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Abstract

We present a theoretical and computational framework based on fractional calculus for the analysis of
the nonlocal static response of cylindrical shell panels. The differ-integral nature of fractional derivatives
allows an efficient and accurate methodology to account for the effect of long-range (nonlocal) interactions in
curved structures. More specifically, the use of frame-invariant fractional-order kinematic relations enables
a physically, mathematically, and thermodynamically consistent formulation to model the nonlocal elastic
interactions. In order to evaluate the response of these nonlocal shells under practical scenarios involving
generalized loads and boundary conditions, the fractional-Finite Element Method (f-FEM) is extended to
incorporate shell elements based on the first-order shear-deformable displacement theory. Finally, numerical
studies are performed exploring both the linear and the geometrically nonlinear static response of nonlocal
cylindrical shell panels. This study is intended to provide a general foundation to investigate the nonlocal
behavior of curved structures by means of fractional order models.

Keywords- Fractional calculus, Nonlocal shells, Cylindrical panels, Geometric nonlinearity

1 Introduction

Shell panels and, more in general, curved structures are ubiquitous in the design of lightweight structural
applications. Several example can be found throughout the aerospace, naval, and civil engineering sectors.
Their prevalence in several technical areas has long fueled research on design and modeling aspects of shell
structures [1–4]. Recent theoretical and experimental investigations have highlighted the existence of size-
effects or, equivalently, nonlocal effects in several classes of structures. For example, size-effects within low-
dimensional (micro- and nano-scale) structures, such as carbon nanotubes, emerge due to the long-range forces
that become more prevalent at these scales [5, 6]. Several studies have also demonstrated the presence of
nonlocal interactions at the macro-scale in complex structures like porous solids [7–9], periodic structures [10,
11], intentionally engineered nonlocal structures [12], and sandwiched structures [13]. The inability of the
classical (local) continuum theory to capture the nonlocal effects has been one of the main drivers fostering the
development of nonlocal continuum theories.

To-date, several classes of constitutive models have been developed. Broadly speaking, the classical nonlocal
models developed so far can be classified in strain-driven [14] and stress-driven [15] approaches. Seminal studies,
undertaken by Kröner [16] and Eringen [14], proposed integral models where the nonlocal behavior was captured
within stress-strain constitutive relations. The integral approach proposed in this studies can be classified as a
strain-driven approach, wherein the stress at a point is expressed via a convolution of the strain field scaled by
an attenuation kernel [17]. This convolution integral extends over the domain of nonlocal influence. This specific
approach gained rapidly traction within the research community owing to a clear and intuitive representation
of the nonlocal interactions using convolution integrals. The numerical complexity involved in the practical
simulation of the strain-driven approach led to the development of the differential model of nonlocal elasticity,
which was derived from the integral theory by the use of exponential kernels and was more amenable to numerical
simulations [18]. Several numerical studies, mostly focused on beam and plate elements [19–21], followed the
introduction of this approach. The studies dedicated to the modeling of nonlocal effects in shell structures
focused, for the most part, on carbon nanotubes [5, 22, 23]. While a common finding in these studies was the
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the softening effect due to the presence of nonlocal interactions, the differential theories also highlighted the
occurrence of an apparently paradoxical physical behavior. In other terms, it was observed that, for selected
choices of the loading and boundary conditions [24], nonlocal effects vanished. This inconsistent behavior was
attributed to the ill-posed nature of the governing equations [15] that did not guarantee a positive-definite
formulation for the deformation energy density. In order to address the inconsistencies mentioned above, a
stress-driven approach was developed by Romano et al. [15] which derived additional constraints, in the form
of nonlocal constitutive boundary conditions, to achieve a well-posed formulation. In this approach, the strain
at a given point in the material is expressed via the convolution of the stress field, scaled by an attenuation
kernel, at all points within the nonlocal horizon of influence. The stress-driven approach to nonlocal elasticity
has also been utilized in studies on beams [15], curved beams [25], and tubular structures [26]. However, the
analytical complexities involved in the implementation of the stress-driven approach have, so far, prevented its
application to higher-dimensional structures (for example, plates and shells) subjected to generalized external
loads. The above summary highlights that, while nonlocal models of elasticity have seen a rapid expansion
in recent years, there are still important obstacles on the way to achieve consistent theories under generalized
loading and boundary conditions [27]; this consideration is even more true if one restricts the assessment to
available theories to model the nonlocal response of curved panels.

In recent years, fractional order models of elasticity have emerged as a powerful alternative to efficiently and
accurately simulate nonlocal response of materials and structures [28–34]. In particular, Patnaik et al. [35, 36]
proposed a fractional-order constitutive theory for nonlocal solids with fractional-order strain-displacement
relations. The differ-integral nature of the fractional derivatives makes them a suitable alternative to the integral
type relations commonly encountered in the studies on nonlocal elasticity. This class of constitutive relations
falls under the general category of a displacement-driven approach to nonlocal elasticity with nonlocal kinematic
relations [37]. It has been established that this displacement-driven approach to modeling nonlocal interactions
provides well-posed governing equations with self-adjoint linear operators following from a physically consistent
positive-definite definition for deformation energy density [36]. More importantly, unlike other existing nonlocal
theories described above, the proposed fractional-order constitutive model satisfies the thermodynamic balance
laws in a rigorous manner [38]. Further, by means of variational methodologies available for the fractional-order
models, thanks to the energy framework, finite element models may be developed for a numerical solution of
fractional-order boundary value problems [36]. Employing this framework, a consistent softening effect of long-
range interactions has been documented over the elastic response of nonlocal beams and plates [36,39–41]. The
coherence in observations of softening caused by long-range interactions across a wide range of studies attests to
the suitability of fractional-order models for nonlocal elasticity. However, all of the above studies over fractional-
order theories for nonlocal elasticity are restricted to beams and plates and, more in general, structures without
curvature. To the best of the author’s knowledge, there is currently no available fractional-order theory to model
the nonlocal response of shell structures.

