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Abstract

The potential for enhanced postbuckling performance of flat plates using
variable angle tow (VAT), in comparison with conventional laminated com-
posites, has been shown previously. This paper presents an optimization
strategy for the design of postbuckling behaviour of VAT composite lami-
nates under axial compression. The postbuckling performance of composite
laminated plates for a given compression loading is assessed by studying both
the maximum transverse displacement and the end-shortening strain. For the
postbuckling analysis of VAT composite plates, an efficient tool based on the
variational principle and the Rayleigh-Ritz method is developed. In the opti-
mization study, a mathematical definition based on Lagrangian polynomials,
which requires few design parameters, is used to define a general fibre angle
distribution of the VAT plate. A genetic algorithm is subsequently used to
determine the optimal VAT configuration for maximum postbuckling per-
formance. The optimization of square VAT laminates under compression
loading for different in-plane boundary conditions is studied and compared
with straight fibre designs.
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1. Introduction

Use of laminated composite structures in primary load carrying aircraft
structures has increased substantially over the past decade (with, for exam-
ple, Airbus A380 and Boeing 787). The advent of new commercial composite
manufacturing techniques such as advanced fibre placement and advanced
tow placement, as well as emerging constant tow shearing [1], enable steer-
ing of tow paths in the plane of the structure and allow manufacturing of
composite structures with variable stiffness. These laminates, with spatially
varying fibre (tow) orientations, i.e. variable angle tow (VAT) composites,
allow point-wise stiffness tailoring and have been shown to exhibit numer-
ous structural advantages over straight fibre composites. Previous research
has shown great potential of utilising VAT concept for improving structural
performance, particularly the buckling and postbuckling load carrying ca-
pability of composite plates [2, 3, 4, 5, 6]. Despite the benefits of VAT
laminates, the optimum design of such laminates is a challenge, as it involves
a large number of design variables and large computational effort required by
an optimization process. These challenges in the design of VAT composite
plates necessitate the development of new efficient modelling and effective
optimization strategies. Several optimization works on the design of VAT
plates for maximum buckling load have been proposed, which are based on
either using genetic algorithms (GA) [3, 7] or gradient-based mathematical
programming techniques [8, 9]. In this work, numerical studies using GA
for the postbuckling design of VAT laminates under axial compression, are
presented.

For the design of VAT laminates, it is both desirable and necessary to
systematically represent general laminate configurations, as it reduces the
number of design variables considerably. VAT laminates can be described
using mathematical functions to define either the tow (fibre) trajectories, or
the variation of fibre orientation angles. In the literature, existing schemes
for the representation of VAT laminates are categorised into two classes. The
first description is coupled with finite-element modelling, in which the design
parameter in each element (node) is assumed to be constant and is allowed to
independently vary across elements. For this element-based scheme, however,
an additional constraint is often needed to ensure the variation of design
parameters to be smooth [10].

Hyer and Lee [11] first demonstrated the use of curvilinear fibres to en-
hance buckling loads for a plate with a circular hole by optimizing fibre
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orientations of each element. Huang and Haftka [12] used a hybrid strategy
to optimize fibre angles at each node in their finite element model for improv-
ing the strength of a laminate with a hole. More recently, Abdalla et al. [10],
Setoodeh et al. [8] and IJsselmuiden et al. [9] performed the optimum de-
sign of tow-steered variable stiffness composite laminates based on weighted
nodal design variables. Another way of representing VAT configurations is
to employ a mathematical definition, which requires fewer design variables
than the element discretization scheme and can naturally generate smooth
distributions. For example, Nagendra et al. [13] proposed an optimization
strategy using NURBS (Non-uniform rational B-spline) curves with a fixed
number of control points to construct the curvilinear fibre paths. Honda et al.
[14] defined the fibre paths using a linear combination of B-spline functions
to define the fibre trajectories. Parnas et al. expressed the fibre angles in
terms of either Bezier curves or cubic polynomials [15]. Olmedo and Gürdal
[2] proposed a simple definition of linear variation of fibre angels using three
parameters to characterise each VAT ply. The linear variation definition has
been widely used for the study [16, 4], test [3] and design [3] of VAT lami-
nates. The linear fibre angle variation along a particular direction results in
a limited design space, which can be further expanded by allowing the fibre
orientation to vary two dimensionally [7]. The distribution of fibre angles is
then expressed in a series form, for example Setoodeh et al. [17] and Alha-
jahmad et al. [18] employed Lobatto polynomials. A more general definition
for the nonlinear variation of fibre angles using Lagrangian polynomials [7]
is used in this work to establish each VAT configuration. This definition is
more intuitive for the designer as the coefficient of Lagrangian polynomials
is directly equal to the fibre angle at each pre-selected control point. Fur-
thermore, the optimization results for the maximum buckling load in [7] also
demonstrated that this nonlinear definition gives similar levels of fidelity and
design space as finite element based models [9], yet has significantly reduced
degrees of freedom.

