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Abstract Nanoparticle deposition behavior observed at the Darcy scale represents an average of the

processes occurring at the pore scale. Hence, the effect of various pore-scale parameters on nanoparticle

deposition can be understood by studying nanoparticle transport at pore scale and upscaling the results to

the Darcy scale. In this work, correlation equations for the deposition rate coefficients of nanoparticles in a

cylindrical pore are developed as a function of nine pore-scale parameters: the pore radius, nanoparticle

radius, mean flow velocity, solution ionic strength, viscosity, temperature, solution dielectric constant, and

nanoparticle and collector surface potentials. Based on dominant processes, the pore space is divided into

three different regions, namely, bulk, diffusion, and potential regions. Advection-diffusion equations for

nanoparticle transport are prescribed for the bulk and diffusion regions, while the interaction between the

diffusion and potential regions is included as a boundary condition. This interaction is modeled as a first-

order reversible kinetic adsorption. The expressions for the mass transfer rate coefficients between the diffu-

sion and the potential regions are derived in terms of the interaction energy profile. Among other effects,

we account for nanoparticle-collector interaction forces on nanoparticle deposition. The resulting equations

are solved numerically for a range of values of pore-scale parameters. The nanoparticle concentration profile

obtained for the cylindrical pore is averaged over a moving averaging volume within the pore in order to

get the 1-D concentration field. The latter is fitted to the 1-D advection-dispersion equation with an equilib-

rium or kinetic adsorption model to determine the values of the average deposition rate coefficients. In this

study, pore-scale simulations are performed for three values of P�eclet number, Pe5 0.05, 5, and 50. We find

that under unfavorable conditions, the nanoparticle deposition at pore scale is best described by an equilib-

rium model at low P�eclet numbers (Pe5 0.05) and by a kinetic model at high P�eclet numbers (Pe5 50). But,

at an intermediate Pe (e.g., near Pe5 5), both equilibrium and kinetic models fit the 1-D concentration field.

Correlation equations for the pore-averaged nanoparticle deposition rate coefficients under unfavorable

conditions are derived by performing a multiple-linear regression analysis between the estimated deposi-

tion rate coefficients for a single pore and various pore-scale parameters. The correlation equations, which

follow a power law relation with nine pore-scale parameters, are found to be consistent with the column-

scale and pore-scale experimental results, and qualitatively agree with the colloid filtration theory. These

equations can be incorporated into pore network models to study the effect of pore-scale parameters on

nanoparticle deposition at larger length scales such as Darcy scale.

1. Introduction

Understanding processes responsible for colloid transport and deposition in porous media is crucial for the

adequate prediction of the movement of pathogens (viruses, bacteria, and protozoa), engineered nanopar-

ticles, and colloid-facilitated transport of contaminants. Colloid deposition involves two sequential steps:

transport to the grain surface and attachment. The transport of colloids to the pore surface is dominated by

advection and diffusion, while the attachment is controlled by colloid-soil interaction forces, which operate

at short separation distances [Elimelech and O’Melia, 1990]. Colloid deposition depends on a number of fac-

tors such as the flow velocity [Hijnen et al., 2005; Keller et al., 2004; Li et al., 2005; May et al., 2012; Tong and

Johnson, 2006; Tosco et al., 2012; Zhang, 2013], solution chemistry [Bergendahl and Grasso, 1999; Johnson

et al., 2007a; Knappett et al., 2008; Loveland et al., 1996; Sadeghi et al., 2011; Tufenkji and Elimelech, 2005], sur-

face characteristics of colloids and grain [Chu et al., 2001; Johnson et al., 1996; Li et al., 2008; Tufenkji and
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Elimelech, 2005; Zhang et al., 2014; Zhuang and Jin, 2003; Zhuang et al., 2005], grain size and shape [Knappett

et al., 2008; Li et al., 2008; Shen et al., 2008; Tong and Johnson, 2006], colloid size [Keller et al., 2004; Shen

et al., 2008; Tong and Johnson, 2006; Wang et al., 2012; Zhuang et al., 2005], temperature [Chrysikopoulos

and Aravantinou, 2014; Syngouna and Chrysikopoulos, 2010; Yan et al., 2015], and water content [Torkzaban

et al., 2006a, 2006b; Zhang et al., 2013].

Colloid attachment to the grain surface is usually described using the ‘‘clean-bed’’ filtration model, the Col-

loid Filtration Theory (CFT) [Yao et al., 1971]. According to CFT, the attachment of particles to the grain sur-

face is assumed to be described by a first-order irreversible kinetic model, with the attachment rate

coefficient given as

kattðDÞ5
3

2

ð12hÞ
dc

Uag0 (1)

where kattðDÞ is the Darcy-scale attachment rate coefficient, h is the porosity, dc is the average grain diame-

ter, U is the pore water velocity, a is the attachment efficiency, and g0 is the single collector contact effi-

ciency without inclusion of the electric double layer interaction. The single collector efficiency is the ratio of

the rate at which particles strike the collector to the rate at which particles flow toward the collector [Yao

et al., 1971]. It accounts for the effect of physical factors involved in colloid deposition and is calculated as

the sum of contributions from three individual mechanisms, namely, Brownian diffusion, interception, and

sedimentation. The collector efficiency can be determined using the correlation equations available in the

literature [Ma et al., 2013; Messina et al., 2015; Nelson and Ginn, 2011; Rajagopalan and Tien, 1976; Tufenkji

and Elimelech, 2004a; Yao et al., 1971]. These correlation equations were developed by numerically solving

the colloid transport equation in an idealized porous medium over a wide range of parameter values and

regressing the numerical results against the input parameters. The correlation equations differ in the under-

lying physical mechanisms considered in modeling the colloid transport to the grain surface. The attach-

ment efficiency, a, representing the favorability of the surface for deposition, is the ratio of the collisions

resulting in attachment to the total number of collisions between colloids and the collector. It accounts for

the effect of system chemistry on colloid attachment and is assumed to be independent of system hydrody-

namics. Experimental studies indicate that the particle deposition behavior is in good agreement with CFT

(equation (1)) under conditions favorable for deposition (a5 1) [Elimelech and O’Melia, 1990; Nelson and

Ginn, 2011; Rajagopalan and Tien, 1976; Tufenkji and Elimelech, 2004a, 2005]. But, CFT is generally observed

to breakdown under unfavorable conditions (i.e., a< 1). This is because CFT does not include effects such as

the deposition onto the secondary energy minimum, surface charge heterogeneities, surface roughness,

and deposition at grain-grain contacts [Elimelech and O’Melia, 1990; Hahn and O’Melia, 2004; Johnson et al.,

2007a, 2007b; Shen et al., 2007; Tufenkji and Elimelech, 2004b,2005].

Attachment efficiency, a, can be calculated using available theoretical or empirical expressions in the litera-

ture. For example, a can be estimated theoretically from Derjaguin-Landau-Verwey-Overbeek (DLVO) theory

[Derjaguin and Landau, 1941; Verwey and Overbeek, 1948] using two approaches: (1) interaction force

boundary layer (IFBL) approach [Spielman and Friedlander, 1974] and (2) Maxwell approach [Hahn and

O’Melia, 2004; Shen et al., 2007, 2010]. IFBL approach predicts particle deposition rate in the primary mini-

mum in the presence of repulsive energy barrier and neglects particle accumulation in the secondary mini-

mum. However, experimental attachment efficiencies (obtained from equation (1), using theoretical value

of g0 and the fitted value of kattðDÞ [Tufenkji and Elimelech, 2004b]) were found to be orders of magnitude

greater than the values predicted by IFBL approach in the presence of repulsive energy barrier [Elimelech

and O’Melia, 1990; Hahn and O’Melia, 2004; Shen et al., 2007]. Although theoretical attachment efficiency is

assumed to be independent of system hydrodynamics, studies have shown that the experimental attach-

ment efficiency decreases with increasing flow velocity [Anders and Chrysikopoulos, 2005; Johnson et al.,

2007a; Keller et al., 2004]. Also, in contrast to the theory, the experimental attachment efficiency is found to

be insensitive to the particle size. The arguments for these deviations are that in IFBL approach certain

important factors, such as the deposition in the secondary minimum, grain roughness and shape, straining,

surface charge heterogeneity of the collector, and hydrodynamic forces, are not accounted for. Shen et al.

[2007] used Maxwell approach to estimate particle attachment efficiency under unfavorable conditions by

considering deposition at both primary and secondary minima. They found that the experimental attach-

ment efficiencies for small colloids (smaller than 30 nm) are in good agreement with the Maxwell
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predictions within 1–1.5 orders of magnitude. But, for large colloids, the experimental attachment efficien-

cies are slightly smaller than Maxwell predictions (within 1.5 orders of magnitude), maybe because of the

assumption that the attachment efficiency is independent of system hydrodynamics, which would be more

pronounced for large colloids [Johnson et al., 2007a; Keller et al., 2004; Shen et al., 2007, 2010]. Later, Shen

et al. [2010] modified the model of Shen et al. [2007] to predict attachment efficiency under unfavorable

conditions by incorporating the effect of system hydrodynamics on colloid deposition at both primary and

secondary minima. This was accomplished via comparison of the adhesive and hydrodynamic torques act-

ing on the colloids deposited at both primary and secondary minima [Shen et al., 2010]. However, the

escape of secondary-minimum-deposited colloids to bulk suspension was not considered. The predictions

from this model were found to be in better agreement with the experimental attachment efficiencies as

compared to the IFBL approach and the Maxwell approach followed by Shen et al. [2007]. Though the Max-

well approach could predict reasonably well the particle deposition under unfavorable conditions with the

incorporation of torque balance [Shen et al., 2010], a quantitative relationship between the attachment effi-

ciency and the various factors affecting it is still not available. Chang and Chan [2008] developed a correla-

tion equation for a under unfavorable conditions using a triangular network model and adopting the

Brownian dynamic simulation method. There, a is calculated as the sum of the contributions from four dep-

osition mechanisms: Brownian diffusion, interception, sedimentation, and DLVO interactions. Though not

mechanistically based, empirical correlation expressions relating the experimental attachment efficiency to

the various dimensionless parameters affecting it are available in the literature [Bai and Tien, 1999; Elimelech,

1992; Park et al., 2012]. However, their applicability is limited to the range of experimental conditions under

which the correlation equations are developed.

