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ABSTRACT. In this article we obtain the Horn-Li-Merino formula for comput-
ing the gap as well as the spherical gap between two densely defined unbounded
closed operators. As a consequence we prove that the gap and the spherical
gap of an unbounded closed operator are 1 and v/2 respectively. With the help
of these formulae we establish a relation between the spherical gap and the gap
of unbounded closed operators. We discuss some properties of the spherical
gap similar to those of the gap metric.

1. INTRODUCTION

The aim of this article is to deduce the Horn-Li-Merino formula for the gap
and the spherical gap between two unbounded closed operators. The gap and
the spherical gap are two equivalent metrics on the set of all closed subspaces
of a Hilbert space. These allow one to discuss the convergence of subspaces and
has applications in Perturbation Theory [12] and in invariant subspaces of finite
dimensional operators [7]. These concepts can be applied to define a metric on
the space of bounded operators between Hilbert spaces and the class of unbounded
closed operators between Hilbert spaces via the graph of an operator.

These metrics play an important role in the class of unbounded closed operators,
since most of the operators that arise in physical applications are unbounded (see
[12, 21] for details). By the closed graph theorem [22, page 281] an everywhere
defined closed operator between Hilbert spaces is bounded. Hence unbounded closed
operators are defined on proper subspaces of Hilbert spaces. Because of this fact,
the sum and product of unbounded closed operators need not be defined. Hence
this class of operators does not form a vector space. Thus one can think of only
defining a metric on this class of operators. One of the well known and widely used
metrics is the gap metric. This metric was defined by Cordes and Labrousse in [3]
to study the properties of unbounded semi-Fredholm operators. A metric which
is stronger than the gap metric was introduced by Kaufman in [13] to study the
convergence of unbounded operators in Hilbert space. Some relations between the
gap metric, the metric defined by Kaufman and the metric induced by the operator
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1082 G. RAMESH

norm on the space of bounded operators between Hilbert spaces are discussed in
[14].

On the space of bounded operators on a Hilbert space, the topology induced by
the gap metric and the one induced by the operator norm are the same. Hence the
gap metric is a natural generalization of the operator norm. A relation between
the operator norm and the gap between two bounded operators on a Hilbert space
and applications to Perturbation Theory of operators can be found in [18].

There are two formulae available in the literature for computing the gap between
operators, namely the MacIntosh formula and the Horn-Li-Merino formula. A
formula for the gap and the spherical gap of an operator on finite dimensional
Hilbert space was derived by Habibi in [5, 6].

A more general version of the result for the gap between two n x n matrices
was proved by MacIntosh, which is now well known as the MacIntosh formula (see
[17]). Later this result was extended to bounded operators between Hilbert spaces
by Nakamoto in [18]. This formula for the case of unbounded closed operators was
obtained by S. H. Kulkarni and G. Ramesh in [15].

The spherical gap formula for matrices was obtained by Horn, Li and Merino
in [11], which is well known as the Horn-Li-Merino formula. This formula depends
on the minimum modulus (smallest singular value) of a certain matrix which de-
pends on the given matrices. A generalization of this result to the case of bounded
operators between Hilbert spaces can be found in [19].

Some relations among the gap and the spherical gap of a bounded operator on
Banach spaces were studied by Cvetkovié¢ in [4].

In this article we obtain the Horn-Li-Merino formula for the gap and the spherical
gap beween two unbounded closed operators. In fact our results generalizes the
results of Nakamoto (see Theorems 3.1 and 3.3). We prove that the gap and the
spherical gap of an unbounded closed operator are 1 and v/2 respectively. Finally
by establishing a relation between the gap and the spherical gap of unbounded
closed operators, we prove that these two metrics are equivalent and study some
properties of the spherical gap metric, which are analogous to those of the gap
metric.

We hope our results will be useful in the Perturbation Theory of Linear Oper-
ators, results related to invariant subspaces of unbounded closed operators as in
the case of finite dimensional operators and in solving operator equations, in par-
ticular for studying the stability of the solution of an operator equation involving
unbounded operators.

In the second section we set up some notation and briefly state some preliminary
results used in the article. In the third section we prove the Horn-Li-Merino formula
for the gap and the spherical gap and we study some properties similar to the gap
metric. Finally, we illustate our theorems with examples.

