space with an inner product (-, ->¢m defined by

<Zm’ Wm>8"‘ = <Z, W>r£’
where (-, -)¢ denotes the inner product on €.

Definition 1.1. A function pm : € — C is called continuous m-homogeneous polynomial on € if there exists
an element { € £™ such that pm(z) = (™, {Hforz € €.

Definition 1.2. A function f : &€ — C is called continuous polynomial if f can be written as a finite sum of
continuous homogeneous polynomials. That is, there is an integer m > 0 and there are elements g; € &, j=
0,1, .-, msuch that
m m A
f2) = > pi(2) = D {2, ap.
j=0

j=0

We denote the space of all continuous m-homogeneous polynomials and the space of all continuous poly-
nomials on & by P (&) and P(€), respectively. For more about m-homogeneous polynomials we refer to [12,
p. 12].

For f, g in P(€), we can find an integer m > 0 and elements q;, b; € & for 0 < j < msuch that

m m

fe) = 3 ap and 8@) = 3¢ by

j=0 j=0
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Define,
8= jKbj, aj. 1)
j=0

Then ¢, -, ) defines an inner product on P(€). The completion of P(&) in the norm induced by the above
inner product is called the Segal-Bargmann space and it is denoted by 3 (&). For more details see [10, Section
2.1].

Proposition 1.3. [10] Each element f in H(€) can be identified as an entire function on & having a power
series expansion of the form

vel
f(z) = Z(Z’,aj> forall z e &,
j=0
"\/‘,‘
where gje €, j=0,1,2,....Furthermore, If|? = Zj! HajHZ-
j=0

o0 o0
Conversely, if > j! ||aj||2 < 0, then the power series » (Z, a;) defines an element in 3((€).
j=0 j=0

Applying Proposition 1.3 to the function
K(z,w) := Kw(z) = exp{z,w) forall z, w e €,

we can say that this function is the reproducing kernel function for H(€) and the normalized kernel function
is defined by ,
The linear span of the set {Kw : w € £} is dense in H(E). As a result, H(€) is a reproducing kernel Hilbert
space. For each f € H(€), we have {f, K(-, x)) = f(x) for all x € €. For a general theory of these spaces, see
Chapter 2 of [1] and [13].

Kk (2) = exp((z, wy —

1.2 Composition operators

Let €1 and &, be Hilbert spaces and K; and K, be the kernel functions for H(€;1) and H(E,) respectively.
We denote K as the kernel function for both the spaces H(€;) and 3 (&) since the kernel functions on these
spaces have the same form.

For any mapping ¢ : £; — &3, the composition operator Cy : 3(€;) — H((€1) is defined by

Cy(h) = ho ¢ forall he H(E,),

for which h o ¢ also belongs to 3((€1). Since Cy is a closed operator, it follows from the closed graph theorem
that Cy is bounded if and only if h o ¢ belongs to }(€1) for all h € F(€;).
If C ¢ is bounded, then we have the following identities:

1. C(’;Kz =Ky forallze &,
2. Letae & Iff(w) =<w, a)forallw e &,, then

(Cef)(2) =<{P(2),a) forany z € &;.

Theorem 1.4. [10, Theorem 1.3] Let ¢ : €1 — &, be a mapping. Then the composition operator Cp : H(E2) —
H(E1) is bounded if and only if p(z) = Az + b forallz € €1, where A : €1 — &, is a bounded linear operator
with |A| < 1 and A*b belongs to the range of (I — A*A)z . Furthermore, the norm of |Cy| is given by

—exp (L + Lpp2
[l = exp (5 IVI” + 5 1B,

where v is the unique vector in &, of minimum norm satisfying A*b = (I — A*A) .



130 —— G.Ramesh, B. Sudip Ranjan, and D. Venku Naidu DE GRUYTER

Theorem 1.5. [10, Theorem3.7] Let ¢ : €1 — &, be a mapping. Then the composition operator Cy : 3((E,) —
H(€1) is bounded if and only if there is a bounded linear operator A : €1 — &, with |A| < 1 and a vector b in
the range of (I — AA*) such that ¢(z) = Az + b for all z € 1. Furthermore, the norm of | Cy| is given by

_ Jul?
ICpl = exp (14),
where u is the unique vector in £, of minimum norm that satisfies the equation b = (I — AA*)%u.