Colloid detachment is significant under unfavorable conditions for deposition and may increase the colloid

transport distance. It is observed to depend on flow velocity [Bergendahl and Grasso, 2000; Li et al., 2005;

Tong and Johnson, 2006], solution chemistry [Bergendahl and Grasso, 1999; Compere et al., 2001; Johnson

et al., 2007a; Li et al., 2004, 2005], colloid size [Tong and Johnson, 2006; Wang et al., 2012], and grain size.

Unlike colloid attachment, colloid detachment is not considered in CFT, and there is no predictive model

available to estimate colloid detachment quantitatively.

A comprehensive mechanistic approach is needed to better understand the colloid deposition in porous

media. Pore-scale modeling and the subsequent upscaling to Darcy scale offers a reliable tool to study col-

loid transport in porous media and can be used to derive quantitative relationships between the Darcy-

scale parameters and various pore-scale parameters. In this study, we derive correlation equations for the

average deposition rate coefficients of nanoparticles (radii� 100 nm) in a cylindrical pore in terms of nine

pore-scale parameters: the pore radius, nanoparticle radius, mean flow velocity, solution ionic strength, fluid

viscosity, temperature, fluid dielectric constant, and nanoparticle and collector surface potentials. Such cor-

relation equations are particularly appropriate to be incorporated into pore network models [e.g., Raoof

et al., 2010] to continue upscaling nanoparticle transport to the Darcy scale. The sequence of steps that we

have followed in deriving the correlation expressions are: (1) simulating the transport of nanoparticles in a

cylindrical pore for a range of values of pore-scale parameters, (2) averaging the resulting nanoparticle con-

centration over a moving averaging volume to get the 1-D concentration field, (3) fitting the 1-D nanopar-

ticle concentration field obtained from the pore-scale model against 1-D advection-dispersion equation,

with an equilibrium or kinetic adsorption model, in order to determine the values of pore-averaged deposi-

tion rate coefficients, and (4) developing correlation equations for the average nanoparticle deposition rate

coefficients at pore scale by performing a multiple-linear regression analysis between the pore-averaged

deposition rate coefficients and the nine pore-scale parameters mentioned above.

2. Nanoparticle Transport in a Cylindrical Pore

2.1. Mathematical Model

The mathematical model used in this study to simulate nanoparticle transport at the pore scale is obtained

through modifying the model developed by Seetha et al. [2014], who simulated virus-sized colloid transport

in a cylindrical pore at steady state by solving the full transport equations accounting for advection, diffu-

sion, hydrodynamic wall effects, and colloid-collector surface interactions. Figure 1 represents a cylindrical

pore with radius R and length L through which a dilute suspension of spherical nanoparticles with radius a
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is flowing. Seetha et al. [2014] divided the pore space into three different regions, namely, bulk, diffusion,

and potential regions, based on the dominant processes acting in each of these regions (Figure 1). Nanopar-

ticle transport is governed by advection and diffusion in the bulk region, whereas nanoparticle mobility due

to diffusion is reduced by hydrodynamic wall effects in the diffusion region. Nanoparticle-collector surface

forces dominate the transport in the potential region where nanoparticle deposition occurs. In Figure 1, dD

denotes the position of the interface between the bulk and diffusion regions, and du the position of the

interface between the diffusion and potential regions, both being measured from the surface of the pore.

There, h denotes the separation distance between the nanoparticle and the wall. The entire pore is a single

continuous domain with concentration being continuous across the three different regions. Seetha et al.

[2014] further assumed that (1) the flow is fully developed, laminar and at steady state, (2) particles in the

potential region are effectively immersed in a simple shear flow where the hydrodynamic wall effects are

significant, (3) the suspension is dilute and stable and, hence, interactions between the particles can be

neglected, (4) particles are sufficiently small such that the gravitational and lift forces are neglected [Song

and Elimelech, 1993; Wood et al., 2004; Yao et al., 1971], and (5) the particles and the collector surface are

negatively charged.

The nanoparticle transport in the bulk and diffusion regions is described by the following two advection-

diffusion equations, respectively [Seetha et al., 2014]

@c

@t
5D1

@2c

@r2
1
1

r

@c

@r

� �

1D1
@2c

@z2
2v1

@c

@z
; 0 � r � R2dD (2)

@c

@t
5

@

@r
Drr

@c

@r

� �

1
1

r
Drr

@c

@r
1

@

@z
Dzz

@c

@z

� �

2v1
@c

@z
; R2dD � r � R2du (3)

where c represents the nanoparticle number concentration, D1 is the nanoparticle bulk diffusion coefficient

given by Stoke-Einstein relation as D15ðkBT=6plaÞ, kB is the Boltzmann constant, T is the absolute temper-

ature, l is the dynamic viscosity of water, v1 is the steady state flow velocity given by Poiseuille equation as

v152vm 12 r=Rð Þ2
h i

, and vm is the mean pore water velocity. Drr rð Þ and Dzz rð Þ are, respectively, the position-

dependent particle diffusion coefficients in the radial and axial directions affected by hydrodynamic wall

effects, and are given in section A1. dD is taken as the normal distance from the wall at which Drr50:99D1
[Wood et al., 2004], which is found to be dD � 100a [Song and Elimelech, 1993].

There is exchange of particles between diffusion and potential regions in the radial direction. The rate

expression for this particle flux is [Song and Elimelech, 1993; Wood et al., 2004]

JhðzÞ52Drr

dc

dh
2

Drr

kBT

dU

dh
c (4)

where U is the total interaction energy between the particle and the grain surface calculated using DLVO

theory. Figure 2 shows three different types of interaction energy profile that can exist between the nano-

particle and the grain surface. Type-I energy profile is characterized by two minima separated by an energy

barrier: a primary minimum existing closer to the surface and a secondary minimum existing far away from

Figure 1. Conceptual representation of a pore.
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the surface. Type-II energy profile is char-

acterized by a secondary minimum (and

no primary minimum). Type-III energy

profile is characterized by a single mini-

mum (a primary minimum) existing

closer to the surface. Seetha et al. [2014]

solved the complete transport equation

in the potential region, by accounting

for advection, diffusion, hydrodynamic

wall effects, and colloid-collector interac-

tions (section A2). However, the need for

very fine computational mesh in the

potential region, to capture the shape

and peaks in the interaction energy pro-

file accurately, causes increased compu-

tational times. As the potential region is

very thin (a few hundreds of nano-

meters), one may average the processes

over the thickness of this layer. We build

upon the approach of Ruckenstein and

Prieve [1973] and Spielman and Fried-

lander [1974], who suggested that the

effect of colloidal interaction forces on

the rate of deposition of particles can be

included in the form of boundary condi-

tions for the convective-diffusion equa-

tion in the bulk region at the collector

surface. Hence, the governing equation

for nanoparticle distribution in the

potential region (section A2) is averaged

over the potential region in the radial

direction, resulting in differential equa-

tions for particle accumulation in pri-

mary and secondary minimum regions.

The resulting governing equations for

a Type-I profile are as follows (refer to

Figure 3a)

@s2
@t

52v2 f
0
2

@s2
@z

1kdscjR2du

2ksds22ksps21kpss1

(5a)

@s1
@t

5ksps22kpss1 (5b)

Here s1 [no. L22] and s2 [no. L22] are the average particle concentrations at primary and secondary minima,

respectively, defined as s15
Ð dp2
dp1

c hð Þdh and s25
Ð du
ds

c hð Þdh, dp1 [L], dp2 [L], and ds [L] are defined in Figure

2a, v2 is the average velocity of mobile particles in the secondary minimum region, kds [L T21] is the mass

transfer rate coefficient corresponding to nanoparticle transport from diffusion region to the secondary

minimum region, ksd [T
21] is the mass transfer rate coefficient corresponding to nanoparticle transport from

secondary minimum region to the diffusion region, ksp [T
21] is the mass transfer rate coefficient correspond-

ing to nanoparticle transport from secondary minimum region to the primary minimum region, and kps

[T21] is the mass transfer rate coefficient corresponding to nanoparticle transport from primary minimum

region to the secondary minimum region. We assume that a fraction, f 02, of particles in the secondary mini-

mum region is mobile in the longitudinal direction by advection. The particle velocity in the potential

region is assumed to be given by [Song and Elimelech, 1993]

Figure 2. Types of interaction energy profiles: (a) Type-I (the interaction energy

profile near the secondary minimum is shown in the inset), (b) Type-II, and (c)

Type-III energy profiles.
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v2 rð Þ5f3 rð Þ 4vm R2rð Þ
R

(6)

where f3 is the universal hydrodynamic correction function for the particle velocity along the wall in simple

shear flow [Dahneke, 1974; Warszynski, 2000] and is given in section A1. du is taken as the distance from the

wall at which U � 0:01kBT , so that the interaction energy becomes negligible in the diffusion region. The

expressions for the mass transfer rate coefficients and f 02 are derived in terms of the interaction energy pro-

file and is given in section 2.2.

Particle accumulation in the secondary minimum region for a Type-II energy profile is governed by the fol-

lowing equation (refer to Figure 3b)

@s2
@t

52v2 f
0
2

@s2
@z

1kdsc

�

�

�

�

R2du

2ksds2 (7)

The definitions for s2 , v2 , f
0
2, kds, and ksd are same as that for a Type-I energy profile.

The governing equation for particle accumulation in the potential region for a Type-III energy profile is

(refer to Figure 3c)

@s1
@t

52v1 f
0
1

@s1
@z

1kdpc

�

�

�

�

R2du

2kpds1 (8)

where s1 [no. L22] is the average particle concentration at primary minimum defined as s15
Ð du
dp

c hð Þdh, dp
[L] is defined in Figure 2c, v1 [LT21] is the average velocity of mobile particles in the potential region, f 01 is

the fraction of particles in the primary minimum region that are mobile in the longitudinal direction by

advection, kdp [LT
21] is the mass transfer rate coefficient for nanoparticle transport from diffusion region to

the primary minimum region, and kpd [T21] is the mass transfer rate coefficient for nanoparticle transport

from primary minimum region to the diffusion region.

2.2. Mass Transfer Rate Coefficients and Torque Balance

In this section, we derive expressions for the mass transfer rate coefficients, kds, ksd , ksp, kps, kdp, and kpd in

terms of the interaction energy profile. The expressions for the fraction of mobile particles in the secondary

minimum, f2
’ (for Type-I and Type-II energy profiles), and primary minimum, f1

’ (for a Type-III energy profile)

are derived by performing a balance of hydrodynamic and adhesive torques acting on particles in the

potential region.