In concluding this introductory section, we would like to mention an important aspect the affects the de-
velopment of the fractional order shell theory. Previous fractional order models (e.g. for beams and plates)
were developed by making use of orthonormal Cartesian coordinate axes. Unlike these cases, employing Carte-
sian coordinates for curved structures would require a complete 3D theoretical and numerical analysis. While
this can be undertaken for simple cases, a generalized shell theory would be required for the development of
a reduced-order model for curved structures. Therefore, it may be concluded that the modeling of curved
structures requires curvilinear coordinate axes. Sufficient literature is available for a study on the local elastic
response of curved structures using integer-order models for shell theories [42]. However, the gap in a similar
literature for nonlocal elastic structures is clear. This may be attributed to a lack of the mathematical literature
and associated methodologies or the use of fractional calculus in curvilinear coordinate systems, which appear
not to be as developed as its Cartesian counterpart. For this reason, we formulate here the fractional-order
continuum theory assuming orthonormal curvilinear coordinates. The resulting approach allows leveraging the
fractional-order constitutive relations [36] in order to model the nonlocal interactions in curved structures. An
example of the cylindrical shell system considered in the current study is illustrated in the schematic in Fig. 1.
While the assumption of orthonormal curvilinear coordinate system may seem somewhat restrictive, it does fit
well the case of structures of practical interest in the aerospace field. Starting from the fractional-order contin-
uum formulation developed for orthonormal Cartesian coordinates [35], we extend the formulation to curvilinear
coordinates. This is followed by the development of a fractional-order shell theory based on the first-order shear
deformation theory (FSDT) for displacement field variables [42]. Finally, we undertake a numerical investigation
to evaluate the effect of nonlocal interactions over the elastic response of cylindrical panels.
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Figure 1: Coordinate axes (a) in cylindrical notation (r − θ − z). Unit vectors in this system are denoted as
êr − êθ − ez (b) in curvilinear notation (x1 − x2 − x3). Unit vectors in this coordinate system are depicted as
e1− e2− e3; depicted for the cylindrical shell panel of radius R (not be confused with radius vector R indicated
in red in Fig. a). Note that while ê2 and ê3 in Fig. b are identical to tangential êθ and normal (radial) êr from
Fig. a, the axial coordinates êz is replaced by ê1 chosen to coincide with the mid-plane of the cylindrical shell.
This transformation maintains the dimensional consistency for the deformation field components in § 3.

2 Fractional-order continuum theory in cylindrical coordinates

In this section, we develop the fractional-order continuum theory to describe the response of nonlocal solids in
a cylindrical coordinate system. For this purpose, we extend the fractional-order kinematic approach [35], a
sub-class of the displacement-driven approach to nonlocal elasticity [37], to a cylindrical coordinate basis. Recall
that the key characteristic of the fractional-order kinematic approach consists in the fractional-order description
of the strain-displacement relations which ultimately guarantees a positive-definite and well-posed approach. In
the following, we first recall the definition of the strain and stress tensors following the fractional-order nonlocal
continuum theory, and then proceed to cast these tensors in a cylindrical coordinate system. We refer the reader
to [35] for a detailed discussion on the formulation and physical interpretation of the fractional-order nonlocal
continuum theory.

According to the fractional-order kinematic approach to nonlocal elasticity, the geometrically nonlinear strain
tensor for the nonlocal solid is given by [35,39]:

ε =
1

2

(
∇α

u+∇α
u
T +∇α

u∇α
u
T
)

(1)

where u(x) denotes the displacement field. Further, ∇α(·) denotes the fractional-order gradient operator which
consists of Riesz-Caputo (RC) fractional-order derivatives, chosen specifically to describe the behavior of nonlocal
solids [35]. In fact, this definition guarantees frame-invariance at all points within the nonlocal continuum,
including the material boundaries and interfaces; this important characteristic is not necessarily guaranteed by
other definitions of the fractional-order operators. As evident from Eq. (1), the application of the fractional-
order nonlocal approach in cylindrical coordinates requires the definition of the fractional-order displacement
gradient tensor using the cylindrical basis vectors.

Consider the cylindrical coordinate system r−θ−z illustrated in Fig. 1a. The position vector of an arbitrary
point in the cylindrical coordinate system is given as R = rêr + zêz, where the basis vectors êr and êz denote
the unit vectors along the radial and axial directions [43]. Note that the radial basis vector in the cylindrical
coordinate system is a function of the azimuthal coordinate (here, denoted as θ) such that êr = cos θî+ sin θĵ.
Similarly, the azimuthal basis vector in the cylindrical coordinate system, denoted here as êθ, is also a function
of θ, that is êθ = − sin θî+ cos θĵ. The fractional exterior derivative of the position vector is given as [44, 45]:

dαR = (dr)αDα
r R+ (dθ)αDα

θ R+ (dz)αDα
z R (2)
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where Dα
ξ (ξ = {r, θ, z}) is the RC fractional-order derivative and dξ denotes the infinitesimal scalar increment

in the ξ direction. As mentioned above, the basis vectors êr and êθ in the cylindrical coordinate system are not
constant. In particular, the in-plane unit vectors (êr and êθ) are a function of the azimuthal coordinate θ. The
derivation of the fractional-order gradients in cylindrical coordinates require the fractional-order derivatives of
these spatially-varying unit vectors with respect to the azimuthal variable (θ), which are obtained as:

Dα
θ êr =

[
I1−α
θ êθ · êr

]

︸ ︷︷ ︸

Fr

êr +
[
I1−α
θ êθ · êθ

]

︸ ︷︷ ︸

Fθ

êθ (3a)

Dα
θ êθ = −

[
I1−α
θ êθ · êθ

]

︸ ︷︷ ︸

Fθ

êr −
[
I1−α
θ êθ · êr

]