Ghiasi et al. presented a thorough review and comparison of the op-
timization techniques for both constant stiffness [19] and variable stiffness
[20] composite laminates. Among these techniques, the genetic algorithm
(GA) is one of the most popular methods which has been extensively used
in the optimization of composite laminates. Postbuckling models, either
based on analytical solutions or finite element analysis (FEA), can be di-
rectly integrated into a GA to perform optimization studies, as the gradient
information is not required. The GA is generally able to prevent the search
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procedure becoming trapped in local optima, provided the population size
and the number of generations are sufficiently large. However, GAs also suf-
fer from significant computational costs due to numerous evaluations of the
fitness function. Kang and Kim [21] combined a GA, along with a nonlinear
finite element code, to perform minimum weight optimization for compos-
ite panels subject to buckling and postbuckling design criteria. Due to the
relatively poor efficiency of FEA, they implemented a parallel computing
scheme with the GA to speed up the optimization procedure. Seresta et

al.[22] used GA to optimize compression loaded laminated composite plates
for maximum failure load in the postbuckling regime, in which the postbuck-
ling analysis is performed by the Rayleigh-Ritz method in a semi-analytical
way. More recently, Falzon and Faggiani [23] implemented an optimization
procedure based on a GA, together with FEA (Abaqus), to optimize the
layups of stiffened composite panels, for enhancing the damage resistance, in
the postbuckling regime.

The main difficulty for the postbuckling optimization is the large compu-
tational effort involved in the process of tracing the postbuckling equilibrium
path, particularly when finite element modeling is used. In the postbuck-
ling optimization of laminated composite plates, it is often needed to deter-
mine the postbuckling behaviour of a large number of lamination configu-
rations. Therefore, most previous works exploit analytical/semi-analytical
formulations, or other approximate schemes that rapidly determine the non-
linear structural responses, so as to incorporate optimization procedures.
Dickson and Biggers [24] developed a program (POSTOP) to perform the
optimum design of metal or composite panels with open-section stiffeners
under combined loadings. In their program, analytical/semi-analytical solu-
tions were adopted for the buckling and postbuckling analysis and a mod-
ified feasible-direction method was applied for the optimization procedure.
Shin et al. [25] presented a work on the minimum-weight optimum design
of specially orthotropic laminates with respect to the postbuckling perfor-
mance. The postbuckling analysis of composite laminates was performed
using a Marguerre-type energy method and the phenomenon of mode jump-
ing is considered in the optimization process. Bushnell [26] also implemented
the function for the postbuckling design in his PANDA2 program, in which
the postbuckling problem was solved in a semi-analytical way. In addition,
an optimization strategy was introduced to retreat or remove the cases with
non-convergent solutions. Other routines/tools integrated with efficient mod-
ellings were also developed and used for the postbuckling optimum design,
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such as NLPANOPT [27, 28], VICONOPT [29, 30]. As an alternative to ana-
lytical solutions, the large computational costs are reduced in some works by
the application of response surface methodologies that offer a global approx-
imation scheme to predict the postbuckling behaviour using a few number
of sampled points [31, 32]. In this paper, we have adopted a semi-analytical
model derived from the mixed variational principle [6] to analyse the post-
buckling behaviour of VAT plates. This model, is found to be more accurate
and requires relatively less computational time, when compared with other
postbuckling modelling techniques [5, 6] and so enables us to perform the
postbuckling optimization using a genetic algorithm.

The aim of this paper is to present an optimization strategy using a
GA for the design of postbuckling behaviour of VAT laminated plates and
study the mechanics that are responsible for the improvement of postbuckling
strength. The VAT representation, using Lagrangian polynomials to define
the nonlinear distribution of fibre orientation angles across the VAT plates, is
introduced in the next section. Section 3 briefly reviews the proposed semi-
analytical model for the postbuckling analysis of VAT plates. In section 4,
the postbuckling design criteria for the optimal design of VAT plates are first
presented, followed by a detailed discussion of the optimization strategy. The
optimally designed VAT laminates are illustrated and discussed in section 5,
compared with optimal straight-fibre laminates.