2.2.1. Expressions for Mass Transfer Rate Coefficients

The expressions for the mass transfer rate coefficients, ksp and kps, for a Type-I energy profile were derived

by Ruckenstein [1978]. Ruckenstein [1978] assumed that in the presence of an energy barrier, the relaxation

time needed to reach equilibrium distribution at the primary and secondary minima of a Type-I energy pro-

file is short compared to the time during which the concentration of the particles at the minima changes

appreciably. Hence, a Boltzmann distribution (JhðzÞ50 in equation (4)) is valid for the concentration of par-

ticles in the secondary and primary minima. The resulting concentration distributions at the secondary

(equation (9a)) and primary minima (equation (9b)) for a Type-I energy profile are

Figure 3. Mass transfer rate coefficients for nanoparticle deposition for (a) Type-I, (b) Type-II, and (c) Type-III energy profiles.
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cðhÞ5 s2e
2U=kBT

ðdu

ds

e2U=kBTdh

(9a)

cðhÞ5 s1e
2U=kBT

ðdp2

dp1

e2U=kBTdh

(9b)

Expressions for the mass transfer rate coefficients, ksp and kps , assuming quasi steady state conditions across

the energy barrier (equation (4)), were derived as [Ruckenstein, 1978]

ksp5
1

ðdu

ds

e2U=kBTdh

1
ðds

dp2

eU=kBT

DðhÞ dh

kps5
1

ðdp2

dp1

e2U=kBTdh

1
ðds

dp2

eU=kBT

DðhÞ dh

(10)

The expressions for the mass transfer rate coefficients, kds and ksd , for a Type-I energy profile can be derived

by equating the flux at the diffusion region-potential region interface

JrðzÞ52D
dc

dr

�

�

�

�

R2du

5D
dc

dh

�

�

�

�

R2du

1
D

kBT

dU

dh

�

�

�

�

R2du

c

�

�

�

�

R2du

(11)

Substituting for dc
dh

from equation (9a) in equation (11), we obtain the following expression (equation (12))

for the flux at the diffusion region-potential region interface with the corresponding expressions for kds and

ksd as given in equation (13).

2D
dc

dr

�

�

�

�

R2du

52ksds21kdscjR2du
(12)

kds5
D
�

�

du

KBT

dU

dh

�

�

�

�

du

ksd5
D
�

�

du
ðdu

ds

e2U=kBTdh

dU

dh

�

�

�

�

du

e2U=kBT jdu
kBT

(13)

2.2.2. Torque Balance

Colloid immobilization on the grain surface depends on the pore structure, pore size, flow velocity, solution

chemistry, colloid size, and surface roughness [Bergendahl and Grasso, 1999, 2000; Bradford et al., 2011,

2013; Torkzaban et al., 2007]. Pore-scale visualization studies performed by Kuznar and Elimelech [2007]

revealed that the particles attached in the secondary minimum translate along the collector surface due to

hydrodynamic forces and get trapped in the rear stagnation point of the spherical collector grain where the

hydrodynamic force is nil. Bergendahl and Grasso [2000] performed column experiments to show that the

particles attached in the primary minimum can be detached via hydrodynamic shear by increasing the flow

velocity. Johnson et al. [2007a] used torque balance calculations to show that the colloids deposited in the

primary and secondary minima are vulnerable to hydrodynamic drag and can get detached. Lifting, sliding,

and rolling are the hydrodynamic processes responsible for colloid detachment from the grain surface

[Bergendahl and Grasso, 2000]. Rolling is often the dominant hydrodynamic mechanism for colloid detach-

ment from the grain surface under laminar flow conditions [Bergendahl and Grasso, 2000; Bradford et al.,

2011]. Hence, the fraction of mobile (or immobile) nanoparticles in the potential region can be found by

performing a balance of hydrodynamic (TH) and adhesive (TA) torques for the particles in the potential

region [Bergendahl and Grasso, 2000; Bradford et al., 2011, 2013; Johnson et al., 2007a; Torkzaban et al.,

2007]. We followed the approach of Bradford et al. [2013] for performing the torque balance calculations, as

briefly described below.

Figure 4 shows the forces and torques acting on a deformed particle adjacent to a smooth and chemically

homogeneous surface. In this figure, a0 is the radius of the nanoparticle-surface contact area due to particle

deformation, which arises from adhesive force, FA5
@U
@h , and is found as a05

4FAa
K

� �1=3
using JKR theory

[Bradford et al., 2011, 2013; Johnson et al., 1971, 2007a]. Here K5 4
3p

12t2
nanoparticle

pEnanoparticle
1

12t2
wall

pEwall

h i21

is the composite

Young’s modulus [Johnson et al., 1971, 2007a], t is the Poisson ratio, and E is the Young’s modulus. The

adhesive torque acting on the particle is TA5FAa0 [Bradford et al., 2011, 2013; Torkzaban et al., 2007]. The
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fluid flow creates a drag force, FD, acting on the nanoparticles, which is calculated as [Bradford et al., 2013;

Duffadar and Davis, 2008; Goldman et al., 1967; O’ Neill, 1968]

FD56pla
@v

@h

� �

ðh1aÞFD� (14)

where FD
�
5

1:711:022h
a

111:046h
a
20:0015 h

að Þ2
is a dimensionless function that accounts for the wall effects [Bradford et al.,

2013; Duffadar and Davis, 2008]. The fluid velocity also creates a moment about the center of the particle,

given as [Goldman et al., 1967]

ME54pla3
@v

@h

� �

ME
� (15)

where ME
�
50:055½18:2772e21:423h

a� is a dimensionless function [Bradford et al., 2013; Duffadar and Davis,

2008]. The hydrodynamic torque acting on the particle at a distance of h from the wall is TH5FDlH1ME

[Bradford et al., 2013], where lH5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a22a02
p

is the lever arm. Nanoparticles are mobile in the region where

TH > TA and nanoparticles are immobile in the region where TH � TA [Bergendahl and Grasso, 2000;

Bradford et al., 2011, 2013; Johnson et al., 2007a; Torkzaban et al., 2007]. The fraction of mobile particles

accumulated in the secondary minimum region of a Type-I energy profile is then calculated as

f 025

ð

du

ds
0

e2U=kBTdh

�
ð

du

ds

e2U=kBTdh (16)

where ds
0
is the distance from the collector surface beyond which particles are mobile in the secondary min-

imum region, found from the torque balance calculations. For the range of values of parameters considered

in this study, torque balance calculations revealed that the particles in the primary minimum region of a

Type-I energy profile are immobile. The expressions for kds, ksd , and f 02 for a Type-II energy profile are same

as that given in equations (13) and (16).

Figure 4. Forces and torques acting on a particle near to the collector surface (inspired from Bradford et al. [2013, Figure 1]).

Water Resources Research 10.1002/2015WR017723

SEETHA ET AL. DEPOSITION RATE COEFFICIENTS OF NANOPARTICLES 8041



Following the same approach described above, the expressions for kdp , kpd , and f 01 for a Type-III energy pro-

file are derived and are given in equation (17).

kdp5
Djdu
KBT

dU

dh

�

�

�

�

du

kpd5
Djdu

ð

du

dp

e2U=kBTdh

dU

dh

�

�

�

�

du

e2U=kBT jdu
kBT

f 015

ð

du

dp0

e2U=kBTdh=

ð

du

dp

e2U=kBTdh (17)

where dp0 is the distance from the grain surface beyond which particles are mobile in the potential region,

found from the torque balance calculations.

2.3. Interaction Energy Calculation

The total interaction energy between the nanoparticle and the collector is calculated using DLVO theory

and is expressed as the sum of electrostatic double layer repulsive energy, London-van der Waals interac-

tion energy and Born potential energy by treating the particle-collector system as a sphere-plate interaction

[Loveland et al., 1996; Wood et al., 2004]. The total dimensionless interaction energy, U�, is given as

U
�
5

U

kBT
5

UEDL

kBT
1
UVDW

kBT
1

UBorn

kBT
(18)

where UEDL is the electric double layer energy, UVDW is the London-van der Waals energy, and UBorn is the

Born potential energy.

The electrostatic double layer energy is calculated by assuming constant surface potentials on nanoparticle

and collector using the dimensionless form of Hogg-Healy-Fuerstenau (HHF) expression [Hogg et al., 1966]

given by Rajagopalan and Kim [1981]. The expression is given in section A3, which contains three dimen-

sionless parameters, NE1, NE2, and NDL, given as

NE15
pee0a w2

11w2
2

� �

kBT
; NE25

2ðw1=w2Þ
11 w1=w2ð Þ2

; NDL5ja (19)

Here w1 and w2 are the surface potentials on the nanoparticle and collector, respectively, e is the dielectric

constant of water, e0 is the permittivity of vacuum, j5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2000NAIe2=ee0kBT
p

is the inverse Debye-Huckel

length, NA is Avogadro number, I is the solution ionic strength, and e is the elementary charge. NE1, NE2, and

NDL are the dimensionless parameters representing the magnitudes of surface potentials, the ratio of surface

potentials, and the ratio of particle radius to double layer thickness, respectively [Rajagopalan and Kim, 1981].

HHF formula is valid for 1:1 electrolytes when NDL > 5 and w1 and w2 < 60 mV. London-van der Waals interac-

tion energy is calculated using the expression derived by Gregory [1981] for retarded sphere-plate interaction

for h� � 0:2 and Czarnecki’s expression [Gregory, 1981] for h� > 0:2. The expressions for London-van der

Waals interaction energy are given in section A3, and they contain two parameters, namely, k�5k=a and H,

where k is the characteristic wavelength of the interaction, usually taken as 100 nm, and H is the Hamaker

constant. Born potential energy is calculated using the expression given by Ruckenstein and Prieve [1976] (sec-

tion A3) which contains a parameter r�5r=a, where r is the collision diameter, usually assumed as 0.5 nm.