︸ ︷︷ ︸

Fr

êθ (3b)

where Fr and Fθ, as highlighted above, contain the scalar product of the radial and azimuthal unit vectors with
the Reisz fractional integral I1−α

θ êθ (see supplementary derivations in Appendix). The detailed derivation of the
fractional-order derivatives presented above is provided in the Appendix A. Note that for α = 1, corresponding
to classical (local) elasticity, we obtain Fr = 0 and Fθ = 1, such that the standard integer-order derivatives:
D1

θ êr = êθ and D1
θ êθ = −êr are recovered [43]. Utilizing the above results, the fractional exterior derivative of

the position vector in Eq. (2) is expressed in the following fashion:

dαR = [(dr)α + Frr(dθ)
α] êr + [Fθr(dθ)

α] êθ + [(dz)α] êz (4)

The exterior derivative of the displacement field u = ur êr + uθ êθ + uz êz is given as follows:

dαu = dαur êr + dαuθ êθ + dαuz êz + urd
αêr + uθd

αêθ (5)

By using the definition for the exterior derivative in Eq. (2) and the expressions for the fractional-order deriva-
tives of the unit vectors in Eq. (3), the exterior derivative of the displacement vector can be further expressed
as:

dαu = [(dr)αDα
r ur + (dθ)αDα

θ ur + (dz)αDα
z ur] êr + [(dr)αDα

r uθ + (dθ)αDα
θ uθ + (dz)αDα

z uθ] êθ

+ [(dr)αDα
r uz + (dθ)αDα

θ uz + (dz)αDα
z uz] êr + ur[(dθ)

αDα
θ êr] + uθ[(dθ)

αDα
θ êθ]

(6)

By using the expression for the fractional-order derivatives of the basis vectors in Eq. (3) the above expression
is recast in the following manner:







(dαu) · êr
(dαu) · êθ
(dαu) · êz







︸ ︷︷ ︸

Components of dαu

=





Dα
r ur Dα

θ ur + Frur −Fθuθ Dα
z ur

Dα
r uθ Dα

θ uθ + Fθur −Fruθ Dα
z uθ

Dα
r uz Dα

θ uz Dα
z uz











(dr)α

(dθ)α

(dz)α






(7)

The above expression will be used to derive the fractional-order displacement gradient tensor in the following.
Analogous to the classical integer-order vector calculus, the fractional-order gradient operator in the cylindrical
coordinate system can be obtained from the following result: dαu = ∇

α
u · dαR. By using the definition for

the external derivative of the position vector given in Eq. (4), the external derivative of the displacement vector
can be expressed as:







(dαu) · êr
(dαu) · êθ
(dαu) · êz






=





Dα
r ur Dα

θ ur + Frur −Fθuθ Dα
z ur

Dα
r uθ Dα

θ uθ + Fθur −Fruθ Dα
z uθ

Dα
r uz Dα

θ uz Dα
z uz









1 −Fr

Fθ
0

0 1
Fθr

0

0 0 1





︸ ︷︷ ︸

Components of tensor ∇αu







(dr)α + Frr(dθ)
α

Fθr(dθ)
α

(dz)α







︸ ︷︷ ︸

Components of dαR

(8)

A direct comparison of the above expression with the result: dαu = ∇
α
u · dαR, provides the expression for

the fractional-order displacement gradient. As highlighted in Eq. (8), the components of the fractional-order
displacement gradient tensor are obtained from the product of the two matrices indicated above. By this, we
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obtain the fractional-order displacement gradient tensor in the cylindrical coordinate system as:

∇
α
u = [Dα

r ur] êr ⊗ êr +

[

−
Fr

Fθ

Dα
r ur +

1

Fθr
Dα

θ ur +
Fr

Fθ

ur
r

−
uθ
r

]

êr ⊗ êθ + [Dα
z ur] êr ⊗ êz

+ [Dα
r uθ] êθ ⊗ êr +

[

−
Fr

Fθ

Dα
r uθ +

1

Fθr
Dα

θ uθ +
ur
r

−
Fr

Fθ

uθ
r

]

êθ ⊗ êθ + [Dα
z uθ] êθ ⊗ êz

+ [Dα
r uz] êz ⊗ êr +

[

−
Fr

Fθ

Dα
r uz +

1

Fθr
Dα

θ uz

]

êz ⊗ êθ + [Dα
z uz] êz ⊗ êz

(9)

where ′⊗′ denotes the dyadic tensor product. Note that the fractional-order gradient operator derived here is
highly general in nature and can be used to evaluate the fractional gradient of any scalar or vector field, and
not necessarily the displacement field.

The above derivation of the fractional-order displacement gradient tensor in the cylindrical coordinate sys-
tem enables a direct implementation of the fractional-order nonlocal approach for the analysis of nonlocal
structures better represented or constructed in the cylindrical frame of reference. It remains to define the stress,
corresponding to the nonlocal strain, in the cylindrical coordinate system. According to the fractional-order
kinematic approach to nonlocal elasticity, the stress in the nonlocal solid is defined as:

σ = C : ε (10)

where σ and ε are the nonlocal stress and fractional-order strain expressed in cylindrical coordinates, and C

denotes the fourth-order material elasticity tensor The nonlocal strain in the above expression follows from the
substitution of the result given in Eq. (9) in Eq. (1). Note that the stress defined through the above expression
is intrinsically nonlocal due to the differ-integral nature of the fractional-order gradient operators within the
definition of the nonlocal strain. In other terms, the effect of the nonlocal interactions from the horizon of
nonlocality at a given point is accounted within the strain tensor via the fractional-order operators. In addition
to the established advantages associated with the use of a fractional order kinematic approach [35, 37], this
method also ensures a direct application of the stress-strain constitutive relationship (Eq. (10)). The result
is a direct evaluation of the stress field from the strain field, irrespective of the nature of the coordinate
system. This is in sharp contrast to classical integral approaches where the integral nature of the stress-
strain constitutive relationship warrants additional mathematical transformations (or, manipulations) for the
evaluation of the stress field from the strain field. This characteristic presents significant challenges for modeling
nonlocal cylindrical panels via classical integral approaches, also highlighted by the lack of studies in this area.

