
❖♥s❡t ♦❢ ❉❛r❝②✲❇r✐♥❦♠❛♥ ❝♦♥✈❡❝t✐♦♥ ✇✐t❤ ❛ ✉♥✐❢♦r♠ ✐♥t❡r♥❛❧

❤❡❛t s♦✉r❝❡ ❛♥❞ ✈❡rt✐❝❛❧ t❤r♦✉❣❤✢♦✇

◆✳ ❉❡❡♣✐❦❛ ❛✱ P✳❆✳▲✳ ◆❛r❛②❛♥❛ ❛✱ ❆♥t♦♥② ❆✳ ❍✐❧❧❜

❛❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ■♥❞✐❛♥ ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣② ❍②❞❡r❛❜❛❞✱ ❑❛♥❞✐✱ ▼❡❞❛❦✱ ■♥❞✐❛✱

✺✵✷✷✽✺

❜❉❡♣❛rt♠❡♥t ♦❢ ❆♣♣❧✐❡❞ ❙❝✐❡♥❝❡s✱ ❯♥✐✈❡rs✐t② ♦❢ t❤❡ ❲❡st ♦❢ ❊♥❣❧❛♥❞✱ ❇r✐st♦❧✱ ❇❙✶✻ ✶◗❨✱ ❯❑

❆❜str❛❝t

❚❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡r♠❛❧ ❝♦♥✈❡❝t✐♦♥ ✐♥ ❛ ❤♦r✐③♦♥t❛❧ ✢✉✐❞✲s❛t✉r❛t❡❞ ♣♦r♦✉s ❧❛②❡r ✐s ❡①❛♠✐♥❡❞✱

✇❤❡r❡ t❤❡ ✢♦✇ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ❇r✐♥❦♠❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❉❛r❝②✬s ❧❛✇✳ ❆ ✉♥✐❢♦r♠ ✐♥t❡r♥❛❧ ❤❡❛t

s♦✉r❝❡ ❛♥❞ ✈❡rt✐❝❛❧ t❤r♦✉❣❤✢♦✇ ❛r❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r st❛❜✐❧✐t② ❛♥❛❧②s❡s

❛r❡ ♣❡r❢♦r♠❡❞ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ st❛❜✐❧✐t② ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ s②st❡♠✳ ❚❤❡ ❧✐♥❡❛r ❛♥❞

♥♦♥❧✐♥❡❛r t❤r❡s❤♦❧❞s ❣✐✈❡ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ✈❡rt✐❝❛❧ t❤r♦✉❣❤✢♦✇✳ ❍♦✇❡✈❡r✱ ✐t ✐s

s❤♦✇♥ t❤❛t t❤❡r❡ ❛r❡ ♣♦t❡♥t✐❛❧ r❡❣✐♦♥s ♦❢ s✉❜✲❝r✐t✐❝❛❧ ✐♥st❛❜✐❧✐t✐❡s ❢♦r ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡s ♦❢ ✐♥t❡r♥❛❧

❤❡❛t s♦✉r❝❡ ♣❛r❛♠❡t❡r Q✱ Pé❝❧❡t ♥✉♠❜❡r Pe ❛♥❞ ❉❛r❝② ♥✉♠❜❡r Da✳

❑❡② ✇♦r❞s✿ ♣♦r♦✉s ♠❡❞✐✉♠✱ ❡♥❡r❣② st❛❜✐❧✐t② ❛♥❛❧②s✐s✱ t❤r♦✉❣❤✢♦✇✱ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ✢♦✇ ❛♥❞ ❤❡❛t tr❛♥s❢❡r ✐♥ ♣♦r♦✉s ♠❡❞✐❛ ❤❛s ❜❡❡♥ ❛ ❤✐❣❤❧② ❛❝t✐✈❡ ❛r❡❛ ♦❢ r❡s❡❛r❝❤ ❢♦r t❤❡ ♣❛st

❢❡✇ ❞❡❝❛❞❡s ❞✉❡ t♦ ❜r♦❛❞ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❡♥❣✐♥❡❡r✐♥❣ ✜❡❧❞ ❛s ✇❡❧❧ ❛s ✐♥ t❤❡ ❤②❞r♦❧♦❣② ♦❢