2. NOTATION AND PRELIMINARY RESULTS

Throughout the article we consider infinite dimensional Hilbert spaces, which
will be denoted by H, Hi, Hs, etc. The inner product and the induced norm
are denoted by (,) and ||.|| respectively. If A : D(A) — H, is a linear opera-
tor with domain D(A) C Hy, then the graph G(A) of A is defined by G(A) :=
{(z,Ax) : x € D(A)} C Hy x Hy. If G(A) is closed, then A is called a closed op-
erator. If D(A) is dense in Hy, then A is called a densely defined operator. For a
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THE HORN-LI-MERINO FORMULA FOR UNBOUNDED OPERATORS 1083

densely defined A : D(A)(C Hy) — Ha, there exists a unique adjoint A* of A which
satisfies (Az,y) = (z, A*y) for all x € D(A) and y € D(A*). The set of all closed
operators between H; and Hs is denoted by C(Hy, Hy). The set of all bounded
operators between H; and Hj is denoted by B(Hy, Hs). If Hy = Hy = Hjy, then
B(Hy, Hs) and C(H, Ha) are denoted by B(H) and C(H) respectively.

If A and B are closed operators with the property that D(B) C D(A) and
Bz = Az for all € D(B), then B is called the restriction of A and A is called
an extension of B. If M is a closed subspace of a Hilbert space H, then P, is
the orthogonal projection Py : H — H with range M, and the unit sphere of
a closed subspace of a Hilbert space is denoted by Sy := {x € M : ||z|| =1}. If
A € C(Hy, H) is densely defined, then we define A = (I +AA*)"" and A :=
(I+ A*A)~L.

Here we recall some of the known facts which are useful throughout.

Definition 2.1 ([12, page 197]). Let M and N be closed subspaces of a Hilbert
space H. Define

Bo(M, N) = {sup {d(z,N):xz € Sy} if M # {0},
0 else,
where d(x, L) is the distance from x to M. The quantity
O(M, N) := max{0y(M,N),0q(N, M)}
is called the gap between M and N.

Equivalently, if P = Py, Q = Py are orthogonal projections, then (M, N) =
[P = Q| = max{||[P(I — Q)| [Q( — P)||} (see [1, page 70] for details).

Definition 2.2 ([12, pages 197-198]). Let M and N be closed subspaces of a Hilbert
space H. Define

sup{d(z,Sn):xz € Sy} if M # {0}, N # {0},
Oo(M,N):=<%0 it M = {0},
2 if M # {0}, N = {0}.
The quantity B ~ ~
O(M, N) := max{0y(M,N),0,(N, M)}
is called the spherical gap between M and N.

If A, B € C(Hy, Hs), then G(A) and G(B) are closed subspaces of Hy x Hy. The
gap and the spherical gap between A and B are defined by (A, B):=0(G(A), G(B))
and 0(4, B) := 0(G(A), G(B)) respectively. In particular 6(A) := 6(4,0) and
0(A) :=0(A,0) are called the gap and the spherical gap of A respectively.
Definition 2.3 (Minimum modulus [12, page 231]). Let A € C(H;, Hs) be densely

defined. Then m(A) := inf {||Az| : € D(A), ||z|| = 1} is called the minimum
modulus of A.

Note 2.4. If A € C(Hy, Hs) is densely defined, then m(A*A) = m(A)2.

Definition 2.5 (Positive square root [23, Theorem 13.31, page 349]). Let A € C(H)
be a positive operator. Then there exists a unique positive operator B such that
A = B2?. The operator B is called the positive square root of A and is denoted by
B = As.
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1084 G. RAMESH
Definition 2.6 (Spectrum [23, page 346]). Let A € C(H) be densely defined. The
resolvent of A is defined by

p(A):={\eC: A~ A\ :D(A) — H is bijective and (A — \I)~*' € B(H)},
and the spectrum o(A) is the complement of p(A) in C.
Proposition 2.7. Let A € C(H) be selfadjoint. Then m(A) = inf {|\| : A € 0(A4)}.
Proof. The proof of this goes along similar lines to that of [16, Theorem 3.5]. O

Proposition 2.8 ([23, page 336, Theorem 13.13]). Let A € C(Hq, Hy) be densely
defined. Then the operator I + A*A : D(A*A) — H, is bijective and A is bounded.