For &, = &, = C", the boundedness and compactness of C¢ are discussed by Carswell, MacCluer, and
Schuster in [6].

1.3 Cyclicity

Unless mentioned otherwise, we consider infinite dimensional complex separable Hilbert spaces which will
be denoted by &, &4, &, etc.

Definition 1.6. [3, p. 1] A bounded linear operator T : & — € is said to be cyclic if there exists a non zero
vector x € & such that span{T"x : n > 0} = €. In this case x is said to be a cyclic vector of T.

We call the set {T"x : n > 0} as the orbit of T and is denoted by Orb(T, x). It may happen that the Orb(T, x)
itself is dense or the projective orbit is dense, without the linear span; in this case we have the following
definitions.

Definition 1.7. [3, p. 1] A bounded operator T : & — ¢& is said to be hypercyclic if Orb(T, x) is dense in €. In
this case x is said to be a hypercyclic vector.
The operator T is said to be supercyclic if the set {AT"x : n > 0,1 € C} is dense in €.

In the classical Fock space 32(C), the following is known:

Proposition 1.8. [9, Proposition 5.1] Let ¢ : C — C be a holomorphic map given by ¢(z) = az + b with
la] < 1.Let Cy : 72(C) — F2(C) be the associated composition operator on the Fock space F2(C). Then we
have

(i) If b =0and |a| = 1, then Cy is cyclic if and only if a" # a for every n > 1.
(i) If|a] < 1and a # 0O, then Cy is cyclic.

Definition1.9. Let T : & — & be a bounded linear operator. The set p(T) := {A e C: T—Al : & —
& is invertible and (T — AI)~!is bounded} is called the resolvent set and the complement o(T) = C\p(T) is
called the spectrum of T.

It is well known that o(T) is a non empty compact subset of C.

2 Cyclic properties of Cy,

In this section, we discuss the existence of a fixed point of the inducing map ¢ satisfying a few conditions.
Here we show that for a non zero vector z € &, if the kernel function K; is a cyclic vector for the bounded
composition operator Cy, then z is a cyclic vector for the bounded operator A*. Next we also show that if C ;",
cyclic, then the operator A is cyclic.

We say that a map ¢ on & has the property P, if it satisfies the following:

(i) ¢(z) =Az+bforallze &
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(i) A: & — &isabounded linear operator with |[A| < landbe &
(iii) A*b belongs to the range of (I — A*A)z.

Remark 2.1. Let ¢p : € — & be a mapping. Then ¢ satisfies the property P if and only if the induced composi-
tion operator Cy is bounded on the Segal-Bargmann space H(&).

For any z € &, we have Cyf(z) = f(¢p(2)) for all f € H(€). For any positive integer m, we have Cf(z) =
f(¢™(2)). Here ¢p™ denotes the m times composition of ¢p. So we have the following identity:

¢"(z) =A"z+A™ 'b+...+ Ab+ b, forallze &. (21

Therefore,
Cif(z) =f(A"z+ A" 'b+.. +Ab+b). 22)

So, for any kernel function K, we have
CpKz(w) = K;(A"w+A™"'b+ .-+ Ab + b)
= K:(A"W)K: (A" 'b + -+ Ab + b) (2.3)
= K(psyny(W)Kz(A™ 'b + -+ Ab + b).

From the above relation it is clear that the dynamical properties of the composition operator Cy depend on
the behaviour of the iterates of A.
Let us begin with the following lemma which will be useful in later part of this paper.

Lemma 2.2. Let A be a bounded linear operator on € such that |A| < 1. Then ker(I — A*) < ker(I — A*A)%.