❣r♦✉♥❞ ✇❛t❡r✱ ❢♦♦❞ ♣r♦❝❡ss✐♥❣✱ ❣❡♦♣❤②s✐❝s✱ ❛♥❞ ♣❡tr♦❧❡✉♠ r❡s❡r✈♦✐rs ❡t❝✳

❍♦rt♦♥ ❛♥❞ ❘♦❣❡rs ❬✶❪ ❛♥❞ ▲❛♣✇♦♦❞ ❬✷❪ ✇❡r❡ ✜rst t♦ st✉❞② t❤❡ ✢♦✇ ❛♥❞ ❤❡❛t tr❛♥s❢❡r ✐♥ ❛

♣♦r♦✉s ♠❡❞✐❛✳ ❚❤❡s❡ st✉❞✐❡s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❉❛r❝② ❧❛✇✱ ✇❤✐❝❤ ♥❡❣❧❡❝ts t❤❡ ❡✛❡❝ts ♦❢ ✐♥❡rt✐❛❧

❢♦r❝❡s ❛♥❞ s♦❧✐❞ ❜♦✉♥❞❛r②✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❤✐❣❤❧② ♣♦r♦✉s ♠❛t❡r✐❛❧s✱ ✇❤❡r❡ t❤❡s❡ ❡✛❡❝ts ❛r❡

s✐❣♥✐✜❝❛♥t✳ ❚❤❡ ♣❡r♠❡❛❜✐❧✐t② K ✐♥ t❤❡ ❇r✐♥❦♠❛♥ ❡q✉❛t✐♦♥ ✐s s✉❝❤ t❤❛t t❤❡ ❡q✉❛t✐♦♥ r❡❞✉❝❡s t♦ ❛

❢♦r♠ ♦❢ t❤❡ ◆❛✈✐❡r✲st♦❦❡s ❡q✉❛t✐♦♥ ❛s K → ∞ ❛♥❞ t♦ t❤❡ ❉❛r❝② ❡q✉❛t✐♦♥ ❛s K → 0✳ ❇r✐♥❦♠❛♥

❬✸❪ ❝❛❧❝✉❧❛t❡❞ t❤❡ ✈✐s❝♦✉s ❢♦r❝❡ ❡①❡rt❡❞ ❜② ✢✉✐❞ ✢♦✇ ♦♥ ❛ ❞❡♥s❡ s✇❛r♠ ♦❢ ♣❛rt✐❝❧❡s ❡♠❜❡❞❞❡❞

✐♥ ❛ ♣♦r♦✉s ♠❡❞✐✉♠ ✇❤✐❝❤ ❧❡❛❞ t♦ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❉❛r❝②✲❇r✐♥❦♠❛♥ ♠♦❞❡❧✳ ■♥ ❇r✐♥❦♠❛♥

❬✸❪ t❤❡ s✐♠✉❧t❛♥❡♦✉s ❡✛❡❝ts ♦❢ ❜♦✉♥❞❛r② ❛♥❞ ✐♥❡rt✐❛ ❛r❡ ❞✐s❝❛r❞❡❞✳ ❚❛♠ ❬✹❪ s♣❡❝✐✜❡❞ t❤❛t ✇❤❡♥

t❤❡ s♣❛t✐❛❧ ❧❡♥❣t❤ s❝❛❧❡ ✐s ♠✉❝❤ ❤✐❣❤❡r t❤❛♥ 1
α ✭✇❤❡r❡ α2 = µ

Kµ̃ ✿ µ ✐s t❤❡ ✈✐s❝♦s✐t②✱ µ̃ ✐s t❤❡

❡✛❡❝t✐✈❡ ✈✐s❝♦s✐t②✱ K ✐s t❤❡ ♣❡r♠❡❛❜✐❧✐t②✮✱ t❤❡ t❡r♠ △✈ ✭❧✐♥❡❛r ✐♥ ✢✉✐❞ ✢♦✇ ✈✮ ✐s ✐♥s✐❣♥✐✜❝❛♥t ✐♥

❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❧✐♥❡❛r t❡r♠ ✈✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ❉❛r❝②✲❇r✐♥❦♠❛♥ ♠♦❞❡❧ r❡❞✉❝❡s t♦ t❤❡ ❉❛r❝②