The following results will be used quite often throughout the article without
mentioning.

Lemma 2.9 ([3, 8, 9, 10, 20]). Let A € C(H1, H2) be densely defined. Then:
(1) A€ B(H,), A€ B(Hy), |A| <1 and ||A] < 1.
(2) AAC AA, ||AA|| < % and AA* C A*A, ||A*A|| < %
(3) If g € C[0,1], then g(A)A* C A*g(A) and g(A)A C Ag(A).

Theorem 2.10 ([15, Theorem 3. 5]) Let A,B € C(Hl,Hg) be densely defined.
Then the operators BBz A% B AA> AA%BE and A3 BB% are bounded, and

0(A, B) = max {||BB%A% ~ BYAA3||, |AA B - E%BB%H}.

3. MAIN RESULTS
In this section we prove the main results. Recall that if A: D(A)(C Hy) — H,
is densely defined, then A = (I + A*A)~! and A = (I + AA*)~!

Theorem 3.1 (The Horn-Li-Merino formula for the spherical gap). Let A, B €
C(Hy, H,) be densely defined. Let T(A,B) = Az B2 + A*A2BBz. Then I'(A, B)

is bounded, and

(A, B) = /2 — 2 min{m(T (4, B)), m(T(B, A))}.

Proof. The operators A3 and B? are bounded, and hence
Lemma 2.9, A*A% and BB? are bounded; hence A*A3B
I'(A, B) is bounded.

By definition,

éO(A>B) sup inf ||(£C7A£L') - (y>By)H
(z,Az)ESc(ay WBYIESa(B)

= sup inf lz = yl* + | Az = By?).
(z,Az)ESG(a) (y,By)ESc(m) ( )

For z € D(A) and y € D(B), consider
fla,y) o= Ve —yl? + Az — By
= VIzl? +llyl? = 2Re (z,y) + [| Az + [|By|]? — 2Re (Az, By)

2B% is bounded. By
1
2

A
Bz is bounded. Thus

= Jlel + 142l + Iyl + 1ByI? - 2Re ((2.9) + Az, By)).
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THE HORN-LI-MERINO FORMULA FOR UNBOUNDED OPERATORS 1085

Thus 6y(A, B) = sup inf z,Y).
of ) |\1:||2+||Az\|2:1H?JH2+HB?JH2:1f( )

Since the operators Az : H; — D(A) and B2 : Hy — D(B) are bijective, there
exist u,v € H; such that x = A2y and y = Bzy. It can be easily verified that
2] + || Az[|* = [lu]|* and [[y|* + | Byl|* = [[v]]*.

So
fla,y) = \/|u||2 + o2 - 2Re(<A%u,B%v> n <A/1%u,BB%v>)
= \/Iull2 + o2 - zRe(<u, A3 BYo) + (u, A*E%BB%@)
= \/|U||2 +||v]|2 = 2Re(<u,F(A,B)v>)
=: g(u,v).
Hence 0o(A, B) = sup inf  g(u,v). Using the Cauchy-Schwarz in-
w€Hy, ||lul|=1 vE€H1, [Jv||=1

equality, we get

”iﬁflg(u,v) =1+ [[ull? = 2[T(4, B)*ul.

Taking the supremum over w such that ||u|| = 1, we have

00(A,B) = sup inf g(u,v) = /2 — 2inf |T(A, B)*ul|

luf|=1 llvl=1

It can be easily verified that T'(A, B)* = T'(B, A). Hence

Go(A. B) = /2 — 2m(I'(B, 4)).

Interchanging the roles of A and B we get

0o(B,A) = ||il|\l£1 Hiﬂig(u’ﬂ) = \/2 —2m(I'(A, B)).

The conclusion follows from the definition of §(A, B). O

Remark 3.2. Theorem 3.1 generalizes the formula given by Horn, Li and Merino for
m x n matrices (see [11] for details), whereas Nakamoto [19] proved that if A, B €
B(H), then A(A, B) = V2 —2min {m(T(A4, B)),m(I'(B, A))}, where I'(4, B) :=
Az (I + A*B)B2. By using the relations in Lemma 2.9, it can be shown that this
result and Theorem 3.1 coincide for A, B € B(H).