Proof. Suppose v € ker(I — A*) with |[v|| = 1, then A*v = v. As |A|| < 1, we have
12 |Av] = JAv]|v] = KAv, v)| = KA*v, »)|Kv, v)| = 1. (2.4)

That is,
[KAv, v)| = |Av[|v] . (2.5)

This implies that Av = Av for some A € C, and hence

A=A, vy ={Av, v) = (v, A"V = (v, v) = 1. (2.6)
This shows that Av = v. From this we can get that A*Av = A*v = v, which implies that v € ker(I — A*A4)2.
Hence we get the desired conclusion. O

The next result describes the fixed point property of the symbol ¢ which induces a bounded composition
operator Cy on H(E).

Proposition 2.3. Let ¢ be a mapping on & satisfying the property P. Then ¢ has a fixed point in each of the
following cases:

1. Ais compact with |A] < 1.
2. 1¢ a(A).

Proof. Note that Cy is bounded and ¢(z) = Az + b forall z € €. If A = O then ¢(z) = b fixes the point b € €.
Now assume that A # 0. Also note that if b = 0, then ¢p(z) = Az and 0 is the fixed point of ¢.

Proof of (1):
Since A is compact, by [14, p. 68], we have ran(I — A) and ran(I — A*A)% both are closed. We claim that ¢ has
a fixed point. That is, we show there exists a point zy € € such that Azg + b = zo. This means b € ran(I — A).
Since ran(I — A) is closed, to prove our claim it is enough to prove b € ker(I — A*)*.

Since ¢ satisfies P, we have A*b € ran(I — A*A)2 = (ker(I — A*A)2)' < ker(I — A*)*, by Lemma 2.2.
Hence there exists zy € € such that ¢(z¢) = zo, and this proves our claim. That is, ¢ fixes a point in €.
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Proof of (2):
1 ¢ o(A) implies that (I — A) is invertible, and in this case the fixed point is (I — A)~!b. O

Remark 2.4. By (2) of Proposition 2.3, we can say that if |A|| < 1, then ¢ has a fixed point in &.
Corollary 2.5. Let ¢ : C" — C" be a mapping such that Cy is bounded on F2(C"). Then ¢ has a fixed point.

Proof. Proof follows by (1) of Proposition 2.3. O

The assumption in (2) of Proposition 2.3 that 1 ¢ 0(A) cannot be removed and this is illustrated with the
following example.

Example 2.6. Let u be a real number such that 0 < u < 1. Define the weighted unilateral shift on ¢?(N) by
S(X1,X2,X3,...) = (0, UX1, X2, X3, ... ), ¥ {xn} € £*(N). 2.7)
The adjoint S* of S is given by
S*(X1,X2,X3,...) = (UX2, X3, X4, ... ),V {Xn} € £*(N). (2.8)

Now we see that S*S # SS*.
The spectrum ¢(S) is given by 0(S) = {A : |A] < 1}. Observe that 1 € o(S).
Note that S*S(x1, X2, X3, ...) = (U2X1, X2, X3, ...), YV {xn} € £2(N). It can be seen that

(I—S*S)(x1,X2,X3,...) = (1 = u*)x1,0,0,...),V{xn} € £*(N).

Hence
(I—S*S)%(Xl,XZ,Xg,...) = (1/(1 —u2)x1,0,0,...),V {xn} € A(N). (2.9)

Let b = (1, V1}:“2,0,0,...).Thenwehave

(I—S*S)ie; = S*b, (2.10)

wheree; = (1,0,0,...).Now consider themap  : £2(N) — ¢%(N) defined by th(x) = Sx+b, forall x € £2(N).
Since ||S| = 1, we conclude that 17) satisfies the property P. Therefore, the corresponding composition operator
C ) is bounded on 3 (¢?(N)). Explicitly the map J) can be written as

N 2
D1, X2, X3, .+.) = (1, pxy + %,X%Xy ),V {xn} € A(N). .11)

It can be easily verified that l,@ has no fixed point in ¢/?(N).