✶



❧❛✇✳ ▲❛t❡r✱ ❱❛❢❛✐ ❛♥❞ ❚✐❡♥ ❬✺❪ ❛♥❛❧②③❡❞ t❤❡ ✐♥❡rt✐❛ ❛♥❞ s♦❧✐❞ ❜♦✉♥❞❛r② ❡✛❡❝ts ♦♥ ✢♦✇ ❛♥❞ ❤❡❛t

tr❛♥s❢❡r ✐♥ ♣♦r♦✉s ♠❡❞✐❛✱ ✐♥ ✇❤✐❝❤ t❤❡ ❧♦❝❛❧ ✈♦❧✉♠❡ ❛✈❡r❛❣✐♥❣ t❡❝❤♥✐q✉❡ ✇❛s ✉s❡❞ t♦ ❡st❛❜❧✐s❤

t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✳ ❚❤❡s❡ ❡✛❡❝ts ❛r❡ ♠♦r❡ ♣r♦♥♦✉♥❝❡❞ ✐♥ ❤✐❣❤ Pr❛♥❞t❧✲♥✉♠❜❡r ✢✉✐❞s✱ ❤✐❣❤

♣❡r♠❡❛❜❧❡ ♣♦r♦✉s ♠❡❞✐❛ ❛♥❞ ❢♦r ❧❛r❣❡ ♣r❡ss✉r❡ ❣r❛❞✐❡♥ts✳ ■t ✐s ♥♦t❡❞ t❤❛t t❤❡ ❡✛❡❝t ♦❢ ❇r✐♥❦♠❛♥

t❡r♠ ✇✐❧❧ ♦♥❧② ❜❡ ✐♥ t❤✐♥ ❧❛②❡rs ❛❞❥❛❝❡♥t t♦ r✐❣✐❞ ❜♦✉♥❞❛r②✱ ♠❛✐♥❧② ✇✐t❤✐♥ ❛ ❞✐st❛♥❝❡ K1/2✳ ◆✐❡❧❞

❬✻❪ ❝♦♥✜r♠❡❞ t❤❛t ❇r✐♥❦♠❛♥ ♠♦❞❡❧ ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ ♣♦r♦✉s ♠❡❞✐❛ ✇❤♦s❡ ♣♦r♦s✐t✐❡s ❛r❡ ❣r❡❛t❡r

t❤❛♥ ✵✳✻✳ ❱❛❢❛✐ ❛♥❞ ❑✐♠ ❬✼❪ ❛❞❞r❡ss❡❞ t❤❡ ✇♦r❦ ♦❢ ◆✐❡❧❞ ❬✽❪ ❛♥❞ ❝♦♥✈❡②❡❞ t❤❛t t❤❡ ❡✛❡❝t ♦❢

♣♦r♦s✐t② ✈❛r✐❛t✐♦♥ ✐s ♥♦t r❡q✉✐r❡❞ ❢♦r ❤✐❣❤ ♣♦r♦✉s ♠❡❞✐✉♠✱ ❜✉t ✐t s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r ❞❡♥s❡

♣♦r♦✉s ♠❡❞✐✉♠✳ ❲❛❧❦❡r ❛♥❞ ❍♦♠s② ❬✾❪ st✉❞✐❡❞ t❤❡ ❝♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t✐❡s ✐♥ ❛♥ ✐s♦tr♦♣✐❝ ♣♦r♦✉s

♠❡❞✐❛✳ ▲❛t❡r✱ ❘❡❡s ❬✶✵❪ ❛♥❛❧②③❡❞ t❤❡ ✇♦r❦ ♦❢ ❲❛❧❦❡r ❛♥❞ ❍♦♠s② ❬✾❪ ✐♥ ❞❡t❛✐❧✱ ❜② ♣❡r❢♦r♠✐♥❣ ❛♥

❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s✳ ❇❛r❧❡tt❛ ❡t ❛❧✳ ❬✶✶❪ st✉❞✐❡❞ t❤❡ ❝♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t② ✐♥ ❤✐❣❤❧② ♣❡r♠❡❛❜❧❡

♣♦r♦✉s ♠❡❞✐✉♠✱ t❛❦✐♥❣ ✈✐s❝♦✉s ❞✐ss✐♣❛t✐♦♥ ✐♥t♦ ❛❝❝♦✉♥t✳

❚❤❡ ❜✉♦②❛♥❝② ❢♦r❝❡ ❣❡♥❡r❛t❡❞ ❜② ❤❡❛t✐♥❣ ❛t t❤❡ ❜♦tt♦♠ ♣❧❛t❡ ♦r ❛♥ ✐♥t❡r♥❛❧ ❤❡❛t ❣❡♥❡r❛t✐♦♥

✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ s♦✉r❝❡s ♦❢ r❡s❡❛r❝❤ ✐♥t❡r❡st ❢♦r t❤❡ ♦♥s❡t ♦❢ ❝♦♥✈❡❝t✐♦♥ ✐♥ ❛ ✢✉✐❞✲s❛t✉r❛t❡❞

♣♦r♦✉s ♠❡❞✐✉♠✳ ❚❤❡ ♦♥s❡t ♦❢ ❝♦♥✈❡❝t✐♦♥ ✐♥ ❛ ♣♦r♦✉s ♠❡❞✐✉♠ ✇✐t❤ ✐♥t❡r♥❛❧ ❤❡❛t ❣❡♥❡r❛t✐♦♥

✐s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ●❛ss❡r ❛♥❞ ❑❛③✐♠✐ ❬✶✷❪✱ ✐♥ ✇❤✐❝❤ t❤❡ ❝r✐t✐❝❛❧ ✐♥t❡r♥❛❧ ❛♥❞ ❡①t❡r♥❛❧ ❘❛②❧❡✐❣❤

♥✉♠❜❡rs ✇❡r❡ ♦❜t❛✐♥❡❞ ❢♦r ❜♦t❤ st❛❜✐❧✐③✐♥❣ ❛♥❞ ❞❡st❛❜✐❧✐③✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ▲❛t❡r✱ t❤❡

✜♥✐t❡ ❛♠♣❧✐t✉❞❡ ❝♦♥✈❡❝t✐♦♥ ✐♥ ❛ ♣♦r♦✉s ❧❛②❡r ❤❡❛t❡❞ ❢r♦♠ ✇✐t❤✐♥ ✇❛s st✉❞✐❡❞ ❜② ❚✈❡✐t❡r❡✐❞ ❬✶✸❪ ❜②

❛♥❛❧②③✐♥❣ st❡❛❞② s♦❧✉t✐♦♥s ✐♥ t❤❡ ❢♦r♠ ♦❢ ❤❡①❛❣♦♥s ❛♥❞ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ r♦❧❧s✳ ❚❤❡♥ ❛❢t❡r✱ ❘♦②❡r

❛♥❞ ❋❧♦r❡s ❬✶✹❪ st✉❞✐❡❞ ♥❛t✉r❛❧ ❝♦♥✈❡❝t✐♦♥ ✐♥ ❛ r❡❝t❛♥❣✉❧❛r ❤❡t❡r♦❣❡♥❡♦✉s ❛♥✐s♦tr♦♣✐❝ ♣♦r♦✉s

♠❡❞✐✉♠ ✇✐t❤ ❛♥ ✐♥t❡r♥❛❧ ❤❡❛t ❣❡♥❡r❛t✐♦♥ ❛♥❞ ❝♦♠♣❛r❡❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ t❤❡

❝❛s❡s ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ✐s♦tr♦♣✐❝ ♣♦r♦✉s ♠❡❞✐❛✳ ❙✉❜s❡q✉❡♥t❧②✱ P❛rt❤✐❜❛♥ ❛♥❞

P❛t✐❧ ❬✶✺❪ st✉❞✐❡❞ t❤❡ t❤❡r♠❛❧ ✐♥st❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐♥ ❛♥ ❛♥✐s♦tr♦♣✐❝ ♣♦r♦✉s ♠❡❞✐❛ ✇✐t❤ ✐♥t❡r♥❛❧

❤❡❛t s♦✉r❝❡ s✉❜❥❡❝t❡❞ t♦ ✐♥❝❧✐♥❡❞ ❣r❛❞✐❡♥ts ❛♥❞ ♦❜t❛✐♥❡❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❜② ✉s✐♥❣ ●❛❧❡r❦✐♥

t❡❝❤♥✐q✉❡✳ ◆♦✉r✐✲❇♦r✉❥❡r❞✐ ❡t ❛❧✳ ❬✶✻❪ st✉❞✐❡❞ t❤❡ ❡✛❡❝t ♦❢ ✉♥✐❢♦r♠ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡ ✐♥ ❛

❤♦r✐③♦♥t❛❧ ♣♦r♦✉s ❧❛②❡r ✇✐t❤ ❧♦❝❛❧ t❤❡r♠❛❧ ♥♦♥ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧✱ ❛♥❞ t❤❡♥ ◆♦✉r✐✲❇♦r✉❥❡r❞✐ ❡t