Theorem 3.3 (The Horn-Li-Merino formula for the gap). Let A, B € C(Hy, Hs)
be densely defined. Then

9(A, B) = \/1 — min{m(T(4, B))2, m(T'(B, A))?},

where I'(A, B) is as in Theorem 3.1.
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Proof. Let P := Pg(a) an
IP(I - Q) = |A42 B> —

Pg(py- Then by [15, Theorem 3.5], we have

) A
O

~1

—B*B3A B%+B B2 ABB3||.

Let (A, B) =T(A,B)I'(A, B)*. Tt is easy to verify that

B
['(A,B) = A BA? + A B*BAA? + A*A? BBA* + A*A* BB*BAA*.
B

Note that I — ['(B,A) = I — B2AB? — B2A*A
B*B* AA*ABB3. We claim that ||(P(I —Q))" (P(I - Q))| = |I - T(B, A)||. It is
enough to show that Bz A*AABz + B* B3ABB* = [-B: AB>—B*Bt AA*ABB:.
Consider
I - B*A*AAB* — B'B*ABB* = B AB* — B AB> + 1 — B* A*AAB>
— B*B*ABB>
= B2AB: + 1 - B3 (A+ A*AA)B?
— B*B*ABB:?
—B:AB* +1-B-B*B*ABB:
— B*AB? + B*BB - B*B: ABB*
— B*AB® + B*B*BB? — B*B*ABB?
— B2 AB? + B*B% (I — A)BB*
— B3 AB? + B*B3 AA*ABB?

Thus B2 A*AAB? + B*B2 ABB
This shows that I —T'(B, A) > |

that [ — I'(B, A) < I and hence I'(B, A) > 0.
Now

< 1, it follows

IP(I = Q)* = |lI ~L(B,4)|
= sup {[|z|| — |[T(B, A)z| : @ € Hy, |l2]| = 1}
=1 —inf{|T(B, A)z| : z € Hy,|z| = 1}
=1—m([(B,A))
=1-m(T(B,A))>%

With a similar computation we can show that ||Q(I — P)||? = 1 — m(T'(4, B))2.
The result now follows from the definition of 0y(A, B) and 6(A, B). O
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Remark 3.4. The formula in Theorem 3.3 improves the formula given by Nakamoto
[18, Theorem 4.1]. In fact for A, B € B(H), Nakamoto proved that

0(A, B) = /1 — min{m(I'(A4, B)), m(I(B, A))}.
where
(3.1) ['(A,B) = B3(I + B*A)A(I + A*B)B>.

By the repeated use of relations in Lemma 2.9, it can be shown that f‘(A, B) of
(3.1) and I'(A, B) considered in Theorem 3.3 are the same.

Theorem 3.5. Let A, B € C(Hy, Hy) be densely defined. Then

6(A,B) = \/2(1— /1—0(A, B)).

Proof. Let ¢ = min{m(T'(4, B)), m(I'(B, A))}. Then, by Theorem 3.3, m(I'(4, B))
1—62%(A, B). By Theorem 3.1, we have

0%(A,B) =2(1—c) = 2(1 — /1 - 62(A, B)).

Hence (4, B) = /2(1 — /T~ #%(A, B)). 0
Corollary 3.6. Let A € C(Hy, Hy) be densely defined. Then 6(A) =1 and §(A) =
V2.

Proof. By Theorem 3.3, (A) =+/1—min{m(I'(4,0))2,m(T(0, A))2}. Here I'(A,0)
= A3 =T(0, A) is self-adjoint. Hence m(T'(A4,0)) = inf {7 Aeo(Ar )} =0
Here we have used the fact that o(A*A) is an unbounded since A* A is unbounded
self-adjoint operator. By Theorems 3.1 and 3.3, (A) = /2 and 6(A) = 1. O

Corollary 3.7. Let A, B € C(Hy, Hs) be densely defined. Then
(1) 6(A, B) = 6(A*, B*). i i
(2) if A and B are one-to-one, then 0(A, B) = §(A~1, B~1).