Theorem 2.7. Let ¢ be a mapping on & satisfying the property P and has a fixed point. If C:; : H(E) — H(E)
is cyclic, then A : & — & is cyclic.

Proof. Let z € € be a fixed point of ¢. Then ¢(z) = A(z — zp) + zp and so forall n > 0,
P (2) =AMz —2z0) +20 = (I —AM)zp + A"z.

Also, we have
(I-A"zg=A"'b+---+Ab +b. (212)
Note that
ChKw(2) = Ky (2) = €AVTD
— oz A*zw) (213)
= Ky, (2)Kw(A*2).
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Therefore, C:; = M, Cr, where 7(z) = A*z and M, is multiplication by the kernel function K},. Observe that
Cg = Cyn, where ¢" = ¢po¢p--- o ¢p. Hence

n-times
(Cy)" = Cn = M,y Cors (2.14)
where 7"'(z) = (A*)"z.

Let f € H(€E) be a cyclic vector for C:;). As f € H(&), we have

f(2) = i@jy ap,  ajed
j=0

o8]
with [f|2 = Y jt |a]* < co.
j=0
Next, we consider
C:’;"f (2) = K(1_an)z, (2)f (A¥)"2)

= i(zi, (@ =4%z0) ,;1'")20)' > 2<Zj, (A" aj)
i=0 ’

j=0

(I — A™)zp)*

x (ao +(z,A"a) + {22, (AN ar) + - - )

- (1 +(z, (I — AMzo) + {22,

=ag+{(z,A"ay + do((I — AMzp)) + ---

=dy +<Z,A"(a1 — dopzo) + dozoy+ -+ .

We claim that a; — dpzo # 0. If not, then a; = dyzo. Hence
f(2) = ao + (z, dozo) + (2, az) + -+ (2.15)
and
C3"f(2) = ao +<(z, dozoy + - . (2.16)

Now choose an element n € £\{0} such that {zy, 1) = 0 and consider the function h(z) = {(z, n) forall z € €.
Then we see that <C;") "f, h) = ap{zo, ) = O forall n > 0. This contradicts that f is a cyclic vector for C;",. This
proves the claim.

Now we claim that v = —dyz¢ + a; is a cyclic vector of A. Let { € € such that

(A™,{y=0 foralln=>0.
Define H(z) ={z — zp, {) forall z € €. Clearly H € H(&).Forn > O,
(CpnH)(2) = H(P"(2)) = (¢"(2) - 20, {)
= (A"(z - 20), §) = (20, (A")"{) + (2, (A")"{).
It follows that
(H,C3"f) = (Cy"H.f)
= —doz0, (A%)") + a1, (A%)"$) = (A"v, {) = 0.

Since the linear span of {(Cf‘;)"f : n = 0} is dense in H(&), we conclude that H(z) = O for all z € &, which
implies { = 0. Therefore, the set {A"v : n > 0} is dense in &, which means that v is the cyclic vector for A as
required.

O
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Corollary 2.8. Let ¢ be a mapping on & satisfying the property P with b = 0. If Cy : H(€) — H(E) is cyclic,
then A* : & — & is cyclic.

Proof. Let¢(z) = Az, then Cy = (Cy)*, where ip(z) = A*zand Ois the fixed point, and hence by Theorem 2.7,
the conclusion follows. O

The converse of the above result is not true and this is illustrated with the following examples:

1
Example 2.9. Let A = ( é g) ,and b = 0. Then it is clear that both A, and A* are cyclic (see [7, p. 86]) but

the corresponding bounded composition operator Cy is not cyclic on the Fock space F 2(C?), where ¢(z) =
Az, and |A|| < 1 as the matrix A is not invertible (see [9]).

1
LetB = (g é) ,and b = 0. We can easily verify that both B, and B* are cyclic but the corresponding

bounded composition operator Cy is not cyclic on the Fock space F%(C?), when ¢(z) = Bz, and |B| < 1 as
the matrix B is not invertible (see [9]).

The following result is well known in the literature of composition operators. In fact this result is true for any
composition operator. Since it is important in our context, we state it here.