2.4. Nondimensionalization of the Governing Equations

The governing equations are nondimensionalized using the following dimensionless variables

c�5
c

c0
; r�5

r

R
; z�5

z

R
; t�5

tvm

R
; s1

�
5

s1

c0R
; s2

�
5

s2

c0R
(20)

where c0 is the nanoparticle concentration at z50. The following dimensionless parameters are also used in

the dimensional analysis

Pe5
vmR

D1
; A5

a

R
; Dads5

kds

vm
; Dasd5

ksdR

vm
; Dasp5

kspR

vm
; Daps5

kpsR

vm
; Dadp5

kdp

vm
; Dapd5

kpdR

vm

(21)

where Pe is the P�eclet number (ratio of the rate of advective transport to the rate of diffusive transport), A is

the interception parameter (ratio of nanoparticle radius to pore radius), Dads, Dasd , Dasp, Daps, Dadp, and
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Dapd are the various Damk€ohler numbers (ratio of adsorption rate to the rate of advective transport) corre-

sponding to kds, ksd , ksp, kps, kdp , and kpd , respectively. The governing equations (2), (3), (5), (7), and (8) can

be rewritten in terms of the dimensionless variables and parameters as follows

@c�

@t�
5

1

Pe

1

r�
@

@r�
r�
@c�

@r�

� �

1
1

Pe

@2c�

@z�2 22 12r�
2

h i @c�

@z�
; 0 � r� � 12dD

� (22)

@c�

@t�
5

1

Pe

1

r�
@

@r�
r�f1 r�ð Þ @c

�

@r�

� �

1
1

Pe

@

@z�
f4 r�ð Þ @c

�

@z�

� �

22 12r�
2

h i @c�

@z�
; 12dD

� � r� � 12d�u (23)

@s2
�

@t�
52v2

�f 02
@s2

�

@z�
1Dadsc

�
�

�

�

�

12d�u

2Dasds2
�
2Dasps2

�
1Dapss1

� (24a)

@s1
�

@t�
5Dasps2

�
2Dapss1

� (24b)

@s2
�

@t�
52v2

�f 02
@s2

�

@z�
1Dadsc

�
�

�

�

�

12d�u

2Dasds2
� (25)

@s1
�

@t
52v1

�f 01
@s1

�

@z�
1Dadpc

�
�

�

�

�

12d�u

2Dapds1
� (26)

2.5. Solution of the Governing Equations

Equations (22)–(26) constitute the complete set of coupled equations governing the transport of nanopar-

ticles in a cylindrical pore, with equations (24)–(26) describing, respectively, the nanoparticle deposition for

Type-I, Type-II, and Type-III energy profiles. The governing equations are solved subject to the following ini-

tial and boundary conditions

c� r�; z�; 0ð Þ50; s1
�ðz�; 0Þ5s2

�ðz�; 0Þ50 (27)

c� r�; 0; t�ð Þ5
1;

0;

t� � t�in

t� > t�in

; s1
�ð0; t�Þ5s2

�ð0; t�Þ50

8

<

:

(28)

@c�

@z�
r�; L�; t�ð Þ50 (29)

@c�

@r�
0; z�; t�ð Þ50 (30)

where t�in is the duration of the input pulse (dimensionless) and L� is the dimensionless length of the pore.

Equation (27) indicates that there is no particle present inside the pore initially. Equations (28) and (29) rep-

resent the Dirichlet and Neumann boundary conditions at the inlet and the outlet of the pore, respectively.

Equation (30) represents the zero flux condition across the tube center due to axial symmetry.

At the diffusion region-potential region interface, flux continuity is ensured by imposing the following inter-

face condition

2
f1 r�ð Þ
Pe

@c�

@r�

�

�

�

�

12d�u

52Dadsc
�j12d�u

1Dasds2
� for Type-I and Type-II energy profiles (31a)

2
f1 r�ð Þ
Pe

@c�

@r�

�

�

�

�

12d�u

52Dadpc
�j12d�u

1Dapds1
� for a Type-III energy profile (31b)

Governing equations (22)–(26) subject to the initial and boundary conditions (27)–(31) are solved numeri-

cally using COMSOL Multiphysics software which uses Galerkin Finite Element Method.

The nanoparticle concentration obtained from the pore-scale model is averaged over a moving averaging vol-

ume within the pore to obtain the 1-D nanoparticle concentration field (as a function of distance). The nano-

particle breakthrough concentration, �c�, is obtained by averaging the concentration of mobile nanoparticles
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over the averaging volume. Similarly, the

average attached concentration, �s�, is

obtained by averaging the concentration

of immobile nanoparticles over the surface

of the pore within the moving averaging

volume.

2.6. Pore-Scale Parameters Governing

Nanoparticle Transport

The six dimensionless pore-scale parame-

ters involved in the model are NE1, NE2,

NDL, Pe, A, and k�. The definitions and the

physical interpretation of these dimen-

sionless parameters are given in Table 1.

2.7. Model Verification

In order to verify our formulation of nanoparticle transport in the potential region (i.e., equations (24)–(26))

and interface conditions (equation (31)), the solution of equations (22)–(26) is compared with the model of

Seetha et al. [2014], who solved the full transport equation for virus-sized colloids in a cylindrical pore. In par-

ticular, we compared averaged breakthrough curves and attached concentration curves obtained from the

two models. For the model verification, all particles in the potential region are assumed to be immobile

(f 015f 0250). The parameter values are chosen to be k�5 2, A5 0.001, NE2 5 1, NDL 5 25, Pe5 5, and (a)

NE1 5 10 for a Type-I energy profile or (b) NE1 5 40 for a Type-II energy profile. The values of the other model

parameters which remain constant for all simulations are given in Table 2. Figure 5 compares the nanoparticle

breakthrough curve and the average attached concentration curve obtained from our model with that of See-

tha et al. [2014]. The good agreement between the two models verifies the accuracy of the expressions for

the average mass transfer rate coefficients (equations (10), (13), and (16)) used in this work.

3. Modeling Average (1-D) Nanoparticle Transport in a Single Pore

The nanoparticle transport at 1-D pore scale is described using advection-dispersion-adsorption equation.

The nanoparticle attachment is modeled either as equilibrium adsorption (equation (32)) or as kinetic

adsorption (equation (33)).

Rf
@�c�

@t�
5

1

Peð1DÞ

@2�c�

@z�2
2�v�

@�c�

@z�
(32a)

�s�5KD
’�c� (32b)

@�c�

@t�
5

1

Peð1DÞ

@2�c�

@z�2
2�v�

@�c�

@z�
2Daatt�c

�
12Dadet�s

� (33a)

@�s�

@t�
5
Daatt

2
�c�2Dadet�s

� (33b)

where Rf5112k0D is the retardation factor, K 0
D

5KD=R is the dimensionless equilibrium distri-

bution coefficient, KD [L] is the equilibrium

distribution coefficient, Peð1DÞ5vmR=DL5 Pe=

11 1
48
Pe2ð122du

�Þ2
h i

is the 1-D P�eclet num-

ber, DL is the pore-scale dispersion coefficient

calculated using the expression derived by

James and Chrysikopoulos [2003] as DL5

D1 11 1
48
Pe2ð122du

�Þ2
h i

, �v� is the average

velocity of mobile particles, Daatt5kattR=vm is

the Damk€ohler number corresponding to the

Table 1. Pore-Scale Parameters

Parameter Definition Interpretation

NE1
pee0a w2

11w2
2ð Þ

kBT
Represents the magnitudes

of surface potentials

NE2
2ðw1=w2Þ

11 w1=w2ð Þ2
Ratio of surface potentials

NDL ja Ratio of nanoparticle radius

to double layer thickness

Pe vmR
D1

P�eclet number

A a
R

Interception parameter

k� k=a Ratio of characteristic

wavelength of interaction

to the nanoparticle radius

Table 2. Other Model Parameters Used in the Simulations

Dimensional Parameter Value

Permittivity of vacuum, e0 8.85419 3 10212 C2/J/m

Collision diameter, r 0.5 nm

Characteristic wavelength, k 100 nm

Boltzmann constant, KB 1.38 3 10223 J/K

Avogadro number, NA 6.023 3 1023

Electron charge, e 1.6 3 10219 C

Poisson ratio of nanoparticle, m1 0.3

Poisson ratio of collector, m2 0.2

Young’s modulus of nanoparticle, E1 1 GPa

Young’s modulus of collector, E2 50 GPa
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rate coefficient for nanoparticle attachment to the pore wall, Dadet5kdetR=vm is the Damk€ohler number cor-

responding to the rate coefficient for nanoparticle detachment from the pore wall, and katt [T
21] and kdet

[T21] are the average rate coefficients for nanoparticle attachment and detachment at pore scale.

The values of the average nanoparticle deposition coefficients at pore scale (K 0
D in the case of an equilibrium

model, and Daatt and Dadet in the case of a kinetic model) are estimated by fitting the nanoparticle BTC (or the

average attached concentration curve) obtained from the pore-scale model (section 2) against 1-D advection-

dispersion-adsorption model (equation (32) or (33)). These equations are solved numerically using an alternating

three-step operator splitting approach [Barry et al., 2000; Gasda et al., 2011; Kaluarachchi and Morshed, 1995; See-

tha et al., 2015]. This method is based on splitting the coupled set of governing equations into advection, disper-

sion, and reaction operators which are then solved sequentially over the first half of each time step with the

order of the solution of the advection, dispersion, and reaction operators switched in the second half of each

time step [Seetha et al., 2015]. An explicit finite volume method based on Monotone Upwind Schemes for Con-

servation Laws is used to solve advective part which is globally second-order accurate and non-oscillatory [Putti

et al., 1990; Ratha et al., 2009; Soraganvi and Mohan Kumar, 2009]. We use a second-order Godunov-type

scheme with a minmod limiter for the piecewise linear interpolation of concentration in each cell for calculating

the advective flux at the cell interfaces, and Hancock’s scheme for time splitting which is a two-step second-

order accurate explicit scheme [Putti et al., 1990; Ratha et al., 2009; Soraganvi and Mohan Kumar, 2009]. The sta-

bility of the above scheme depends on Courant number, cu5
vDt
Dz
, which should be less than 1. The dispersive

part is solved using a fully implicit finite difference method, and the reaction part using a fourth-order Runge-

Kutta method. The conditions for nanoparticle deposition are said to be favorable when the average attachment

rate coefficient is greater than the average detachment rate coefficient and unfavorable vice versa.

Figure 6 shows the nanoparticle BTC and the attached concentration curve obtained from the pore-scale

model for a cylindrical pore and the corresponding fitted curves from the 1-D model with kinetic adsorption

Figure 5. Comparison of the (left column) nanoparticle BTCs and (right column) attached concentration curves obtained from model developed in this study (solid lines) with that of

Seetha et al. [2014] (hollow circles) for (a and b) Type-I and (c and d) Type-II energy profiles.
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(equation (33)). It can be seen that the 1-

D model accurately fits the BTC and the

attached concentration curve.