❛❧✳ ❬✶✼❪ ❢♦❝✉s❡❞ ♦♥ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❉❛r❝② ♥✉♠❜❡r ♦♥ t❤❡ ♦♥s❡t ♦❢ ❝♦♥✈❡❝t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢

✉♥✐❢♦r♠ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡ ✇❤❡r❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ✐s ♠♦❞❡❧❡❞ ❜② ❇r✐♥❦♠❛♥ ❧❛✇✳

❚❤❡ st✉❞② ♦❢ t❤r♦✉❣❤✢♦✇ ✐s ✐♠♣♦rt❛♥t ❛s ✐t ❣✐✈❡s t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❝♦♥tr♦❧ t❤❡ ♣♦t❡♥t✐❛❧

❝♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t✐❡s ❜② ❛❞❥✉st✐♥❣ t❤❡ t❤r♦✉❣❤✢♦✇✳ ❲♦♦❞✐♥❣ ❬✶✽❪ ✇❛s t❤❡ ✜rst t♦ st✉❞② t❤❡

❘❛②❧❡✐❣❤ ✐♥st❛❜✐❧✐t② ♦❢ ❝♦♥✈❡❝t✐♦♥ ✐♥ ❛ ♣♦r♦✉s ♠❡❞✐✉♠ ✇✐t❤ t❤r♦✉❣❤✢♦✇✳ ❈♦♥✈❡❝t✐✈❡ ✢♦✇ ✐♥ ❛

t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ♣♦r♦✉s ❝❤❛♥♥❡❧ ✇❛s st✉❞✐❡❞ ❜② ❙✉tt♦♥ ❬✶✾❪ ✇❤❡♥ t❤❡r❡ ✐s ❛ ♥❡t ✢♦✇ ♦❢ ✢✉✐❞

t❤r♦✉❣❤ t❤❡ ❝❤❛♥♥❡❧✳ ▲❛t❡r✱ ❍♦♠s② ❛♥❞ ❙❤❡r✇♦♦❞ ❬✷✵❪ ♣r♦✈✐❞❡❞ t❤❡ st❛❜✐❧✐t② r❡s✉❧ts ❢♦r t❤❡

♣r♦❜❧❡♠ ♦❢ t❤❡r♠❛❧ ❝♦♥✈❡❝t✐♦♥ ❢♦r t❤❡ ❝❛s❡ ♦❢ ♥❡t ✢✉✐❞ ❞✐s❝❤❛r❣❡ t❤r♦✉❣❤ ♣♦r♦✉s ♠❡❞✐✉♠✱ ❛♥❞

♦❜t❛✐♥❡❞ t❤❡ ❧✐♥❡❛r ❛♥❞ ❡♥❡r❣② ❜♦✉♥❞s✳ ❚❤❡s❡ ❜♦✉♥❞s ❝♦✐♥❝✐❞❡ ❛t ❧♦✇ ❞✐s❝❤❛r❣❡ r❛t❡s✳ ❚❤❡

❡✛❡❝t ♦❢ t❤r♦✉❣❤✢♦✇ ♦♥ ❝♦♥✈❡❝t✐♦♥ ✇✐t❤ ✐♥❝❧✐♥❡❞ t❡♠♣❡r❛t✉r❡ ❣r❛❞✐❡♥ts ✇❛s ❛❞❞r❡ss❡❞ ❜② ◆✐❡❧❞

❬✷✶❪ ❛♥❞ ◗✐❛♦ ❛♥❞ ❑❛❧♦♥✐ ❬✷✷❪✳ ❚❤❡ ♦♥s❡t ♦❢ ❝♦♥✈❡❝t✐♦♥ ✇✐t❤ ✐♥t❡r♥❛❧ ❤❡❛t ❣❡♥❡r❛t✐♦♥ ❛♥❞ ♥❡t

t❤r♦✉❣❤✢♦✇ ✭str♦♥❣ ❛♥❞ ✇❡❛❦✮ ❢♦r ❞✐✛❡r❡♥t ❤②❞r♦❞②♥❛♠✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s ❡①❛♠✐♥❡❞ ✐♥

t❤❡ ❛rt✐❝❧❡ ❜② ❑❤❛❧✐❧✐ ❛♥❞ ❙❤✐✈❛❦✉♠❛r❛ ❬✷✸❪✳ ❚❤❡ st❛❜✐❧✐t② ♦❢ ❛ s❛❧✐♥❡ ❜♦✉♥❞❛r② ❧❛②❡r ❢♦r♠❡❞ ❜②

t❤r♦✉❣❤✢♦✇ ♥❡❛r s✉r❢❛❝❡ ♦❢ t❤❡ ♣♦r♦✉s ♠❡❞✐✉♠ ✇❛s st✉❞✐❡❞ ✐♥ ❱❛♥ ❉✉✐❥♥ ❡t ❛❧✳ ❬✷✹❪ ❛♥❞ P✐❡t❡rs