Proposition 2.10. [3] Suppose the mapping ¢ : & — & has two fixed points, then the bounded composition
operator Cy cannot be cyclic operator on }(€).

Proof. To prove this, we use the fact that the adjoint of a cyclic operator can have only simple eigenvalues
(see [5, Proposition 2.7]). Suppose that there are two fixed points, namely &, and . Then we have C(’;Ka =
Kyp(a) = Ka, and C;’;Kﬁ = Kg(p) = Kp. This shows that 1 is the eigenvalue for C;j with multiplicity at least
two, and hence C¢ cannot be cyclic. O

Example 2.11. Consider the operator D on ¢%(N), defined by

D(X1,X2,X3,...) = (x1, =2, 22,24, ...), forall {x} € *(N),

and the map ¢(z) = Dz + e, wheree, = (0,1,0,...). Then we see that [D| = 1, and (I — DD*)%)? =
e, where X = (0, \/g ,0,...). Hence the corresponding composition operator Cy is bounded operator on
H(¢*(N)). The elements of the form (a, 2,0,0,...) € /*>(N), where a € C are the fixed points of the map
¢ defined on ¢?(N). Now consider the elements p = (0, 2,0,0,...), ¢ = (1,2,0,0,...) € ¢*(N), and the
kernel functions Kp, K4 in 3((¢*(N)), then it is easy see that K, and K are the eigenvectors corresponding
to the eigenvalue 1. This shows that 1 is the eigenvalue for C(’; with multiplicity at least two, and hence C,
cannot be cyclic. This shows that D* is cyclic but the associated composition operator Cy is not cyclic.

Remark 2.12. The above example shows that if ¢(z) = Az + b be a mapping on € that satisfies the property
P, and A* is cyclic but the associated bounded composition operator Cy4 need not be cyclic.

Observe that not every cyclic operator on a Hilbert space have a dense range, but there are certain composition
operators which have a dense range. For example, composition operators on the Hardy space H? (D) have
dense range [5, Theorem 1.4]. The problem of determining which composition operators have dense range is
nontrivial. This forces us to investigate the proceeding theorem.

Theorem 2.13. Let ¢ be a mapping on € satisfying the property P with b = 0. If C is cyclic, then the following
are true:

1. ker(A) = {0}. Consequently, ¢ is injective.
2. range of Cy is dense in H(€).
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Proof. Proof of (1): Since C ¢ 18 cyclic, by Corollary 2.8, the operator A* is cyclic. Therefore, the dimension of
the orthogonal complement of range of A* is at most one, that is, dimker(4) = dimran(A*)* < 1.

First we suppose that dim ker(A) = 0. Then ker(4) = {0}. Hence ¢ is injective.

Now suppose that dimker(A) = 1. Then there is a non zero vector x in £ such that ker(A) = span{x}.
Clearly the mapping ¢ is not injective. Hence there exists distinct pair of points  # { such that ¢ (1) = ¢ ().
This implies that n — { € ker(A), and hence n — { = Cx. From this we observe that there are infinitely many
such pair of distinct points. As a consequence the set G = {(z, w) : z # w, ¢(z) = ¢p(w)} is infinite.

For each pair (1, {) € G, consider the non zero function f = Ky — K;, then C(’;f = K¢(n) — K¢(() = 0.
This shows that the function f in the ker(C;‘,) = ran(Cd,)l. Hence ran(C(l,)L has infinite dimension as G is
an infinite set. This is a contradiction as we know that the orthogonal complement of the range of a cyclic
operator has dimension at most one. This completes the proof.

Proof of (2): Since Cy is cyclic, by (1), we have ker(A) = {0}. Hence ran(A™) is dense.