2. Variable Angle Tow Plates

In general, the distribution function that describes fibre orientation angles
over a plate domain can be expanded using a double series form. A previously
proposed scheme [7] that uses Lagrangian polynomials to define the nonlinear
variation of fibre angles is adopted in this work for the optimal design of VAT
laminates. In this definition, a set of M ×N control points are first selected
over the domain of the plate, each of which is associated with a value of fibre
angle. A nonlinear distribution for the fibre orientation angles is generated
using Lagrangian polynomials to interpolate the fibre angles at these control
points, given by,

θ(x, y) =
M−1
∑

m=0

N−1
∑

n=0

Tmn ·
∏

m 6=i

(

x− xi

xm − xi

)

·
∏

n 6=j

(

y − yj
yn − yj

)

(1)

where Tmn is the coefficient of each term in the series and is directly equal to
the value of fibre angle at the control point (xm, yn). Figure 1 illustrates two

5



types of nonlinear variation of fibre orientation angles, one is parabolically
varying along one direction and the other is varying two dimensionally. Sub-
stituting the coordinates of the selected control points into Eq. (1), explicit
forms for describing the distribution of fibre orientation angles are formed.
For example, the parabolic variation of fibre orientations along the x direc-
tion, as shown in the left plot of Figure 1, is written as [33],

θ(ξ) = θ(|ξ|) = T0(2ξ
2 − 3|ξ|+ 1)− 4T1(ξ

2 − |ξ|) + T2(2ξ
2 − |ξ|) (2)

where ξ = 2x/a ([−1, 1]) is the normalised coordinate and T0, T1, T2 are the
fibre angles for x = 0, a/4, a/2, respectively.

With the aid of explicit expressions, each VAT ply is parameterised in
terms of the fibre orientation at the pre-selected control points, which sig-
nificantly simplifies the VAT design problem. For an optimization problem,
different VAT laminate configurations are constructed through varying the
fibre orientations associated with these control points. Clearly, a good choice
of control points can assist an optimization procedure to rapidly achieve
convergence and avoid trapping in local optima. In such circumstances, a
nearly complete design space for the variable stiffness is approached by using
only a few series expansion terms in Eq. (1). The selection for the num-
ber and positions of control points mainly depends on the specific problem
we describe, in terms of geometry, boundary conditions and loading cases
etc. It was also observed that, for a flat VAT plate, only 3 ∼ 5 (M or N)
grid points along each direction are needed to achieve converged results in
the buckling optimization [7]. Furthermore, this definition naturally gives a
continuous, smooth distribution for the fibre orientations, which are suitable
to be converted into practical tow trajectories when considering manufactur-
ing constraints. This design scheme, that describes a VAT configuration via
choosing a set of distributed control points, can also be extended for other
VAT structures, such as curved panels and shells.

3. Postbuckling Analysis

3.1. Basic equations

In classical lamination plate theory (CLPT), the constitutive equations
for rectangular composite plates in a partially inverted form is defined as,

(

ǫ0

M

)

=

[

a b

−bT D∗

](

N

κ

)

(3)
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where a = A−1, b = −A−1B, D∗ = D − BA−1B and A, B and D are in-
plane, coupling and bending stiffness matrices, respectively. For VAT plates,
the values of a,b,D vary with the coordinates x and y. The term ǫ0 is
the mid-plane strains, κ is the curvature and N, M are in-plane stress and
bending moment resultants, respectively. As the composite plates studied
herein are symmetrically laminated, there is no bending-stretching coupling
and the coupling matrix B = 0, b = 0 and D∗ = D.

The von Kármán large deflection equations that define the nonlinear re-
lation between the mid-plane strains and mid-plane displacements are [34],

ǫ0x = u0,x +
1
2
w2

,x ǫ0y = v0,y +
1
2
w2

,y ǫ0xy = u0,y + v0,x + w,xw,y (4)

The stretching behaviour of a plate can be modelled by introducing the Airy’s
stress function(Φ) and the stress resultants N (Nx, Ny, Nxy) are defined as,

Nx = Φ,yy, Ny = Φ,xx, Nxy = −Φ,xy (5)

For the large deflection of a composite plate, the nonlinear compatibility
equation expressed in terms of Airy’s stress function is given by,

[a11Φ,yy + a12Φ,xx − a16Φ,xy],yy + [a12Φ,yy + a22Φ,xx − a26Φ,xy],xx −
[a16Φ,yy + a26Φ,xx − a66Φ,xy],xy = (w,xy)

2 − (w,xx)(w,yy)
(6)

The nonlinear equilibrium equation for the large deflection is,

[D11w,xx +D12w,yy + 2D16w,xy],xx + [D12w,xx +D22w,yy + 2D26w,xy],yy +

2 [D16w,xx +D26w,yy + 2D66w,xy],xy + Φ,yyw,xx + Φ,xxw,yy − 2Φ,xyw,xy = 0

(7)

By expanding the derivatives in Eqs. (6) and (7), both the compati-
bility function and equilibrium equation for VAT laminates were found to
involve additional higher order derivative terms with respect to the in-plane
flexibility and bending stiffness coefficients (aij, Dij) [35, 4, 36], respectively.