3 Fractional-order shell theory of nonlocal cylindrical panels

In this section, we use the fractional-order continuum theory in cylindrical coordinates, developed in the previous
section, to formulate the fractional-order shell theory of nonlocal cylindrical panels. A thorough review of the
literature indicates that the curvilinear coordinate system is widely adopted in modeling the response of local
as well as nonlocal cylindrical panels. Indeed the uniformity of dimensionality (that is, the dimension of length)
across the bases of the curvilinear coordinate system allows for a simpler theoretical analysis and numerical
simulation when compared to the cylindrical coordinate system. Hence, in this study, we develop the fractional-
order shell theory in the curvilinear coordinate system.

The schematic of the cylindrical panel within the curvilinear coordinate axes is provided in Fig. 1b. The
length, width, thickness and radius of the panel are denoted by a, b, h, and R 1, respectively. As illustrated in
the schematic, the mid-plane of the panel is considered as the reference plane, that is, x3 = 0. Consequently,
the top and bottom surface of the panel are identified as x3 = ±h/2. The origin of the curvilinear coordinate
system is chosen such that x1 = 0 and x1 = a indicate the straight edges of the panel, and x2 = 0 and x2 = b
indicate the curved edges. According to the first-order shear deformation theory, the displacement field at any
spatial location x(x1, x2, x3) on the panel is related to the displacement field of the mid-plane of the panel in
the following manner [42]:

u1(x) = u0(x0) + x3θ0(x0) (11a)

1Note the difference in notation of the radius of the panel R and the position vector R.
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u2(x) = v0(x0) + x3φ0(x0) (11b)

u3(x) = w0(x0) (11c)

In the above equation, ui (i = 1, 2, 3) are the components of displacement field u expressed in the curvilinear
coordinate system (see Fig. 1b). Further, u0, v0, w0, θ0 and φ0 denote the generalized displacement variables
corresponding to the translation and rotation at a point x0(x1, x2) located on the mid-plane x3 = 0. Here-
after, for a compact notation, we do not specify the functional dependence of the displacement coordinates on
x0(x1, x2).

In order to derive the expression for the strain field, corresponding to the displacement field in Eq. (11), we
transform the expression for the fractional-order displacement gradient tensor in Eq. (9) from the cylindrical
coordinate system to the curvilinear coordinate system. This change in the basis involves the use of a set of three
transformations {r → R + x3, θ → x2/R, z → x1}. The transformed fractional-order displacement gradient
tensor, expressed in the curvilinear coordinates, is obtained as:

∇
α
u =

[
Dα

x1
u1

]
ê1 ⊗ ê1 +

[

−
Fr

Fθ

Dα
x3
u1 +

1

Fθ

Dα
x2
u1

]

ê1 ⊗ ê2 +
[
Dα

x3
u1

]
ê1 ⊗ ê3

+
[
Dα

x1
u2

]
ê2 ⊗ ê1 +

[

−
Fr

Fθ

Dα
x3
u2 +

1

Fθ

Dα
x2
u2 +

u3
R

−
Fr

Fθ

u2
R

]

ê2 ⊗ ê2 +
[
Dα

x3
u2

]
ê2 ⊗ ê3

+
[
Dα

x1
u3

]
ê3 ⊗ ê1 +

[

−
Fr

Fθ

Dα
x3
u3 +

1

Fθ

Dα
x2
u3 +

Fr

Fθ

u3
R

−
u2
R

]

ê3 ⊗ ê2 +
[
Dα

x3
u3

]
ê3 ⊗ ê3

(12)

The derivation of the fractional-order displacement gradient tensor in the curvilinear coordinate system from
the cylindrical coordinate system follows standard principles of coordinate transformation and can be found
readily in literature [46]. In order to avoid unnecessary repetitions, we do not report the detailed steps here.
In deriving the above expression, we assumed that the panel is shallow in nature, that is, h ≪ R. This
assumption is consistent with the geometry seen in practical applications for curved structures and allows
higher-order powers of x3/R and h/R to be neglected in the subsequent formulation. Dα

xi
(·) in Eq. (12) denotes

the RC fractional derivative of order α. The RC derivative, at a given point x, is defined on the interval
[xi − l−i

, xi + l+i
] ≡ [x−i

, x+i
] in the êi direction as:

Dα
xi
uj(x) =

1

2
Γ(2− α)

[

lα−1
−i

(
C
x
−i
Dα

xi
uj(x, t)

)

− lα−1
+i

(
C
xi
Dα

x+i
uj(x, t)

)]

(13)

where Γ(·) is the Gamma function. C
x
−i
Dα

xi
uj and C

xj
Dα

x+j
ui are the left- and right-handed fractional-order

Caputo derivatives of ui, respectively. Further, l−i
and l−i

denote the length scales of the fractional-order
continuum formulation and characterize the horizon of nonlocality of the cylindrical panel [35].