4. Average Deposition Rate

Coefficients Versus Pore-Scale

Parameters

Figure 7 shows the effect of various

pore-scale parameters on the equilib-

rium adsorption rate coefficient at pore

scale. Unless otherwise specified, the

parameter values used in the simulations

are k� 5 5, Pe5 0.05, A5 0.001, NE1 5 40,

NE2 5 1, and NDL 5 50. For these set of

parameter values, an equilibrium model

best describes nanoparticle deposition

onto the pore surface. NE2 is found to

have negligible effect on the average

deposition rate coefficients, for the

range of parameter values considered in

this study. Hence, its variation is not con-

sidered in the development of the corre-

lation equations (section 5). This is also

supported by the triangular network

simulation results of Chang and Chan

[2008] for colloid transport, who found

that for nanoparticles, the collision efficiency is least affected by the parameter NE2. The effect of various

pore-scale parameters on the colloid concentration at steady state and the favorability of the surface for

adsorption have been previously explained by Seetha et al. [2014]. In this paper, applying transient simula-

tions, we explore how various pore-scale parameters affect the deposition rate coefficients.

As NE1 increases, the electrostatic repulsion between the nanoparticle and the grain surface increases. This

reduces the primary and secondary minimum depth and increases the height of the energy barrier making

the conditions less favorable for particle deposition. As a result, K 0
D decreases with increasing NE1 (Figure

7a). The diffuse double layers around the particle and collector get compressed with increasing NDL, leading

to a reduction in the repulsive double layer forces, which in turn increases the depth of primary and second-

ary minima and decreases the height of the energy barrier. Hence, the favorability of the surface for adsorp-

tion increases with increasing NDL and as a result, K 0
D increases (Figure 7b). As Pe increases, advection

dominance increases, reducing the rate of particle transfer to the potential region by transverse diffusion.

Hence, K 0
D decreases with increasing Pe (Figure 7c). Furthermore, K 0

D increases with increasing A (Figure 7d)

and k� (Figure 7e). The reasons behind these observed trends are explained using the dimensional expres-

sions for the deposition rate coefficients in the following paragraphs.

5. Correlation Equations for Deposition Rate Coefficients at Pore Scale

Pore-scale simulations for nanoparticle transport are performed for a range of values of pore-scale parameters

selected from the literature (Table 3). The favorability of the surface for deposition is dictated by the magni-

tudes of peaks in the DLVO energy profile (which is a function of NE1, NE2, NDL, and k�), Pe and A [Seetha et al.,

2014]. In order to cover an adequate range of DLVO energy profiles describing the favorable and unfavorable

conditions, the pore-scale simulations are performed for various combinations of the pore-scale parameter

values, which resulted in a total of 1350 pore-scale simulations. In all simulations, the input nanoparticle pulse

is applied for five pore volumes (PVs), followed by particle-free solution for another five PVs.

The estimated values of the average nanoparticle deposition parameters (K 0
D or Daatt and Dadet) obtained

from above mentioned pore-scale simulations formed the data set that was used to develop correlation

Figure 6. Comparison of (a) nanoparticle BTC and (b) attached concentration

curve obtained from the pore-scale model (circles) and the 1-D pore-scale

model (solid line) for k�5 2, A5 0.001, Pe5 5, NE1 5 10, NE2 5 1, and NDL 5 25.
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equations (equations (34) and (35)) for the pore-averaged deposition rate coefficients (K 0
D or Daatt and

Dadet) in terms of the five pore-scale parameters (NE1, NDL, Pe, A, and k�).

KD
0
5p1NE1

p2NDL
p3Pep4Ap5k�p6 (34)

DaðattÞ5q1NE1
q2NDL

q3Peq4Aq5k�q6 (35a)

DaðdetÞ5r1NE1
r2NDL

r3Per4exp r5Að Þk�r6 (35b)

In equations (34) and (35), pi, qi, and ri (i5 1, 2, . . .. 6) are the

coefficients in the correlation equations for K 0
D, Daatt , and

Dadet , respectively. The values of these coefficients are esti-

mated by regressing the logarithm of the dimensionless

pore-scale parameters against the logarithm of the estimated

nanoparticle deposition parameters.

Figure 7. Effect of various pore-scale parameters, (a) NE1, (b) NDL, (c) Pe, (d) A, and (e) k*, on equilibrium adsorption coefficient (solid line: fitted values from the 1-D pore-scale model, dot-

ted line: predicted values from the correlation equation).

Table 3. Range of Parameter Values Used in the

Simulationsa

Parameter Value

NE1 1–400

NE2 0.8–1

NDL 5.5–100

Pe 0.05–50

A 0.00004–0.01

k� 1–10

aThe sources for these values are referred in

Seetha et al. [2014].
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Based on the nanoparticle size, the data are classified into three groups: Group I (k� � 5), Group II

(2� k� < 5), and Group III (1� k� < 2). Correlation equations for each group could be found only under

unfavorable conditions for deposition. In this study, pore-scale simulations are performed for three values

of P�eclet number, Pe5 0.05, 5, and 50. Under unfavorable conditions, nanoparticle deposition onto the

pore wall is best described by (a) an equilibrium model at low P�eclet numbers (Pe5 0.05) and (b) a kinetic

model at high P�eclet numbers (Pe5 50). But, there seems to be an intermediate range (around Pe5 5),

where both equilibrium and kinetic models fit the 1-D concentration field.

The estimated values of coefficients in equations (34) and (35) for the three nanoparticle groups are given

in Tables 4–6. Figure 7 compares the estimated deposition rate coefficients from the pore-scale model with

that predicted by the correlation expressions (equations (34) and (35)). It can be seen that there is a reason-

able agreement between the calculated values and those calculated by the correlation equation. Equations

(34) and (35) can be written in dimensional form, which results in correlation equations for KD, katt, and kdet
in terms of nine dimensional pore-scale parameters (e, T , l, w1, w2, I, vm, R, and a) as

KD5m1e
2m2Tm3l2m4 w1

2
1w2

2
� �2m5

Im6vm
2m7Rm8am9 (36)

katt5n1e
2n2Tn3l2n4 w1

2
1w2

2
� �2n5

In6vm
2n7R2n8a2n9 (37a)

kdet5o1e
o2To3l2o4 w1

2
1w2

2
� �o5

I2o6vm
o7R2o8a2o9exp 2o10 a=Rð Þð Þ (37b)

In equations (36) and (37), mi, ni, and oj (i5 1, 2, . . .. 9; j5 1, 2, . . .. 10) are constants, whose values are given

in Tables 4–6. Values of coefficients m1, n1, and o1 depend on NA, kB, e, e0, and k, as given below

m15p1p
p21p42000

p3 =26p4 NA
0:5p3kB

2 p210:5p31p4ð Þep3e0
p220:5p3kp6

h i

(38)

n15q1p
q21q42000

q3 =26q4 NA
0:5q3kB

2 q210:5q31q4ð Þeq3e0
q220:5q3kq6

h i

(39)

o15r1p
r21r42000

r3 =26r4 NA
0:5r3kB

2 r210:5r31r4ð Þer3e0
r220:5r3kr6

h i

(40)

In deriving the correlation equations, we have assumed that the collector surface is smooth and chemically

homogeneous. The correlation equations predict katt � kdet, which is in contrast with some experimentally

observed colloid retentions under unfavorable conditions. This implies that processes other than

Table 4. Values of Coefficients in the Correlation Equations for the Deposition Rate Coefficients of Group I Nanoparticles

Favorability Unfavorable (NE1 < 10) Unfavorable (NE1 � 10)

Pe � 5 >5 � 5 >5

A � 0:01 � 0:001 >0:001 � 0:01 � 0:001 >0:001

Coefficients of

dimensionless

expressiona

p1 1.103 q1 0.099 r1 0.873 q1 1.161 3 1025 r1 0.873 p1 0.043 q1 7.927 3 1023 r1 4.896 q1 1.193 3 1027 r1 4.896

p2 20.659 q2 20.762 r2 0.426 q2 20.748 r2 0.426 p2 20.078 q2 20.109 r2 0.026 q2 20.162 r2 0.026

p3 0.443 q3 0.561 r3 20.207 q3 0.737 r3 20.207 p3 0.333 q3 0.442 r3 20.149 q3 0.679 r3 20.149

p4 20.137 q4 21.176 r4 20.812 q4 20.981 r4 20.812 p4 20.161 q4 21.221 r4 20.737 q4 21.043 r4 20.737

p5 0.686 q5 0.134 r5 2480 q5 20.916 r5 2480 p5 0.681 q5 0.206 r5 2412 q5 21.039 r5 2412

p6 20.963 q6 20.725 r6 1.128 q6 20.505 r6 1.128 p6 0.268 q6 0.523 r6 0.355 q6 1.078 r6 0.355

%RMSE 8.8 10.2 58.3 10.2 58.3 3.08 4.8 61.5 3.5 61.5

R2 0.85 0.83 0.86 0.92 0.86 0.98 0.94 0.88 0.99 0.88

Coefficients of

dimensional

expressionb

m2 0.88 n2 1.042 o2 0.529 n2 1.117 o2 0.529 m2 0.244 n2 0.33 o2 0.100 n2 0.502 o2 0.101

m3 0.574 n3 1.657 o3 0.489 n3 1.36 o3 0.489 m3 0.072 n3 1.109 o3 0.786 n3 0.865 o3 0.786

m4 0.137 n4 1.176 o4 0.812 n4 0.981 o4 0.812 m4 0.161 n4 1.221 o4 0.737 n4 1.043 o4 0.737

m5 0.658 n5 0.762 o5 0.426 n5 0.748 o5 0.426 m5 0.077 n5 0.109 o5 0.026 n5 0.162 o5 0.026

m6 0.221 n6 0.280 o6 0.103 n6 0.369 o6 0.103 m6 0.166 n6 0.221 o6 0.075 n6 0.340 o6 0.075

m7 0.137 n7 0.176 o7 0.188 n7 20.019 o7 0.188 m7 0.161 n7 0.221 o7 0.263 n7 0.043 o7 0.263

m8 0.177 n8 2.31 o8 1.812 n8 1.065 o8 1.812 m8 0.158 n8 2.427 o8 1.737 n8 1.004 o8 1.737

m9 1.296 n9 0.518 o9 1.721 n9 1.403 o9 1.721 m9 0.507 n9 1.205 o9 1.216 n9 2.642 o9 1.216

o10 480 o10 480 o10 412 o10 412

aCoefficients in equations (34) and (35).
bCoefficients in equations (36) and (37).
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nanoparticle-collector interactions, such as, physical and chemical heterogeneity of the nanoparticle and

grain surface and the presence of stagnation points play a dominant role in nanoparticle deposition under

unfavorable conditions. Though our model does not account for nanoparticle and grain surface roughness,

the correlation equations show the contribution of various pore-scale parameters on nanoparticle deposi-

tion under unfavorable conditions.