3.2. Semi-analytical model

Derivation of closed-form solutions for the postbuckling analysis of VAT
plates is a difficult process, due to the variable stiffness and the nonlinear
behaviours. Alternatively, a semi-analytical model was developed in [6] for
the postbuckling analysis of VAT composite laminates, which is applicable to
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general boundary conditions. This postbuckling model is derived based on a
variational formula, which mixed the Airy’s stress function and out-of-plane
deflection into a single formulation, Π(Φ, w). A set of nonlinear algebraic
equations were obtained using the Rayleigh-Ritz method and expressed in
the following tensor form [6],

Kmm
pi φp +Kmc

ki cl +Kmd
ki dl +Kmb

rsiWrWs = 0

Kcm
pi φp +Kcc

kicl +Kcd
ki dl +Kcb

rsiWrWs = Fxi

Kdm
pi φp +Kdc

ki cl +Kdd
ki dl +Kdb

rsiWrWs = Fyj

Kbb
riWr −Kbm

rpiWrφp −Kbc
rkiWrcl −Kbd

rkiWrdl = 0

(8)

where Kmm
pi , Kmc

li , · · · , Kbd
rki represent various stiffness matrices for a plate in

the postbuckled state (refer to [6] for more details). Wr (Ws) are the vector-
ized form of the coefficient matrix for the transverse displacement (w), whilst
φp, cl, dl are the coefficients for the series expansion of the Airy’s stress func-
tion (Φ). Eq. (8) can be solved by an iterative Newton-Raphson procedure.
This model offers good accuracy with reasonable computational efficiency for
determining the postbuckling equilibrium paths of VAT plates, which sub-
sequently makes the implementation of postbuckling optimization for VAT
plates achievable.

3.3. Boundary conditions

Herein, all four edges of the plates are assumed to be simply supported.
Two different in-plane boundary conditions for VAT plates under uniaxial
displacement compression are studied, which are illustrated in Figure 2. The
plate is subjected to uniform displacement compression (x = ±a

2
:u = ∓∆x

2
),

and in case A, the transverse edges are free to move (stress-free, Ny0 = 0;
and in case B, the transverse edges are constrained (v = 0).

4. Optimum Laminate Design

4.1. Postbuckling optimization criteria

The relative stiffness or a normalised postbuckling stiffness [37], however,
only represents the structural strength in the postbuckling regime. In a re-
alistic design, it often concerns load-carrying resistance over the entire range
of deformation including both the prebuckling and postbuckling regimes.
Therefore, it is necessary to define new quantities that assess complete struc-
tural behaviour. In this work, two quantities are used as the design criteria to
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characterise the postbuckling structural performance of laminated compos-
ite plates under a given load [38]. One is the maximum transverse deflection
wmax and the other is the end shortening strain ǫx (=∆x/a) along the loading
direction [38]. Because the applied loading condition is constant, the overall
structural strength or the load-carrying capacity directly relate to the resul-
tant end-shortening strain or the maximum transverse deflection. Their eval-
uation is based on the derived postbuckling equilibrium paths, which are the
nonlinear load-deflection curve and the load-end shortening curve. The loads
and strains in these curves are normalised with respect to the corresponding
solutions of the quasi-isotropic plate. This normalisation provides the de-
signer with a useful measure to quantify the improvement of a trial laminate
over the quasi-isotropic laminate [38]. The equivalent Young’s modulus Eiso,
Poisson’s ratio νiso and bending stiffness Diso of the quasi-isotropic laminate
are given by [37, 38],

Diso =
Eisoh

3

12(1− ν2
iso)

, νiso =
U4

U1

, Eiso = U1(1− ν2
iso) (9)

where U1, U2, U4 are material invariants [39].