We will derive the displacement gradient relations for a shear-deformable nonlocal cylindrical shell by using
the displacement field in Eq. (11) within Eq. (12). Assuming moderate rotations of the transverse normals
(10◦−15◦) and small displacement gradients, we obtain the nonlinear von-Kármán strain-displacement relations
for the cylindrical panel from the nonlocal strain tensor definition in Eq. (1) as:

ε11(x) = Dα
x1
u0 + x3D

α
x1
θ0 +

1

2
(Dx1

w0)
2

︸ ︷︷ ︸

Nonlinear

(14a)

ε22(x) =
1

Fθ

(
Dα

x2
v0 + x3D

α
x2
φ0

)
+
w0

R
−

Fr

Fθ

[

φ0 +

(
v0 + x3φ0

R

)]

+
1

2

[

−
Fr

Fθ

Dα
x3
w0 +

1

Fθ

Dα
x2
w0 +

Fr

Fθ

w0

R
−

(
v0 + x3φ0

R

)]2

︸ ︷︷ ︸

Nonlinear

(14b)
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γ12(x) = 2ε12(x) =D
α
x1
v0 + x3D

α
x1
φ0 +

[

−
Fr

Fθ

θ0 +
1

Fθ

(
Dα

x2
u0 + x3D

α
x2
θ0
)
]

+

[

−
Fr

Fθ

Dα
x3
w0 +

1

Fθ

Dα
x2
w0 +

Fr

Fθ

w0

R
−

(
v0 + x3φ0

R

)]

Dα
x1
w0

︸ ︷︷ ︸

Nonlinear

(14c)

γ13(x) = 2ε13(x) = Dα
x1
w0 + θ0 (14d)

γ23(x) = 2ε23(x) = φ0 +

[
Dα

x2
w0

Fθ

+
Fr

Fθ

w0

R
−

(
v0 + x3φ0

R

)]

(14e)

It follows from Eq. (11c) that the transverse normal strain ε33(x) is identically zero, which is consistent with
the assumptions of the first-order shear deformation theory [42]. Further, observe that the transverse shear
strains, unlike the in-plane normal and shear strains, do not show a nonlocal dependence on the rotations of the
mid-plane of the panel. This is a direct result of the uniform variation of the displacement degrees of freedom
({u0, v0, w0, θ0, φ0}) across the thickness of the panel when adopting the first-order shear deformation theory
(see Eq. (11)). From a physical perspective, the effect of the nonlocal interactions across the thickness of the
slender panel are negligible when compared to the nonlocal interactions across its plane.

The stress field, corresponding to the strain field in Eq. (14), is determined using the linear stress-strain
relationship given in Eq. (10). Using the strain and stress fields, we obtain the nonlocal strain energy U and
the work done by the externally applied forces V:

U =
1

2

∫

Ω

∫ h
2

−
h
2

[σ11ε11 + σ22ε22 + σ12γ12 + σ13γ13 + σ23γ23] dx3dΩ (15a)

V =

∫

Ω

[Fx1
u0 + Fx2

v0 + Fx3
w0 +Mx1

θ0 +Mx2
φ0] dΩ (15b)

where dΩ denotes an infinitesimal element on the mid-plane of the panel. {Fx1
, Fx2

, Fx3
} are the external loads

applied per unit area of the mid-plane of the panel in the ê1, ê2 and ê3 directions, respectively. {Mx1
,Mx2

}
are the external moments applied per unit area. By minimizing the total potential energy of the panel (that is,
Π = U − V) using variational principles, the nonlinear fractional-order governing equations and the boundary
conditions of the nonlocal cylindrical panel are obtained as:

D
α
x1
N11 +D

α
x2

(
N12

Fθ

)

+ Fx1
= 0 (16a)

D
α
x1
N12 +D

α
x2

(
N22

Fθ

)

+
Q23

R
+ Fx2

= 0 (16b)

D
α
x1

[

Q13 +N11D
α
x1
w0 +

(
N12

Fθ

)

Dα
x2
w0

]

+D
α
x2

[
Q23

Fθ

+

(
N12

Fθ

)

Dα
x1
w0 +

(
N22

F2
θ

)

Dα
x2
w0

]

−
N22

R
+ Fx3

= 0

(16c)

D
α
x1
M11 +D

α
x2

(
M12

Fθ

)

−Q13 +Mx1
= 0 (16d)

D
α
x1
M12 +D

α
x2

(
M22

Fθ

)

−Q23 +Mx2
= 0 (16e)

where {N11, N22, N12} are the in-plane stress resultants, {Q13, Q23} are the transverse shear stress resultants,
and {M11,M22,M12} are the moment resultants. The corresponding essential and natural boundary conditions
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are obtained as:

∀x ∈ δΩx1

{
I1−α
x1

N11 = 0 or δu0 = 0, I1−α
x1

N12 = 0 or δv0 = 0, I1−α
x1

(Q13 +N11) = 0 or δw0 = 0
I1−α
x1

M11 = 0 or δθ0 = 0, I1−α
x1

M12 = 0 or δφ0 = 0
(17a)

∀x ∈ δΩx2







I1−α
x2

(
N12

Fθ

)

= 0 or δu0 = 0, I1−α
x2

(
N22

Fθ

)

= 0 or δv0 = 0, I1−α
x2

(
Q23

Fθ
+N22

)

= 0 or δw0 = 0

I1−α
x2

(
M12

Fθ

)

= 0 or δθ0 = 0, I1−α
x2

(
M22

Fθ

)

= 0 or δφ0 = 0

(17b)
where N11 = N11D

α
x1
w0 + (N12/Fθ)D

α
x2
w0 and N22 = (N12/Fθ)D

α
x1
w0 + (N22/F

2
θ )D

α
x2
w0. In the above deriva-

tion, we have employed the shallow shell assumption ((x3/R) and ui/R are ≪ 1). Also, numerical evaluation
of the parameter Fr following the relation in the Appendix presents Fr ≪ 1 ∀α, lθ. So, the terms with this
parameter in the above equations can be ignored without loss of accuracy.