6. Comparison With Experimental Data

In this section, first we explain in detail how deposition coefficients, KD, katt, and kdet, vary with the nine

pore-scale parameters as predicted by the correlation equations (36) and (37). Then, whenever possible, we

Table 5. Values of Coefficients in the Correlation Equations for the Deposition Rate Coefficients of Group II Nanoparticles

Favorability Unfavorable (NE1 � 20)

Pe � 5 >5

A � 0:01 � 0:001 >0:001

Coefficients of

dimensionless

expressiona

p1 0.026 q1 0.049 r1 22.269 q1 2.878 3 1026 r1 22.269

p2 20.078 q2 20.113 r2 0.006 q2 20.182 r2 0.006

p3 0.321 q3 0.395 r3 20.116 q3 0.701 r3 20.116

p4 20.165 q4 21.247 r4 20.816 q4 21.068 r4 20.816

p5 0.655 q5 0.299 r5 2413 q5 21.034 r5 2413

p6 0.474 q6 0.045 r6 20.489 q6 20.892 r6 20.489

%RMSE 2.7 4.8 72 4 72

R2 0.98 0.94 0.92 0.98 0.92

Coefficients of

dimensional

expressionb

m2 0.238 n2 0.311 o2 0.064 n2 0.533 o2 0.064

m3 0.082 n3 1.162 o3 0.868 n3 0.899 o3 0.868

m4 0.165 n4 1.247 o4 0.816 n4 1.068 o4 0.816

m5 0.078 n5 0.113 o5 0.006 n5 0.182 o5 0.006

m6 0.161 n6 0.197 o6 0.058 n6 0.351 o6 0.058

m7 0.165 n7 0.247 o7 0.184 n7 0.068 o7 0.184

m8 0.180 n8 2.546 o8 1.816 n8 1.034 o8 1.816

m9 0.260 n9 0.711 o9 0.437 n9 0.69 o9 0.437

o10 413 o10 413

aCoefficients in equations (34) and (35).
bCoefficients in equations (36) and (37).

Table 6. Values of Coefficients in the Correlation Equations for the Deposition Rate Coefficients of Group III Nanoparticles

Favorability Unfavorable (NE1 � 40)

Pe � 5 >5

A � 0:01 � 0:001 >0:001

Coefficients of

dimensionless

expressiona

p1 1.248 3 1022 q1 4.387 3 1022 r1 12.809 q1 3.6363 1027 r1 12.809

p2 20.054 q2 20.084 r2 0.008 q2 20.132 r2 0.008

p3 0.364 q3 0.449 r3 20.034 q3 0.725 r3 20.034

p4 20.179 q4 21.263 r4 20.905 q4 21.094 r4 20.905

p5 0.611 q5 0.384 r5 2439 q5 21.069 r5 2439

p6 0.536 q6 0.775 r6 0.196 q6 1.280 r6 0.196

%RMSE 2.83 3.34 58.34 3.25 58.34

R2 0.98 0.97 0.98 0.99 0.98

Coefficients of

dimensional

expressionb

m2 0.236 n2 0.308 o2 0.025 n2 0.495 o2 0.025

m3 0.051 n3 1.122 o3 0.914 n3 0.864 o3 0.914

m4 0.179 n4 1.263 o4 0.905 n4 1.094 o4 0.905

m5 0.054 n5 0.084 o5 0.008 n5 0.132 o5 0.008

m6 0.182 n6 0.224 o6 0.017 n6 0.363 o6 0.017

m7 0.179 n7 0.263 o7 0.095 n7 0.094 o7 0.095

m8 0.210 n8 2.646 o8 1.905 n8 1.025 o8 1.905

m9 0.205 n9 1.289 o9 1.126 n9 2.851 o9 1.126

o10 439 o10 439

aCoefficients in equations (34) and (35).
bCoefficients in equations (36) and (37).
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compare the predicted trends with the observed behaviors from the column-scale and pore-scale

experiments.

When the dielectric constant of the solution increases, the electrostatic double layer repulsive force

between the particle and the collector increases. Hence, nanoparticle deposition decreases, resulting in

decreasing KD and katt and increasing kdet (equations (36) and (37) and Tables 4–6).

Equations (36) and (37) together with Tables 4–6 show that KD and katt increase, and kdet decreases with

increasing temperature. As temperature increases, the solution viscosity decreases and, hence, the particle

diffusion coefficient increases, thereby increasing the rate of particle transfer to the potential region. Also,

with increasing temperature, the surface potentials of the particle and the surface, and the dielectric con-

stant of the solution decrease [Adamczyk, 2006; Rodriguez and Araujo, 2006; Yan et al., 2015], and the inverse

Debye length decreases, thus reducing the electrostatic repulsive force between the particle and the collec-

tor. Thus, deeper minima, lesser energy barrier together with increased particle transfer to the wall region

results in an increase in the particle deposition with increasing temperature. This finding is consistent with

the experimental observations available in the literature [Chrysikopoulos and Aravantinou, 2014; Syngouna

and Chrysikopoulos, 2010; Yan et al., 2015]. Chrysikopoulos and Aravantinou [2014] found from batch experi-

ments under static conditions that temperature significantly affects virus attachment, and the attachment

increased with increasing temperature. They found that the Freundlich isotherm fitted the data and the

Freundlich constant of MS2 and UX174 onto quartz sand was greater at 208C than at 48C. Syngouna and

Chrysikopoulos [2010] conducted batch experiments to study the effect of temperature on MS2 and UX174

adsorption onto kaolinite and bentonite, and found that the equilibrium distribution coefficient increased

when the temperature was increased from 4 to 258C. Yan et al. [2015] conducted experiments in a microflui-

dic system to investigate the thermal effect on kinetics of colloid deposition onto the solid surface. They

observed that the dimensionless colloid deposition rate (Sherwood number) increased by 265% when the

solution temperature was increased from 20 to 708C.

When fluid viscosity increases, the nanoparticle diffusion coefficient decreases, which reduces the rate of

particle transport from the bulk to the potential region. Also, the effect of drag force acting on the particle

increases. As a result, the nanoparticle deposition and hence, KD, katt, and kdet decrease. This is also sug-

gested by equations (36) and (37).

Theoretical [Hahn and O’Melia, 2004; Seetha et al., 2014] and experimental studies [Compere et al., 2001; John-

son et al., 2007a; Knappett et al., 2008; Kuznar and Elimelech, 2007; Li et al., 2004, 2005; Litton and Olson, 1996;

Sadeghi et al., 2011; Shen et al., 2007; Tosco et al., 2012; Tufenkji and Elimelech, 2005; Wang et al., 2012] have

shown that the attachment rate coefficient increases with increasing solution ionic strength due to the com-

pression of the electric double layers around the colloid and the collector, and the reduction in the negative

surface potentials on the colloid and collector. Equations (36) and (37a) are in line with these findings as KD

and katt show a negative trend with the surface potentials and a positive trend with the solution ionic

strength. An opposite behavior is prescribed for kdet (equation (37b)). This is also consistent with the litera-

ture where decreasing values of detachment rate coefficient with increasing ionic strength for nano and

micron-sized particles are observed [Compere et al., 2001; Johnson et al., 2007a; Li et al., 2004, 2005].

As the average flow velocity increases, the diffusive flux toward the wall decreases, thus decreasing the

nanoparticle deposition. Also, hydrodynamic drag force acting on the particles increases, resulting in

increased particle mobilization in the potential region. Hence, KD and katt decrease (equations (36) and

(37a)) and kdet (equation (37b)) increases with increasing vm. This is in agreement with the column experi-

mental results for colloids which show a negative trend between the colloid attachment rate coefficient

and the pore water velocity [Hijnen et al., 2005; Keller et al., 2004; Li et al., 2005; McKay et al., 2002; Tong and

Johnson, 2006]. Shen et al. [2010] did column experiments to study the transport of 30 nm latex micro-

spheres through glass bead packed columns and found that the experimental collision efficiency decreased

with increasing flow velocity. Torkzaban et al. [2007] did torque balance calculations around a spherical col-

lector and found that the fraction of the collector surface area favorable for deposition (i.e., a) decreased

with increasing velocity. Correlation equation of Tufenkji and Elimelech [2004a] predicts decreasing values of

g0 with increasing flow velocity and as a result, the attachment rate coefficient (based on CFT) decreases

with increasing flow velocity. Tong and Johnson [2006] observed from column experiments that the attach-

ment rate coefficient decreased and detachment rate coefficient increased with increasing the flow velocity
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from 4 to 8 m/d for latex microsphere transport (size ranging from 100 nm to 2 lm) in soda-lime glass bead

packed columns. Keller et al. [2004] conducted column-scale experiments to study the effect of transport

velocity on the retention of MS2 and polystyrene beads of sizes 50 nm and 3 lm in sand, and observed that

the effluent peak colloid concentration increased and the estimated attachment rate coefficient (and also

the collision efficiency) decreased with increasing flow rate for all colloid sizes. Estimated values of detach-

ment rate coefficient were found to increase [Seetha et al., 2015] with increasing flow velocity for MS2 and

UX174 transport in columns packed with glass beads [Syngouna and Chrysikopoulos, 2013]. Tosco et al.

[2012] conducted column experiments to study the effect of flow velocity on the retention of 100 nm ferri-

hydrite particles under unfavorable conditions. They observed that the flow velocity has a significant effect

on particle retention but only at high ionic strengths (5 and 10 mM). The particle deposition and the attach-

ment rate coefficient were found to decrease with increasing flow velocity due to the greater effect of fluid

drag on particle deposition in secondary minimum. Pore-scale studies conducted by May et al. [2012] in

microfluidic flow cell packed with glass beads revealed that the nanoparticle retention decreased with

increasing flow velocity. Li et al. [2005] studied the role of hydrodynamic drag on the deposition and reen-

trainment of 1.1 lm microspheres in porous media under unfavorable conditions. They found that the dep-

osition rate coefficient decreased, and the detachment rate coefficient and the fraction of reversibly

deposited colloids increased with increasing flow rate.