4.2. Failure criteria

In this work, the optimum design of VAT plates was further investigated
for their failure strength in the postbuckling regime of compression loading.
The stress-based Tsai-Wu failure criterion is used herein to predict the failure
of VAT laminates. For a state of plane stress, the following failure index (IF )
according to the orthotropic Tsai-Wu criterion is defined as,

IF = F1σ11 + F2σ22 + 2F12σ11σ22 + F11σ
2
11 + F22σ

2
22 + F66σ

2
12 (10)

where σ11 and σ22 are the stress components along the principal material
directions and σ12 is the shear stress. The coefficients Fij in Eq. (10) are
related to the material strength parameters of the lamina given by,

F1 =
1

Xt

− 1

Xc

, F2 =
1

Yt

− 1

Yc

, F12 = − 1

2
√
XtXcYtYc

F11 =
1

XtXc

, F22 =
1

YtYc

, F66 =
1

S2

(11)

where Xt, Xc, Yt, Yc, S are the experimentally determined material strength
parameters. The stresses within each VAT lamina (σ11, σ22, σ12) are varying
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as a function of the location, which are also resulting in a spatial variation
of failure indices, that is IF = IF (x, y). The failure indices associated with
each ply of the VAT plates are required to satisfy [18],

IF (x, y) ≤ 1 (12)

over the whole plate domain. The first ply failure may occur in the VAT
laminate before the specified design compression load is reached and hence, it
is necessary to verify the optimized VAT plates do not fail in the postbuckling
regime during the optimization.

4.3. Optimization for VAT plates

The postbuckling response of VAT laminated composite plates depends
on the laminate configuration, which refers to both the stacking sequence
and the distribution of fibre orientation angles across the planform of each
VAT ply. In this paper, the optimization problem for a VAT composite plate
with 16 balanced, symmetric layers ([±θ1/±θ2/±θ3/±θ4]s) is studied. This
choice provides a reasonable design freedom for the stacking sequence, whilst
the number of design parameters remains reasonable.

The design of VAT layers is based on the nonlinear variation formula Eq.
(1), by which only a few parameters are needed to establish a continuously
varying distribution of fibre angles. As the VAT plates studied in this paper
are approximately symmetric in terms of geometry, boundary and loading
conditions, only a quarter of the plate is considered for both modelling and
design purposes. The control points, as shown in Figure 1, are uniformly
distributed in a quarter plate domain and the distribution of fibre angles are
doubly symmetric, that is θ(x, y) = θ(|x|, |y|). The variation of fibre angles
can be either varying along one direction or varying with both the x and y
axes, θi(x, y). In the design process, the number of control points is gradually
increased for the larger design space. The postbuckling optimization problem
is subsequently formulated as,
Minimize:

f(x) : ǫx/ǫ
iso
x or wmax/h (13)

Design Variables:

x : [T
(i)
00 . . . T (i)

mn . . . T
(i)
MN ] (θi, i = 1...4) (14)

subject to:

− π/2 ≤ T (i)
mn ≤ π/2 (i = 1...4)

gj(x) : max
(

IjF (x0, y0)
)

− 1 ≤ 0
(15)
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where gj(x) is the failure constraint for each layer of the VAT laminate. In
this work, the failure indices are examined only at the top and bottom plies
(j = 1, 16) and (x0, y0) refers to a defined grid point where the failure index
are computed. The failure indices are checked at sufficient grid points to
ensure no failure occurs over the domain of VAT laminate. This nonlinear
constraint in a GA is commonly handled using a penalty method and the
objective function is rewritten as,

f(x) +
∑

j

αj max (0, gj(x))
2 (16)

where αj indicates the penalty coefficient corresponding to the ply failure
constraint.

The end-shortening strain (ǫx/ǫ
iso
x ) and the maximum transverse deflec-

tion (wmax/h) are determined from the postbuckling equilibrium curves which
are obtained using the Rayleigh-Ritz model. The calculation of these two
quantities is based on a fixed value of the average compression load Nx. The
number of each series expansion in Eq. (8) was chosen to be 5, which offers
adequate accuracy for the optimization purpose. In the procedure of tracing
the postbuckling equilibrium paths of VAT laminates, mode jumping phe-
nomena may occur. However, such consideration is out of the scope of this
paper, therefore it is recommended that optimal layups obtained herein are
adequately checked.

The search of optimal layups for postbuckling strength is performed using
a GA. However, a sufficiently large population and generation are usually
needed for the GA to achieve convergence in the postbuckling optimization of
VAT plates. Based on our trial-and-error experiences, the population size was
set to be at least 10 times the number of design variables, while the generation
is usually set to 80 ∼ 150 depending on the population size. Several trials of
the GA search with different initial populations were performed to examine
the convergence of optimal results. The crossover and mutation probabilities
were chosen to be 0.7 and 0.04.

The optimization routine is first applied to find the optimal layups for
constant fibre-angle laminated plates. The straight fibre laminate results are
considered for assessing the improvement of structural response achieved by
using the VAT concept in the postbuckling regime. Subsequently, the opti-
mization is carried out on layups with a combination of VAT and constant
fibre-angle layers. Finally, all laminae in the VAT format are considered for
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the search of optimal fibre angle distributions across the plate. This opti-
mization study provides sufficient information to investigate both the effects
of variable stiffness and stacking sequence on the postbuckling performance
of VAT laminates.