Note that if pn — p, then

Jim (Kp,. fy = Jim f(pn) = F(p) = Kpa ) @.17)

for every f € H(E).
Therefore, we have Kp, converges weakly to Kp. It is easy to verify that |Kp,| — |[Kp||asn — oo.Ina
complex Hilbert space, if z, — z weakly and |zn| — |z|, then |zn — z| — O. Hence Kp, — Kp in norm.
Since range of A* is dense in &, for any z € € there is a sequence {A*xy},; such that A*x, converges
to z in norm. That is, [A*x, — z| — 0 and this will imply [A*x»| — ||z as n — oo. Also note that | K xy, H2 =
exp(||A*xn||2) — exp(|z|*) = | K|* asn — oo. From Eq. (2.17), we have K g, — Kz weakly. Thus Ky, — Kz
in norm. Since
CpKx, = Kpsx,» (2.18)
we have forall z € &, K; e ran(Cy). Hence ran(Cy) = H(E).
O

In the forthcoming result, we show that if a kernel function Ky, is a cyclic vector for the composition operator
Cy, where the inducing map ¢ : & — & satisfies the property P, then w is a cyclic vector for A*, the adjoint
of A.

Theorem 2.14. Let ¢ be a mapping on & satisfying the property P. Then we have the following:

1. If Kw is a cyclic vector for C4 for some nonzero w € €, then w is a cyclic vector for A*.

L
2. Inthe case of b = 0, if f(z) = Z(z’, ajy € H(&) is a nonzero cyclic vector for Cy, then a; # O for all
j=0
j=0,1,2,3,....
3. Iff is a nonzero element in H (&) such that there exists x € & such that f(¢"(x)) = O for every n > 0, then
f cannot be a cyclic vector for Cy.

Proof. Proof of (1): Since Ky is a cyclic vector for Cy, we have span{CyKw : n > 0} = H(E). Let p be a
nonzero vector in € such that
{(A")'w,py =0 foralln>0. (2.19)

Denoteyn, = A" 'b + ...+ Ab + b.Let g = 1 — K, € H{((€). By using Eq. (2.3), we see that forall n > 0,
(CBKw, &) = (K gy Kow(¥n), 1 — Kp)
= Kw(yn) — Kw(yn)Kgs)ny (P)
= Ku(yn) = Ku(yn)e® "™
=0 DbyEq.(2.19).

(2.20)

Since the span{Cng : n = 0} is dense in 3(€&), it follows that g = 0, which means K, = 1, and hence
p = 0. Therefore, the linear span of {(A*)"w : n = 0} is dense in & and thus w is a cyclic vector for A*.
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Proof of (2): Since b = 0, we have ¢(z) = Az with |A|| < 1. Then

o0

cn — f(A"Z) = AN f, .
5f(z) = f(A"2) };)« 2), ap 2.21)

= ao + <z (A")"a) + & (AP a) + -
For the purpose of obtaining a contradiction, assume that a; = 0 for some k. Then Cgf(z) =
%
Z &, (AHH® aj). Let g € JH(€) be any continuous k-homogeneous polynomial, then we see that

j=0sj# k
<Cg f,8) = 0forall n > 0. This is contradiction to the fact that f is a cyclic vector for Cy.

Proof of (3): To prove this, it suffices to show that Ky € sﬁl{Cg fin> O}J-. To see this, consider

k ) k ) k

Q) aiCf Ky = 3 ai(Cf , Ky = 3 a{Cyif , Ki)
j=1 j=1 j=1
k

= a}<f, C;]I<x>
j=1

Thus we conclude that f cannot be a cyclic vector for Cy. O

3 Supercyclicity and Hypercyclicity

We know that if a bounded linear operator on a separable Hilbert space is hypercyclic then it is supercyclic.
In [9, Theorem 5.4], it is shown that there is no bounded supercyclic (hence no hypercyclic) composition
operator on F2(C"). In this section, we show this also holds true in the Segal-Bargmann space (&) under
some suitable conditions, where € is any infinite dimensional separable complex Hilbert space.

Theorem 3.1. [2, Theorem 2.2] Let T be a bounded supercyclic operator on a Hilbert space H, and the set
{T™ : n € N} is uniformly bounded. Then for each x € H,

lim T"x = 0.

n—oo
Proposition 3.2. Let ¢» be a mapping on ¢ satisfying the property P. Then Cy4 cannot be supercyclic operator
in each of the following cases:

() b=o0.
(ii) b+ 0,and |4 < 1.