The effect of pore size on the deposition parameters depends on the relative significance of advection and dif-

fusion, parameterized by Pe. For Pe� 5, diffusion is the dominant transport mechanism compared to advection

and, nanoparticles near to the wall experience less hydrodynamic drag force with increasing pore radius.

Hence, the equilibrium distribution coefficient increases with increasing pore radius (equation (36) and Tables

4–6). For Pe> 5, particle deposition onto the wall is restricted by advection and the radial diffusion length from

the bulk region toward the wall increases with increasing pore radius. Hence, nanoparticle deposition

decreases with increasing pore radius, resulting in decreasing katt (equation (37a) and Tables 4–6) whereas kdet

shows a nonmonotonic trend (equation (37b) and Tables 4–6). This result is consistent with Knappett et al.

[2008], who conducted column experiments to study the effect of grain size on MS2 retention in angular sand,

and found that decreasing the grain size from medium sand (d505 0.7 mm) to fine sand (d505 0.34 mm)

resulted in 5-log reduction in MS2 effluent concentration and a correspondingly large attachment rate coeffi-

cient. Shen et al. [2008] conducted column experiments to study the transport of 30 and 66 nm carboxyl-

modified polystyrene latex microspheres through glass bead columns under unfavorable conditions, and found

that the deposition at both the primary and secondary minima contributed to the observed retention. They

found that the attachment rate coefficients to both primary and secondary minima decreased with increasing

the grain diameter from 0.11 to 0.72 mm. Ren et al. [2001] studied the effect of grain size on the deposition of

450 nm colloidal silica particles by performing column experiments. They observed that the effluent colloid

concentration increased with increasing grain size. The experimental collision efficiency showed a negative cor-

relation with the grain size, which indicates a negative correlation between attachment rate coefficient and the

grain size as predicted by CFT. Though all columns were packed with the same bulk sand (but different grain

sizes), the observed variation of collision efficiency with grain size was attributed to the variation of grain sur-

face heterogeneity with grain size [Ren et al., 2001]. Li et al. [2008] studied the nanoscale fullerene aggregate

transport in saturated porous media and found that nanoparticle retention and the corresponding fitted

attachment rate coefficient decreased as the grain size increased.

Tables 4–6 and equations (36) and (37) show that for Pe� 5, KD follows a positive trend with nanoparticle

radius whereas for Pe> 5, katt and kdet follows a negative trend with nanoparticle radius. As diffusion is the

dominant transport mechanism for Pe� 5, particle deposition depends on the favorability of the surfaces.

As the secondary minimum depth and, hence, the surface favorability for deposition increases with increas-

ing nanoparticle radius and the hydrodynamic drag is negligible, KD increases with increasing nanoparticle

radius (equation (36) and Tables 4–6). Advection becomes the dominant transport process for Pe> 5, and

the nanoparticle diffusion coefficient decreases and hydrodynamic drag force acting on the particle near to

the wall increases with increasing particle radius. Hence, katt and kdet decrease with increasing nanoparticle

radius (equation (37) and Tables 4–6). The trends described above are in line with the experimental observa-

tions from column experiments as explained below. Shen et al. [2008] conducted column experiments with

various sizes of latex colloids and glass beads. They found that for a given size of glass bead collectors, the

attachment rate coefficients of latex microspheres for both the primary and secondary minima are greater
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for 30 nm colloids compared to the 66 nm colloids. Tong and Johnson [2006] studied the deposition and

reentrainment behaviors of five sizes of microspheres (100 nm, 200 nm, 500 nm, 1 lm, and 2 lm) in porous

media composed of soda lime glass beads in the presence of an energy barrier for deposition. The fitted

attachment rate coefficient decreased, detachment rate coefficient increased, and the fraction of reversibly

deposited colloids increased with increasing colloid size for particles below 1 lm at a pore water velocity of

4 m/d, though there was no clear trend at a pore water velocity of 8 m/d. In contrast, Keller et al. [2004] con-

ducted column experiments to study the transport of MS2 (25 nm) and 50 nm polystyrene beads and

observed that the attachment rate coefficient was greater for 50 nm colloids as compared to MS2. This

might be due to the different surface characteristics of these two colloids. Zvikelsky and Weisbrod [2006]

studied the impact of particle size on latex microsphere transport in fractured chalk cores and observed

that the peak effluent colloid concentration increased with increasing colloid size from 20 to 200 nm. They

found that diffusion is the dominant transport mechanism for all colloid sizes and the observed trend is due

to the decreasing values of diffusion coefficient with increasing colloid size, which results in less transport

to the fracture walls resulting in decreased deposition as well as penetration into the matrix. Wang et al.

[2012] conducted column experiments to study the effect of nanoparticle size on their retention and trans-

port in saturated porous media composed of Accusand. Silica nanoparticles, which are stable in a suspen-

sion, were selected as the representative nanoparticles with two different sizes of 8 and 52 nm. They

observed that the retention was larger, with greater value of attachment rate coefficient for 8 nm particles

than for 52 nm particles. Also, 100% of the deposited 8 nm sized particles and only 2% of the deposited

52 nm particles were released when flushing the column with low ionic strength solution after conducting

experiments with 100 mM solution. This implies greater detachment for smaller particles, which is consist-

ent with our pore-scale results. Zhuang et al. [2005] examined the size-dependent transport of amphiphilic

latex colloids in saturated quartz sand columns. They observed that the transport of colloids was strongly

particle size dependent. As the particle size increased from 20 to 420 nm, colloid deposition rate and the

experimental collision efficiency first decreased to reach a minimum value at 100 nm, and then increased,

indicating that different retention mechanisms were involved for nanoparticles (<100 nm) and colloids

(>100 nm). This supports the results from our pore-scale model. Shani et al. [2008] studied the effect of par-

ticle size on colloid transport in natural dune sand by performing column experiments with 20 nm, 200 nm,

and 1 lm colloids. They found that colloid retention decreased with increasing the colloid size from 20 to

200 nm and then increased thereafter. The dominance of diffusive transport and straining are the reasons

for the greater retention of 20 nm and 1 lm colloids, respectively. They observed that the 200 nm particles

were the most mobile.

7. Comparison With Colloid Filtration Theory

The correlation expression for the pore-scale attachment rate coefficient for the nanoparticles developed in

this study (equation (37a)) can be qualitatively compared with the Darcy-scale colloid attachment rate coef-

ficient (kattðDÞ) predicted by CFT (equation (1)) under unfavorable conditions. For nanoparticles, diffusion is

the dominant mechanism for transporting to the grain surface for deposition to occur [Tufenkji and

Elimelech, 2004a; Yao et al., 1971]. Hence, the single collector contact efficiency, g0, is approximately equal

to the single collector efficiency due to diffusion (gD). Tufenkji and Elimelech [2004a] derived a correlation

equation for gD by incorporating the influence of van der Waals attraction forces and hydrodynamic interac-

tions on the diffusion mechanism and is given as

gD / k0:663B T0:663l20:715U20:715R20:634a20:796 (41)

Bai and Tien [1999] derived empirical expressions for the attachment efficiency of submicron and micron--

sized colloids in porous media under unfavorable conditions using partial regression analysis and obtained

a power law dependence of the experimental collision efficiency from column experiments with the various

physicochemical parameters affecting it. The correlation equation of Bai and Tien [1999] is given as

a / NA
0:676e1:352kB

20:676e0
20:9881

	 


e20:9881T20:676 w1
2
1w2

2
� �20:3121

I0:676l20:391U20:391a0:2579 (42)

We neglected the effect of the parameter, NE2 in equation (42), to compare with our pore-scale expression.

Substituting for gD (equation (41)) and a (equation (42)) in equation (1) results in the following expression

for colloid attachment rate coefficient at Darcy-scale under unfavorable conditions

Water Resources Research 10.1002/2015WR017723

SEETHA ET AL. DEPOSITION RATE COEFFICIENTS OF NANOPARTICLES 8052



kattðDÞ / NA
0:676e1:352kB

20:013e0
20:9881

	 


e20:9881T20:013l21:106 w1
2
1w2

2
� �20:3121

I0:676U20:106R21:634a20:5381

(43)

Comparison of equation (37a) with equation (43) indicates that the trend predicted by equation (37a) for

the parameters, e, l, w1
2
1w2

2ð Þ, I, vm, R, and a are consistent with equation (43) for the Darcy-scale attach-

ment rate coefficient. However, kattðDÞ shows a downward trend with T , opposite to that predicted by katt .

Also, Darcy-scale attachment rate coefficient, kattðDÞ, has been observed to increase with increasing T in

experimental studies.

Elimelech [1992] used a semiempirical approach for predicting the attachment efficiency and obtained a

power law relationship between the attachment efficiency and parameters characterizing the chemical-

colloidal properties of the system. The corresponding expressions for a and kattðDÞ with gD, expressed using

Tufenkji and Elimelech [2004a] correlation equation, are given as

a / NA
0:595e1:19kB

20:595e0
21:595

	 


e21:595T20:595w1
21:19w2

21:19I0:595 (44)

kattðDÞ / NA
0:595e1:19kB

0:068e0
21:595

	 


e21:595T0:068l20:715w1
21:19w2

21:19I0:595U0:285R21:634a20:796 (45)

Comparison of equations (37a) and (45) shows that except for vm, the trends predicted by equation (37a)

versus various parameters match with those obtained from equation (45). Elimelech [1992] assumed that a

is affected only by the chemical-colloidal properties of the system (inverse Debye length, surface potentials

on colloid and collector, and Hamaker constant) and hence kattðDÞ shows an increasing trend with vm (equa-

tion (45)). This is in contrast to the observations from column experiments [Hijnen et al., 2005; Keller et al.,

2004; Li et al., 2005; Shen et al., 2010; Tong and Johnson, 2006; Tosco et al., 2012] and pore-scale correlation

equation (equation (37a)).