5. Results and Discussion

This section presents the optimization results with the aim of demonstrat-
ing the benefit of VAT composite plates for postbuckling design. The study is
carried out on a simply-supported square plate (a = b = 0.5 m) subjected to
an uniform axial compression. Two different cases (case A and case B) for the
in-plane boundary conditions, as illustrated in Figure 2, are considered. For
each case, the postbuckling optimization is performed to minimise both the
end-shortening strain and the maximum transverse displacement. Thus, four
different optimization cases are implemented and carried out. The lamina
properties for the graphite-epoxy composite are given by E1 = 163GPa, E2 =
6.8GPa, G12 = 3.4GPa, ν12= 0.28 and the material strength areXt=2.41GPa,
Xc=1.523GPa, Yt=0.0193GPa, Yc=0.248GPa, S=0.107GPa. Ply thickness is
0.13mm (the plate thickness is 2.1 mm).

The optimization results of these four cases are demonstrated in Tables 1-
4. Table 1 gives the optimum laminates for minimising end-shortening strain,
whereas Table 2 shows the optimum designs for minimising the maximum
transverse displacement. Tables 3 and 4 list the fibre-orientations at the con-
trol points for each optimal VAT plate. The postbuckling equilibrium paths
of these optimized constant stiffness and VAT laminates are compared and
illustrated in Figures 3 and 4. Finite element modelling for the postbuck-
ling analysis of VAT plates was implemented using the commercial package
Abaqus to validate the optimal results given by the Rayleigh-Ritz method.

The optimal layups which give minimum end-shortening strain or the
maximum transverse displacement may be different when the level of axial
load (Nx0) is changed. The postbuckling optimization for each case is carried
out with respect to several axial loads. As shown in Tables 1 and 2, the value
of axial load Nx0 is fixed to 2Niso and 4Niso for minimising the end-shortening
strain and the maximum transverse displacement, respectively, in case A, and
to 2Niso for both of these two minimisation tasks in case B. The term Niso

is the buckling load of the quasi-isotropic plate for the same material and
boundary conditions.
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In the optimal design of straight-fibre (constant stiffness) laminates, the
layer angles for the laminate configuration are restricted to the common
values of 0, 90, 45, and -45 deg for practical purposes [38]. From Table 1, the
layup [±45/06]s gives the minimum end-shortening strain (ǫx) for both case

A and case B. The normalised end-shortening strain for a fixed axial load
gives a direct measure of the effective structural stiffness, which is a function
of the normalised quantities of prebuckling stiffness (K̄pre), buckling load
(N̄ cr

x ) and postbuckling stiffness (K̄post) given by,

ǫx
ǫisox

=
N̄ cr

x

K̄pre

+
N̄x0 − N̄ cr

x

K̄post

=
N̄x0

K̄post

− (
1

K̄post

− 1

K̄pre

)N̄ cr
x (17)

From this expression (for K̄post < K̄pre) and for a given value of N̄x0 then
end-shortening strain reduces for increasing values of K̄post, K̄pre and N̄ cr

x .
To minimise the end-shortening strain of a compression-loaded laminate, a
large proportion of 0-deg plies in the laminate is important for carrying the
compression load and also for improvement of prebuckling and postbuckling
stiffness of the plate. In addition, the presence of ±45-deg plies at the outer
layers significantly improves the critical buckling load of the laminate. As
such, the [±45/06]s layup gives the minimum end-shortening strain to this
optimization problem. The laminates which have the minimum wmax are
different for case A and case B, but both are types of cross-ply laminate, as
shown in Table 2. It was observed that the plies with 90 deg are useful for a
laminate to suppress the out-of-plane deflection in the postbuckling regime.
Although the value of the ply-angle is limited, these results are close to the
optimal results which are determined by lamination parameters for general
ply angles. Bounds of Lamination parameters facilitate the largest design
space for constant thickness laminates [40]. Thus, the results of straight-
fibre laminates shown Tables 1 and 2 are similar to the global optima for
this design problem. Consequently, these optimal straight-fibre layups can
be considered as the baseline for comparison with VAT laminates.