Proof. This follows from Theorem 3.5 and the corresponding properties of 6(-,-)
(see [12, Theorems 2.18, 2.20, pages 204-205] for details). O

Corollary 3.8. Let A, B € C(Hy, Hs) be densely defined. Then
0(A, B) < 0(A, B) < V20(A, B).

Proof. The inequality (A, B) < (A, B) follows from the definitions of 6(4, B)
and 9(A, B). To prove the other inequality, it is enough to show that 2 %(A, B) —
6%(A,B) > 0. As 0 < 6(A, B) < 1, it follows that 0 < 1 — §%(A, B) < 1. Hence

20%(A,B) — 0*(A,B) = 20%*(A,B) -2 (1 — \/1 - 62(A, B))
=20%A,B)—2+2+/1—0%(A,B)
=2(y/1-62(A,B) - (v/1-62(4, B))?)
=2(/1-0(4,B))(1 - /1-6%(A4,B))

> 0.

This shows that the second relation is true. O

Corollary 3.9. (1) The set (B(Hl,Hg),é(-,-)) is open in (C(Hl,HQ),é('7')).
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(2) If A € C(Hy, Hy) is invertible with A=' € B(Ho, Hy) and B € B(Hy, Hs)

~ 1
such that 0(A,B) < ——————, then B is invertible and B~ €
L+[A-H2

B(Ha, Hy). In particular, if Hy = Hy = H, then {A € C(H) : A= € B(H)}
is open in C(H) with respect to the spherical gap metric.

Proof. The proof (1) follows by Corollary 3.8 and [12, Theorem 2.13, page 203].
The proof of (2) follows by Corollary 3.8 and [12, Theorem 2.21, page 205]. O

Corollary 3.10. The set of all bounded self-adjoint operators is a dense subset
of the set of all unbounded self-adjoint operators with respect to the spherical gap
metric.

Proof. The proof follows from Corollary 3.8 and [2, Proposition 1.6]. O

Example 3.11. Let H := the real space L?[0, 7] of real-valued functions, H' =
{x € H : z is absolutely continuous and 2’ € H} and H? = {z € H':2' € H'}.
Let Lz = dx/dt, where D(L) = {x € H' : 2(0) = 2(sr) =0}. Then L € C(H)

and D(L) = H. For n € N, let ¢,(¢t) := \/gsin(nt)7 t € [0,7] and ¥, (t) =
\/g cos(nt), t € [0,7]. Then {¢, }nen forms an orthonormal basis for H.
It can be shown that L* = —d/dt, D(L*)= H' and L*L = —d?/dt*>, D(L*L)=

{reH? : 2(0)=x(r) = 0}. Forze D(L*L) andy € H, we have x=> " (z, $p,) by,.
Hence

Lz = Z n<$7 ¢n>wn7

n=1
(I+ L*L)l‘ Z(l +n )(x ¢n>¢na
n=1
y <1
Ly:nZ=1 T On)n,

We have m(I'(L,0)) = m(L2) = inf{ﬁ :n € N} = 0. Hence by Theorems 3.1
and 3.3, 9(L) = /2 and (L) = 1.

Example 3.12. Let H=/?. Let D(A):D(B):{(:vj) €H:Y 2, 3%zi)? < oo}.
Define A : D(A) — H by A((x;)) = (jz;), for all (z;) € D(A) and

B((ey)) =4 0 LI
I jay o ifj#£2
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We have m(I'(A, B)) = inf {|A\| : A € o('(4,B))} = 2
Theorems 3.3 and 3.1, we have (A, B) = 1 and 0(A,B) =

1

10.

11.

12.
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can be shown that A and B are self-adjoint. For (y,;) € H, we have
Alyy) = Alw) = 155305 = Bluy) = Blwy)
Az (y;) \/%—ﬁyy = B2(y,),
AAw) = (=50,

i ifj=2,
BB(y;) =7 7
1_;’_]2 lfj#Q)
BB (y;) T =2
2y;) = e
! L i #2,
3 . .
—2y; ifj =2
L(AB)(y;)=4q °7 .~
y; ifj#2.

= m(['(B, A)). Hence by
2

E.
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