Proof. If possible, let Cy be supercyclic. By Theorem 1.5, we have ¢(z) = Az + b, where A : € — Cisa
bounded linear operator with |A| < 1 and b € ran(I — AA*)%.
Proof of (i): b = O:
Then ¢(z) = Az for all z € . Therefore, ¢"(z) = A"z. Then by norm formula in Theorem 1.4, We have
H Co HZ = | Cgn ||2 = 1foralln > 1. Hence we conclude that the set {Cy, : n € N} is uniformly bounded. But
g(l) = 1. Hence by Theorem 3.1, Cy cannot be supercyclic.

Proof of (ii): b # Oand |A| < 1. For any integer n > 1, Cg = Cgn, where ¢" = ¢po--- o ¢ is the
composition of n copies of ¢. Since |A| < 1, by Proposition 2.3, there exists a point zo € £ such that ¢(zp) =
Zo. Then

(I-A"zo=A""'b+...+Ab+b. (€X))
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Therefore, ¢"(z) = A"z+A""'b+...+Ab+b = A"z+ (I— A")z. By using the norm formula in Theorem 1.5,

2
we have H Cg, H =|C on ||2 — elual? , where u, is the vector of smallest norm satisfying

(I— A")zo = (I — A"(A™)*)Z up. (3.2)

1

Since |A| < 1, the operator (I — A"(A™)*)z is invertible. Therefore, u, is uniquely determined by u, =
(I— A™(A™)*)~2(I — A")zo. Thus,

Jum] < (1 - A™a™*) 72

|0 =A%)z

< (1= AP 7F (- AYzo
< 2zl
v1-|4]
llz0]
Hence we have H Ch H < eVi-ll,
Hence we conclude that the set {C ;’, : n € N} is uniformly bounded. But C g(l) = 1. Hence by Theorem 3.1,
Cy cannot be supercyclic.

O

In the preceding result, we have seen that for a mapping ¢p(z) = Az+b with |A| < 1 such that the composition
operator Cy is bounded operator on 3((€), then Cy cannot be supercyclic operator. The only remaining case
is|A| = 1and b # 0. In this case we are not able to settle down the supercyclic behavior of Cy.

Next we can ask the following question.

Question 3.3. Let ¢ be a mapping on € satisfying the property . Is it true that Cy is not supercyclic, whenever
b+ Oand |A| = 17

The following examples shows that there is a chance that Cy, need not be supercyclic in the case of b # 0 and
Al = 1.

Example 3.4. Consider the operator in Example 2.11. Then we see that |D|| = 1, b # 0 and Cy is not cyclic.
Therefore, C is not supercyclic composition operator on H (F?(N)).

Example 3.5. Let us consider the map ¢(z) = Az + b on C", where A is the n x n matrix with |A[| = 1. Then
the corresponding bounded composition operator Cy, is not supercyclic on 32(C") (see, [9, Theorem 5.4]). In
fact there is no supercyclic bounded composition operator on H (&) whenever & = C".

3.1 Hypercyclicity
In the remaining part of this section we discuss hypercyclicity of Cy on F(€).

Theorem 3.6. [3, Proposition 1.17] If T is a bounded hypercyclic operator on an infinite dimensional complex
separable Hilbert space H, then the point spectrum op(T*) = .

Proposition 3.7. Let ¢(z) = Az+bbeamappingon € that satisfies the property . Then Cy is not hypercyclic
if ¢ has a fixed point.

Proof. Suppose that ¢ has a fixed point. That is, there is some a € € such that ¢p(a) = a. Then we have for
every f € H(E)
<f’ CZK0¢> = <f’ K¢(a)> = <f’ Ka>'

This shows that the kernel function Ky is an eigenvector of C ;; corresponding to the eigenvalue 1. Thus by
Theorem 3.6, we conclude that C is not hypercyclic. O
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