The different stress and moment resultants in the above governing equations are defined analogously to the
classical (local) formulation as:

{N11, N22, N12, Q13, Q23} =

∫ h
2

−
h
2

{σ11, σ22, σ12,Ksσ13,Ksσ23}dz (18a)

{M11,M22,M12} =

∫ h
2

−
h
2

{zσ11, zσ22, zσ12}dz (18b)

where Ks is the shear correction factor. The shear correction factor is chosen as Ks = 5/6, equal to the
value adopted in classical elasticity theory [42]. Recently, it was shown that the shear correction factor for
nonlocal solids, particularly heterogeneous multiscale solids with functional gradation in either the material or
the geometric properties, varies from Ks = 5/6 following a non-classical redistribution of stress through the
thickness as a result of nonlocality [47]. However, we note that the difference in the shear correction factor for
nonlocal solids from the classical value Ks = 5/6 is typically around 1%, depending on the specific functional
variation of the material properties. We emphasize that this difference does not (drastically) alter the numerical
predictions as well as the general conclusions (on the effect of nonlocality on response of shells), presented in
this study.

Finally, the Riesz fractional integral I1−α
xi

(·) in the governing equations is defined as:

I1−α
xi

ψ =
1

2
Γ(2− α)

[

lα−1
+i

(

xi−l+i
I1−α
xi

ψ
)
− lα−1

−i

(

xi
I1−α
xi+l

−i
ψ
)]

(19)

where xi−l+i
I1−α
xi

ψ and xi
I1−α
xi+l

−i
ψ are the left- and right-handed Riesz integrals to the order α of an arbitrary

function ψ, respectively. The fractional-order derivative Dα
xi
(·) is the first-order derivative of the Riesz integral:

D
α
xi
ψ = D1

xi

[
I1−α
xi

ψ
]

(20)

The detailed derivation of the nonlinear fractional-order governing equations via variational principles can
be found in [39, 40] for nonlocal beams and plates. We emphasize that the same variational techniques are
directly applicable here to derive the strong-form governing equations for the nonlocal cylindrical panel. Note
that the strong-form of the governing equations of the shell and of the corresponding boundary conditions can
also be expressed in terms of the displacement field variables by using the constitutive stress-strain relations
of the plate along with the stress and moment resultants given in Eq. (18). This procedure is routine (see, for
example, [40]) and hence, we do not provide these details here. Finally, as expected, the classical geometrically
nonlinear shell governing equations and the corresponding boundary conditions are recovered for α = 1.

4 Results and discussion

In this section, we use the previously developed formulation to investigate numerically the response of nonlocal
shells and to provide a quantitative assessment of the influence of the nonlocal interactions on the linear and
geometrically nonlinear response of cylindrical panels. We primarily focus on the effect of the constitutive
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parameters corresponding to fractional-order constitutive theory: the fractional-order and horizon of nonlocality.
Moreover, the effect of the coupling between the nonlocal interactions and the curvature of the panels is also
investigated.

Figure 2: Position-dependent nature of the horizon of nonlocal influence illustrated for three points (P , Q and
R) in an isotropic shell. Note the asymmetry in the horizon length when points are close to the boundaries (e.g.
P and R).

For all the simulations conducted in this study, we assume that the cylindrical panel is made out of an
isotropic material with Young’s modulus E = 30 MPa and Poisson’s ratio ν = 0.3. The length and width of
the panel are assumed to be a = b = 1m, and the thickness is assumed to be h = a/10. Unless specifically
mentioned, we assume the radius of curvature to be R = 10a. This choice of the geometric parameters follows
from the assumption of shallow shells (h/R = 0.01 ≪ 1) in Eq. (12). We emphasize that the choice of both the
material and geometric parameters is arbitrary, while considering shallow cylindrical shells, and the framework
can handle any general choice of material properties. The fractional-order and the nonlocal length scales are
not fixed a priori, and will be treated as parameters to determine their effect on the structural response.
Consequently, their numerical values will be specified wherever necessary. Note that the nonlocal length scales
for a general point within the cylindrical panel follow: l−1

= l+1
= l1 and l−2

= l+2
= l2. The symmetry of this

parameter (in x1 and x2-directions) around a given point is broken for points close to the boundaries. In such
cases, the nonlocal horizon of influence is truncated at the external boundary encountered in order to achieve
a physically consistent and frame invariant formulation [35]. This latter aspect is illustrated schematically in
Fig. 2. Additionally, we also assume an isotropic horizon of nonlocality, such that l� = lf , � ∈ {1, 2}.

As mentioned previously, we will numerically investigate both the linear and the geometrically nonlinear
response of nonlocal cylindrical panels. In each study, the panels are subject to a uniformly distributed transverse
load (UDTL) applied on the top surface of the panel. The magnitude of the UDTL is varied, and its value
will be provided whenever required. Unless otherwise mentioned, the loads are applied along +ê3-direction
(see Fig. 1). We analyze the effect of two different boundary conditions on the response of the nonlocal panel.
First, we consider a fully clamped (CCCC) panel where all the transverse edges are subjected to the following
constraints on the generalized displacement coordinates (defined in Eq. (11)) [42]:

∀x1 = {0, a} : u0 = v0 = w0 = θ0 = φ0 = 0
∀x2 = {0, b} : u0 = v0 = w0 = θ0 = φ0 = 0

(21)

Next, we consider a simply supported (SSSS) panel with the following constraints on the generalized displace-
ment coordinates [42]:

∀x1 = {0, a} : v0 = w0 = φ0 = 0
∀x2 = {0, b} : u0 = w0 = θ0 = 0

(22)
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In order to numerically simulate the fractional-order nonlinear governing equations of the nonlocal cylindrical
panel, we leverage the fractional-order finite element method (f-FEM) developed in [36]. Analogous to classical
finite element techniques, the f-FEM converts the nonlinear fractional-order partial differential equations into
a set of nonlinear algebraic equations which are solved using an incremental Newton-Raphson method. The
detailed algorithm of the f-FEM and the iterative Newton-Raphson method can be found in detail in [39, 40].
For the sake of brevity, we provide only a brief discussion of the f-FEM for the simulation of nonlocal shells in
Appendix B.