The postbuckling behaviour of VAT plates with linear variation of fibre-
orientation angles ([φ ± 〈T0|T1〉]4s) has been studied in previous work [6].
From this analysis, VAT plates with large buckling loads also exhibit reduced
maximum transverse displacement. But, none of these linear-variation VAT
plates demonstrate apparent improvement for the axial compressive stiffness
in the postbuckling regime. The postbuckling optimization of VAT plates
with nonlinear variation of fibre angles is now carried out in a step-by-step
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manner. The VAT plates are first constructed in a blended way, in which
one or two design layers (θ1,2) are of VAT format and other layers are uni-
directional (straight-fibre). The fibre-orientation is initially allowed to vary
along one direction. Subsequently, the laminates are configured by solely
VAT layers and the fibre-orientation of each layer is allowed to vary in both
x-y directions. The number of control points is also gradually increased to
provide larger design space and the convergence of optimization results with
increase in control points is studied.

For case A, the first optimal VAT plate (#1) shows a 16% improvement,
as listed in Table 2, for minimising the end-shortening strain at the axial
load 2Niso, compared to the optimal straight-fibre laminate [±45/06]s. The
normalised load vs normalised end-shortening strain behaviour of these VAT
laminated plates is shown in Figure 3-a. Besides the improvement for the
overall axial stiffness, this VAT plate gives a 68% increase in the critical
buckling load along with a 36% drop of the prebuckling stiffness. Next, the
fibre-orientation θ(x, y) of the VAT plate is varied along both directions and
3-by-3 control points (design variables) are adopted to define the VAT con-
figuration in each layer. The optimal fibre orientation at the control points
are presented in Table 3. Figure 5 shows the discretised distributions for the
fibre-orientation angles of θ1 and θ2 of this VAT plate. The distribution of
θ3 and θ4 are similar to θ2. It is noted that the inner layers (θ2,3,4) have a
considerable proportion of 0-deg-fibre near the edges which enable the VAT
plate to maintain a relatively high prebuckling stiffness. Furthermore, the
fibre-orientation of the outer layers (θ1) and the central region of inner layers
is highly nonlinear, which gives rise to a nonuniform stress redistribution and
also improvement of the buckling load and the postbuckling stiffness. From
Table 2, the second optimal VAT plate (#2) demonstrates a 36% improve-
ment for minimising the maximum transverse displacement over the optimal
constant stiffness layup [904/04]s. The fibre-orientation of this VAT plate
varies in the y direction. The optimal VAT plate for the case where the
fibre-orientation is varying with both axes is not presented, as it only has a
slightly increased optimal result (wmax/h) over this VAT plate. The optimal
fibre-orientation angles for this design (#2) are listed in Table 3.

For case B, 13% and 37% improvements are achieved by the optimal
VAT plates (#3 and #4) for minimising the end-shortening strain and the
maximum transverse displacement, respectively. From Figure 4-a the load vs
end-shorting curve, the prebuckling stiffness and buckling load of the VAT
plate (#3) is nearly the same as the [±45/06]s laminate but the postbuckling
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stiffness is significantly increased. Only the outer layers (±θ1) for this design
(#3) has VAT orientations and the remaining inner layers are all 0-deg. The
fibre-orientation of the VAT layer (θ1) is only varying with respect to the
x direction. For this problem, no further improvements in results (ǫx/ǫ

iso
x )

were obtained when applying the VAT configuration for the inner layers in
the design or allowing the fibre-orientation to vary two dimensionally.

Figure 6 illustrates the resultant stress fields (σ11, σ22, σ12) and the failure
indices (IF ) at the bottom surface (z = +h/2) of the optimum VAT plate
(#1) under 7.8kN (2Niso) compression loading. The distribution of stress
fields and failure indices obtained by the Rayleigh-Ritz method match closely
with FEA. Note, the negative values of the failure indices over the plate
domain are ignored and displayed as 0. The highest failure index of this
VAT plate is approximately 0.13 which is located near the centre of transverse
edges. This value is small according to the Tsai-Wu failure criterion, which
shows a good margin of strength safety for the optimum VAT plate. It also
suggests that considering postbucking/buckling failure is more important
than considering the first-ply failure in optimum design of thin-walled VAT
composite laminates (at least, in the examples examined here).

Table 1: Optimum design for minimizing end-shortening strain ǫx

Loads Optimum
ǫx/ǫ

iso
x Improvement (%)

(Nx0/Niso) Layups
case A, Str-Fib 2 [±45/06]s 1.97 -
case A, VAT 2 #1:NLV(x,y) 1.69 16
case B, Str-Fib 2 [±45/06]s 1.68 -
case B, VAT 2 #3:NLV(x) 1.46 13

Table 2: Optimum design for minimizing maximum transverse deflection wmax

Loads Optimum
wmax/h Improvement (%)

(Nx0/Niso) Layups
case A, Str-Fib 4 [904/04]s 2.12 -
case A, VAT 4 #2:NLV(y) 1.36 36
case B, Str-Fib 2.5 [02/906]s 1.01 -
case B, VAT 2.5 #4:NLV(y) 0.63 37
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Table 3: The fibre angles for each optimal design of VAT plate (case A)