8. Conclusions

In this study, we have developed correlation equations for pore-scale averaged deposition coefficients for

nanoparticles in a cylindrical pore under unfavorable conditions in terms of nine pore-scale parameters:

the pore radius, nanoparticle radius, mean flow velocity, solution ionic strength, viscosity, temperature,

solution dielectric constant, and nanoparticle and collector surface potentials. The correlation expressions

are derived by performing a multiple-linear regression analysis between the deposition rate coefficients

at pore-scale and the various pore-scale parameters. The data set for regression is created in two steps:

(1) the advection-diffusion equation is solved for a cylindrical pore for a range of values of pore-scale

parameters subject to a first-order reversible kinetic adsorption at the pore wall (the expressions for the

mass transfer rate coefficients between the pore and the wall regions are derived in terms of the interac-

tion energy profile) which accounts for the effect of nanoparticle-collector interaction forces on nanopar-

ticle deposition, (2) the resulting BTCs and attached concentration curves obtained from the pore-scale

model are fitted with 1-D advection-dispersion equation with an equilibrium or kinetic adsorption model,

and the values of average deposition rate coefficients are calculated. Nanoparticle deposition at pore

scale is best described by an equilibrium model at low P�eclet numbers (Pe5 0.05) and a kinetic model at

high P�eclet numbers (Pe5 50). There exists an intermediate range (e.g., around Pe5 5), where both equi-

librium and kinetic models can describe nanoparticle deposition. The correlation equations predict that

the nanoparticle deposition at pore scale increases with increasing temperature and solution ionic

strength, and it decreases with increasing solution viscosity, solution dielectric constant, nanoparticle and

collector surface potentials, and flow velocity. Nanoparticle deposition is found to have a positive trend

with pore radius and nanoparticle radius for Pe� 5, whereas a negative trend is predicted for Pe> 5. The

correlation equations are found to be consistent with the observed trends from the column-scale and

pore-scale experiments and, qualitatively agree with the colloid filtration theory under unfavorable condi-

tions. These expressions can be incorporated into pore network models [Raoof et al., 2010], which repre-

sent porous media using an interconnected network of capillary pores. Using pore network model one

can develop correlation equations for deposition rate coefficients at the Darcy scale in terms of measura-

ble parameters such as the porosity, mean pore water velocity, mean pore radius, nanoparticle radius,

solution ionic strength, viscosity, temperature, solution dielectric constant, and surface potentials of

nanoparticle and grain surface.
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Appendix A

A1. Diffusion Coefficients

Hydrodynamic wall effects retard particle diffusion in the diffusion and potential regions and also reduce

the particle velocity. The position-dependent particle diffusion coefficients in the radial, Drr, and axial direc-

tions, Dzz, and the velocity, v2, are given as [Seetha et al., 2014; Song and Elimelech, 1993]

Drr rð Þ5f1 rð ÞD1; Dzz rð Þ5f4 rð ÞD1; v2 rð Þ5f3 rð Þ 4vm R2rð Þ
R

(A1)

Here f1 and f4 are, respectively, the universal hydrodynamic correction functions for the mobility of a freely

moving particle perpendicular and parallel to the wall due to diffusion, and f3 is the correction for particle

velocity along the wall in simple shear flow, given by [Dahneke, 1974; Warszynski, 2000]

f1 rð Þ5 R2r2a
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A2. Governing Equation in the Potential Region

Nanoparticle transport in the potential region is described by advection-diffusion equation in an interaction

energy field [Seetha et al., 2014; Song and Elimelech, 1993; Wood et al., 2004]
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A3. Interaction Energy

The electrostatic double layer energy is calculated using HHF formula [Hogg et al., 1966] assuming constant

surface potentials on nanoparticle and collector and is expressed as

UEDL

kBT
5NE1 NE2ln

11e2 NDLh
�ð Þ

12e2 NDLh�ð Þ

� �

1ln 12e2 2NDLh
�ð Þ

� �

 �

(A6)

Here h�5 h=að Þ is the dimensionless separation distance between the nanoparticle and the collector.

London-van der Waals interaction energy is calculated using the expression given by Gregory [1981] (equa-

tion (A7a)) for retarded sphere-plate interaction for h� � 0:2 and Czarnecki’s expression (equation (A7b))

[Gregory, 1981; Weronski and Elimelech, 2008] for h� > 0:2.

UVDW

kBT
5

2H

6h�kBT
11

14h�

k�

� � �

21

; h� � 0:2 (A7a)
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UVDW

kBT
5

2H

6kBT

2:45

10p
k�p1 h�ð Þ2 2:17

120p2
k�ð Þ2p2 h�ð Þ1 0:59

840p3
k�ð Þ3p3 h�ð Þ

 �

; h� > 0:2 (A7b)

where the functions p1, p2, and p3 are given by [Weronski and Elimelech, 2008]:

p1 h�ð Þ5 12h�

h�2 1
31h�

21h�ð Þ2
; p2 h�ð Þ5 22h�

h�3 1
41h�

21h�ð Þ3
; p3 h�ð Þ5 32h�

h�4 1
51h�

21h�ð Þ4
(A8)

Equation (A7b) is valid strictly for h� > ð8=aÞ. Hence, when this value becomes greater than 0.2, equation
(A7a) needs to be used for h� � ð8=aÞ and equation (A7b) for h� > ð8=aÞ [Seetha et al., 2014].

Born potential energy is calculated using the formula derived by Ruckenstein and Prieve [1976] and is given
below

UBorn

kBT
5

H r�ð Þ6
7560kBT

81h�

21h�ð Þ7
1

62h�

h�ð Þ7

" #

(A9)

Notation

a nanoparticle radius [L].

a0 radius of the nanoparticle-surface contact area [L].

A interception parameter

c nanoparticle number concentration in the pore [no. L23].

c0 nanoparticle concentration at the pore inlet [no. L23].

c� dimensionless nanoparticle concentration.

�c� dimensionless nanoparticle breakthrough concentration.

cu courant number.

dc average grain diameter [L].

D particle diffusion coefficient [L2 T21].

Daatt , Dadet Damk€ohler numbers corresponding to the rate coefficient for nanoparticle attach-

ment to and detachment from the pore wall.

Dads, Dasd , Dasp,

Daps, Dadp , and Dapd

Damk€ohler numbers corresponding to kds, ksd, ksp , kps, kdp , and kpd , respectively.

DL pore-scale dispersion coefficient [L2 T21].

Drr , Dzz particle diffusion coefficients in the radial and axial directions in diffusion and

potential regions [L2 T21].

D1 particle bulk diffusion coefficient [L2 T21].

e elementary charge.

E Young’s modulus [M L21 T22].

f1, f2, f3, and f4 universal hydrodynamic correction functions.

f 01, f
0
2 fraction of particles in the primary minimum region and secondary minimum region

that are mobile in the longitudinal direction by advection, respectively.

FD drag force acting on the nanoparticle [M L T22].

F�D dimensionless function that accounts for the wall effects on fluid drag force.

h separation distance between the nanoparticle and the wall [L].

h� dimensionless separation distance between the nanoparticle and the wall.

H Hamaker constant [M L2 T22].

I solution ionic strength [Molar].

Jh particle flux in the radial direction in the potential region [no. L22].

kB Boltzmann constant [M L2 T22 K21].

katt , kdet average rate coefficients for nanoparticle attachment and detachment at pore scale

[T21].

kattðDÞ Darcy-scale attachment rate coefficient [T21].

kds mass transfer rate coefficient corresponding to nanoparticle transport from diffusion

region to the secondary minimum region [LT21].
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ksd mass transfer rate coefficient corresponding to nanoparticle transport from second-

ary minimum region to the diffusion region [T21].

ksp mass transfer rate coefficient corresponding to nanoparticle transport from second-

ary minimum region to the primary minimum region [T21].

kps mass transfer rate coefficient corresponding to nanoparticle transport from primary

minimum region to the secondary minimum region [T21].

kdp mass transfer rate coefficient for nanoparticle transport from diffusion region to the

primary minimum region [LT21].

kpd mass transfer rate coefficient for nanoparticle transport from primary minimum

region to the diffusion region [T21].

K composite Young’s modulus [M L21 T22].

KD equilibrium distribution coefficient [L].

K 0
D dimensionless equilibrium distribution coefficient.

lH lever arm [L].

L length of cylindrical pore [L].

L� dimensionless length of the pore.

ME moment about the center of the particle created by fluid drag [M L2 T22].

M�
E dimensionless function.

NA Avogadro number.

NE1 dimensionless parameter representing the magnitudes of surface potentials.

NE2 dimensionless parameter representing the ratio of surface potentials.

NDL dimensionless parameter representing the ratio of nanoparticle radius to double

layer thickness.

Pe P�eclet number.

Peð1DÞ 1-D P�eclet number.

r radial coordinate [L].

r� dimensionless radial coordinate.

R radius of cylindrical pore [L].

Rf retardation factor.

s1 ; s2 average particle concentrations at primary and secondary minimum [no. L22].

�s� dimensionless average attached concentration.

s1
�, s2

� dimensionless average particle concentration at primary and

secondary minimum.

t time [T].

t� dimensionless time.

t�in duration of the input pulse (dimensionless).

T absolute temperature [K].

TA adhesive torque acting on the particle [M L2 T22].

TH hydrodynamic torque acting on the particle [M L2 T22].

U pore water velocity [L T21].

v1 flow velocity in pore [L T21].

vm mean flow velocity in cylindrical pore [L T21].

v1 average velocity of mobile particles in the primary minimum region [L T21].

v2 average velocity of mobile particles in the secondary minimum region [L T21].

�v� average velocity of mobile particles.

z axial coordinate [L].

z� dimensionless axial coordinate.

a attachment efficiency.

g0 single collector contact efficiency.

gD single collector efficiency due to diffusion.

dD position of the interface between the bulk and diffusion regions measured from the

surface of the pore [L].

du position of the interface between the diffusion and potential regions measured

from the surface of the pore [L].
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ds0 distance from the collector surface beyond which particles are mobile in the sec-

ondary minimum region [L].

dp0 distance from the grain surface beyond which particles are mobile in the potential

region [L].

Dt time step [T].

Dz step size [L].

e dielectric constant of water.

e0 permittivity of vacuum.

j inverse Debye-Huckel length [L21].

k characteristic wavelength of the interaction [L].

k� dimensionless parameter representing the ratio of characteristic wavelength of the

interaction to nanoparticle radius.

l dynamic viscosity of water [M L21 T21].

t Poisson ratio.

UBorn Born potential energy [M L2 T22].

UEDL electostatic double layer energy [M L2 T22].

UVDW London-van der Waals energy [M L2 T22].

U
� total dimensionless interaction energy.

w1, w2 surface potentials on the nanoparticle and collector.

r collision diameter [L].

r� dimensionless parameter representing the ratio of collision diameter to nanoparticle

radius.

h porosity.
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