Before proceeding further, we conduct a convergence study to ascertain the appropriate choice for mesh
discretization. For the convergence study, we restrict ourselves to the geometrically nonlinear response of the
panel. The load-displacement curves corresponding to two arbitrarily chosen values of the nonlocal constitutive
parameters: (i) α = 0.8 and lf/a = 0.5, and (ii) α = 0.9 and lf/a = 1.0, are presented in Fig. 3a and Fig. 3b,
respectively. We control the mesh discretization via the dynamic rate of convergence defined specifically for
the finite element simulation of nonlocal elastic models [36]. The dynamic rate of convergence is defined as
the ratio of the horizon of nonlocality and the size of the discretized mesh element, along a given direction.
More specifically, we have the dynamic rate of convergence as N� = lf/le� , where le� , � ∈ {1, 2} denotes
the dimension of discretized mesh element along ê�. We present the analysis of the numerical convergence
for different choices of the dynamic rate of convergence parameter in Fig. 3. We note that for the choice of
mesh discretization providing N1 = N2 = 10, the L

1 norm of the difference between displacements obtained
from successive mesh refinements, is less than 1%. This implies that a satisfactory convergence of the f-FEM is
achieved for the choice of mesh discretization mentioned above. Therefore, this choice of mesh will be retained
for the following numerical analyses.

4.1 Linear elastic response

In this section, we analyze the linear response of the nonlocal cylindrical panel subject to UDTL and either
one of the two different boundary conditions mentioned previously. First, we conduct a parametric study to
analyze the effect of the fractional-order constitutive parameters which are, the fractional-order (α) and the
nonlocal length scale (lf ), on the response of the nonlocal panel. The response of the nonlocal panel is presented

(a) α = 0.8, lf/a = 0.5. (b) α = 0.9, lf/a = 1.0.

Figure 3: Load-displacement curves for the geometrically nonlinear response of clamped cylindrical panels of
radius R/a = 10. Convergence of the numerical code is established with < 1% difference in results upon
increasing discretization of the finite elements beyond N1 = N2 = 10. Note that the transverse load is non-
dimensionalized following Eq. (24).
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in Fig. 4, in terms of the maximum transverse displacement which occurs at the mid-point (a/2, b/2, 0) of the
panel. The response of the CCCC and the SSSS panels are provided in Fig. 4a and Fig. 4b, respectively. In
each case, the maximum transverse displacement of the the nonlocal panel is non-dimensionalized against the
maximum transverse displacement obtained for the local elastic panel, that is:

w =
wnonlocal(a/2, b/2, 0)

wlocal(a/2, b/2, 0)
(23)

This non-dimensionalization approach clearly highlights the softening that occurs in the panel as a result of the
nonlocal interactions. As evident from the results presented in Fig. 4, an increase in the degree of nonlocality
(through either a decrease in the value of α or an increase in the value of lf ), leads to an increase in the extent
of softening, irrespective of the boundary condition. This observation is consistent with the predictions made on
the linear elastic behavior of nonlocal beams and plates [36]. The consistency in the predictions obtained via the
fractional-order shell theory is a direct result of the positive-definite and well-posed nature of the formulation,
which is typically not guaranteed through classical integer-order approaches to nonlocal elasticity [36, 37].

For a more complete analysis, we also compare the deformed shape of the mid-plane of the nonlocal panel
with that of the local panel. For this purpose, we consider two different cases: (i) Nonlocal-01: α = 0.9,
lf/a = 0.5; and (ii) Nonlocal-02: α = 0.8, lf/a = 0.5. The results of this analysis are presented in Fig. 5
and further support the above conclusions, that is the nonlocal interactions soften the panel leading to larger
amplitude of displacement compared to the local panel. This behavior is noted irrespective of the choice of
the boundary condition (CCCC in Fig. 5a and SSSS in Fig. 5b). Further, for the case Nonlocal-02 where the
fractional-order is reduced in order to increase the degree of nonlocality, a higher degree of softening is inferred
from the larger amplitude of deformation and independently of the specific boundary conditions.

4.2 Geometrically nonlinear elastic response

In this section, we analyze the geometrically nonlinear response of the nonlocal cylindrical panel using the
fractional-order shell theory. The nature of the loading and boundary conditions is identical to that assumed
in the linear elastic study. The load-displacement curves for the geometrically nonlinear response of the CCCC

(a) Clamped shell (b) Simply-supported shell

Figure 4: Non-dimensionalized transverse displacement at the mid-point and on the mid-plane (a/2, b/2, 0) of
the cylindrical shell with R/a = 10. Results are compared for different values of the fractional-order constitutive
parameters. The non-dimensionalization is achieved following the relation in Eq. (23) such that local elastic
response (α = 1) is equal to the unity.
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Local

Nonlocal-01

Nonlocal-02

(a) Clamped shell

Local

Nonlocal-01

Nonlocal-02

(b) Simply-supported shell

Figure 5: Non-dimensionalized displacement field at the mid-plane of the cylindrical panel compared for: (i)
local elastic, α = 1.0; (ii) Nonlocal-01, α = 0.9, lf/a = 0.5; (iii) Nonlocal-02, α = 0.8, lf/a = 0.5

(a) R/a = 10, lf/a = 0.5. (b) R/a = 10, α = 0.8.