Design No. Fibre Angles at Control Points

#1:NLV(x,y) θ1 : Tmn =





−65.5 19 80
89 61.5 39
−14 24 44



Z θ2 : Tmn =





−66 57 36.5
−9 20.5 41
6 −5.5 −38.5





θ3 : Tmn =





−85 57 80
−4 7 40

−14.5 4 −26



 θ4 : Tmn =





−59 81 87
−1 0 26.5
−5 4 −3





#2:NLV(y)
θ1 : T0,1,2 = [17, 37, 45.5] θ2 : T0,1,2 = [21.5, 35, 87]
θ3 : T0,1,2 = [−17,−43,−89] θ4 : T0,1,2 = [15.5,−55, 9]

Table 4: The fibre angles for each optimal design of VAT plate (case B)

Design No. Fibre Angles at Control Points
#3:NLV(x) θ1 : T0,1,2 = [89.5, 64, 23.5] θ2, θ3, θ4 : 0

#4:NLV(y)
θ1 : T0,1,2 = [90, 55,−20]

θ3, θ4: 90θ2 : T0,1,2 = [84, 85,−20]

6. Conclusion

This paper presents an effective procedure for the postbuckling optimiza-
tion of VAT composite plates and studies the mechanisms contributing to the
improvement of the structural performance in the postbuckling regime. By
relying on the simplified design scheme with efficient modelling techniques,
the optimal search for benign laminate configurations was carried out us-
ing genetic algorithms. Optimal designs for the postbuckling behaviour of
both the straight-fibre and VAT plates subjected to uniform axial compres-
sion under two different in-plane boundary conditions were obtained. It was
noticed that, in the postbuckling regime, the optimum VAT configurations
for minimising the maximum transverse displacement are similar to the op-
timum configuration for maximum buckling load. On the other hand, the
optimum VAT configurations for minimising the end-shortening strain are
different. For this case, a large proportion of 0-deg fibres is necessary for
the compression-loaded VAT laminates, especially for the inner layers, to
maintain a high prebuckling stiffness. In the optimal design, the VAT config-
urations which are placed at the outer layers further increases the buckling
load, or postbuckling stiffness or indeed both. As such, the axial end-shorteng
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strain is minimised and the overall compressive stiffness is improved. It is
concluded that the optimization results for the VAT laminates demonstrate
substantial improvement of structural performance over constant stiffness
laminates in the postbuckling regime. Further work should assess the dam-
age tolerant viability of such laminates.
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[35] Z. Gürdal, R. Olmedo, In-plane response of laminates with spatially
varying fiber orientations. variable stiffness concept, AIAA journal 31 (4)
(1993) 751 – 758.

[36] G. Raju, Z. Wu, B. C. Kim, P. M. Weaver, Prebuckling and buckling
analysis of variable angle tow plates with general boundary conditions,
Composite Structures 94 (9) (2012) 2961 – 2970.

20



[37] M. Pandey, A. Sherbourne, Postbuckling behaviour of optimized rect-
angular composite laminates, Composite Structures 23 (1) (1993) 27 –
38.

[38] C. G. Diaconu, P. M. Weaver, Approximate solution and optimum design
of compression-loaded, postbuckled laminated composite plates, AIAA
Journal 43 (4) (2005) 906 – 914.

[39] R. M. Jones, Mechanics of composite materials, CRC Press, 2nd Revised
edition edition, 1998.

[40] M. Bloomfield, C. Diaconu, P. Weaver, On feasible regions of lamination
parameters for lay-up optimization of laminated composites, Proceed-
ings of the Royal Society A: Mathematical, Physical and Engineering
Sciences 465 (2104) (2009) 1123 – 1143.

21



0
T

1
T

2
T

x

y

x

y

NLV: θ(x) NLV: θ(x,y)

a

b 00
T

01
T 02

T

10
T

11
T

12
T

20
T

21
T

22
T

Figure 1: Two illustrations for the nonlinear variation (NLV) of fibre orientation angles
over the VAT plate domain. Left: the fibre angles are parabolically varying along x
direction (3 control points); Right: the fibre angles are parabolically varying with both
axes directions (3-by-3 control points).
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Figure 5: The nonlinear variation of fibre-orientation angles for the optimum VAT plate
design #1:NLV(x,y)
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Figure 6: Comparison of FEM and Rayleigh-Ritz results on stresses and failure index of
the bottom layer of the VAT plate (#1) under 7.8kN compression (2Niso).
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