Figure 6: Load-displacement curves for the geometrically nonlinear response of clamped cylindrical panels of
radius R/a = 10. Parametric studies are presented for different values of (a) fractional order, α; and (b) length
scale lf .

panels are provided in Fig. 6 in terms of the transverse displacement at the center of the mid-plane (a/2, b/2, 0).
The magnitude of the transverse load reported here is non-dimensionalized in the following manner:

q = q0 ×

(
L4

E × h4

)

(24)
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In Fig. 6a, we analyze the influence of the fractional-order α on the nonlinear response, while maintaining
the length scale lf to be constant. Conversely, we analyze the effect of the length scale parameter lf on the
nonlinear response in Fig. 6b, while maintaining the fractional-order α to be constant. The same analyses are
also conducted for SSSS panels, and the corresponding load-displacement curves are provided in Fig. 7. The
effect of geometric nonlinearity is clearly evident from the load-displacement curves for all the cases studied in
Figs. 6 and 7. In these figures, we observe that an increase in the magnitude of UDTL (q) results in a nonlinear
increment of the maximum value of the transverse displacement for the cylindrical shell. This is unlike a
proportional relation between load and displacement expected for linear elastic response. This nonlinearity
is demonstrated by local and nonlocal elastic cylindrical shells. In addition, the effect of nonlocality is also
manifested in the softening of the nonlinear load-displacement curves in Figs. 6 and 7. As evident from the
results, the extent of softening is directly related to the degree of nonlocality, that is, an increase in the degree
of nonlocality leads to a consistent softening of the panel, irrespective of the nature of the boundary conditions.
Further, observe that the softening effect, resulting from the nonlocality, is stronger on the CCCC panels when
compared to the SSSS panels. This observation is consistent with predictions made from analogous studies on
nonlocal beams and plates [39, 40], where the softening effect of nonlocality was observed to be stronger on
structures subjected to stiffer boundary conditions. The consistency in the nature of predictions, across the
different boundary conditions, is in agreement with the linear elastic analysis in §4.1, and provide evidence
of the robustness of the fractional-order continuum theory for the analysis of complex structures exhibiting
size-dependent effects.

4.3 Influence of the curvature of the panel

It is well established in the literature that the curvature has a significant and rather complex influence on the
stiffness, and consequently, on the nonlinear response, of a cylindrical panel. In fact, when the cylindrical panel
is subject to externally applied transverse loads, the direction of the transverse load with respect to the curvature
vector, significantly affects the stiffness of the panel, and could possibly lead to the onset of instabilities [42].
In this study, we primarily investigate the interplay between the curvature and the nonlocality and their effect
on the overall stiffness and on the nonlinear response of the panel. For this purpose, we compare the nonlinear
load-displacement curves of a local and nonlocal CCCC panel subjected to UDTL along ±ê3 directions. Note

(a) R/a = 10, lf/a = 0.5. (b) R/a = 10, α = 0.8.

Figure 7: Load-displacement curves for the geometrically nonlinear response of simply supported cylindrical
panels of radius R/a = 10. Parametric studies are presented for different values of (a) fractional order, α; and
(b) length scale lf .
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that, for the +ê3 direction, the UDTL is along (or, equivalently, parallel to) the radius of curvature of the panel
(see Fig. (1). Similarly, for the −ê3 direction, the UDTL is opposite (or, equivalently, anti-parallel) to the radius
of curvature of the panel. The results of this study are provided in Fig. 8 for two different radii of curvature
of the cylindrical panel. Note that the strength of nonlocality and the radius of curvature, for all the cases
considered in the study, are chosen such that the nonlinear response of the panel is stable for all values of the
UDTL.

As evident from the results, the panel subject to the UDTL of a given magnitude along the +ê3 exhibits
a stiffer response when compared to the panel subjected to a UDTL of the same magnitude along the −ê3-
direction. From a physical perspective, the transverse load applied along +ê3 (see Fig. 1) induces tensile in-plane
stresses within the panel and hence, increases the nonlinear stiffness of the panel when compared to a plate
(R → ∞) with same in-plane dimensions. In contrast, the transverse load along −ê3 induces compressive
in-plane stresses and results in a reduction of the nonlinear stiffness of the panel, when compared to a plate.
Note that the stiffer response of the panel to the transverse load applied along the radius of curvature (that
is, +ê3) is observed irrespective of the degree of nonlocality. However, the difference in the degree of softening
of the nonlocal shell is higher in the case of UDTL applied in a direction opposite to the radius of curvature
(that is, −ê3), and increases with the increasing curvature (or, equivalently, with the decreasing radius R).
Hence, it appears that the curvature and the degree of nonlocality of the panel, together play a complex role in
determining a stiffening or softening of the panel response.

(a) R/a = 10. (b) R/a = 5.

Figure 8: Load-displacement curves for the geometrically nonlinear response of clamped cylindrical panels
compared for transverse load applied along +ê3 and −ê3 directions (see Schematic in Fig. 1). Local elastic
behavior corresponds to α = 1, and nonlocal elastic behavior is determined for α = 0.8 and lf = 0.5.

5 Conclusions

This study extended the fractional-order formulation, previously developed for beams and plates, to the anal-
ysis of nonlocal cylindrical shell panels. By developing geometrically nonlinear fractional-order kinematic re-
lations for cylindrical shells, we obtained a frame-invariant fractional-order framework that is mathematically,
physically, and thermodynamically consistent; in contrast to the already existing integer-order models. The
fractional-order theory is used as the foundation to develop 2D numerical models of both the linear and the
geometrically nonlinear response of nonlocal shells, based on first-order shear displacement theory. The models
are solved numerically via the fractional finite element method for a variety of test cases. Results highlight
the emergence of a softening behavior caused by the nonlocal interactions, irrespective of the type of boundary
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conditions. This consistency of the response across different loading and boundary conditions overcomes an
important issue observed in existing methodologies for the analysis of nonlocal solids based on integer-order
models. Our proposed approach also allowed establishing an important feature characteristic of the nonlocal
response of shell structures, that is the degree of softening due to the nonlocal interactions increases with the
increasing curvature. The understanding and modeling of the role that the curvature plays on the degree of
softening is expected to be of significance for studies involving instabilities of cylindrical panels. Finally, we
note that the present analysis framework for nonlocal shells is expected to form the basis for further studies on
nonlocal curved structures such as those involving layered and porous media, or even biological materials like
tissues and bones. The models developed here based on the fractional-order approach are expected to be used
in the analysis of long-range interactions (nonlocal), spatial multiscale effects, and complex heterogeneities, on
the structural response.
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