❛♥❞ ❙❝❤✉tt❡❧❛❛rs ❬✷✺❪✳ ❚❤❡ ❧✐♥❡❛r ✐♥st❛❜✐❧✐t② ♦❢ ❜♦✉♥❞❛r② ❧❛②❡r ❢♦r♠❡❞ ❜② ✈❡rt✐❝❛❧ t❤r♦✉❣❤✢♦✇

✷



✐♥ ❤♦r✐③♦♥t❛❧ ♣♦r♦✉s ♠❡❞✐✉♠ ✇✐t❤ ❧♦❝❛❧ t❤❡r♠❛❧ ♥♦♥❡q✉✐❧✐❜r✐✉♠ ✇❛s ❡①❛♠✐♥❡❞ ✐♥ P❛t✐❧ ❛♥❞ ❘❡❡s

❬✷✻❪✳ ❚❤❡ st✉❞✐❡s ♦♥ t❤❡ t❤❡ ❡✛❡❝t ♦❢ ✈❡rt✐❝❛❧ t❤r♦✉❣❤✢♦✇ ❛♥❞ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡ ♦♥ t❤❡ ♦♥s❡t

♦❢ ❝♦♥✈❡❝t✐♦♥ ✐♥ ❛ ❧❛②❡r❡❞ ♣♦r♦✉s ♠❡❞✐✉♠ ✇❡r❡ ❢♦✉♥❞ ✐♥ ❑✉③♥❡ts♦✈ ❛♥❞ ◆✐❡❧❞ ❬✷✼❪✱ ❬✷✽❪✳ ▲❛t❡r✱

t❤❡ ❝♦♠❜✐♥❡❞ ❡✛❡❝ts ♦❢ t❤r♦✉❣❤✢♦✇ ❛♥❞ ✈❛r✐❛❜❧❡ ❣r❛✈✐t② ♦♥ ❍❛❞❧❡②✲Pr❛ts ✢♦✇ ✇❛s st✉❞✐❡❞ ❜②

❉❡❡♣✐❦❛ ❛♥❞ ◆❛r❛②❛♥❛ ❬✷✾❪✳ ❚❤❡ ❡✛❡❝t ♦❢ ✈❡rt✐❝❛❧ t❤r♦✉❣❤✢♦✇ ♦❢ ❛ ♥♦♥✲♥❡✇t♦♥✐❛♥ ♣♦✇❡r✲❧❛✇

✢✉✐❞ ♦♥ t❤❡ ♦♥s❡t ♦❢ ❝♦♥✈❡❝t✐♦♥ ✐♥ ❛ ❤♦r✐③♦♥t❛❧ ✢✉✐❞ s❛t✉r❛t❡❞ ♣♦r♦✉s ❧❛②❡r ✇❛s ❡①❛♠✐♥❡❞ ✐♥

❇❛r❧❡tt❛ ❛♥❞ ❙t♦r❡s❧❡tt❡♥ ❬✸✵❪✳ ■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❇r✐♥❦♠❛♥ t❡r♠✱ t❤❡ ♣r❡s❡♥t ♣r♦❜❧❡♠ ✐s s✐♠✐❧❛r

t♦ t❤❡ ♣r♦❜❧❡♠ ❝♦♥s✐❞❡r❡❞ ✐♥ ❇❛r❧❡tt❛ ❡t ❛❧✳ ❬✸✶❪✱ ✐♥ ✇❤✐❝❤ ✈✐s❝♦✉s ❞✐ss✐♣❛t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛♥

✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡ ❥✉st ❛s ✉♥✐❢♦r♠ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♠❛♥✉s❝r✐♣t✳

❖✇✐♥❣ t♦ t❤❡ ✐♠♣♦rt❛♥t ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ✈❡rt✐❝❛❧ t❤r♦✉❣❤✢♦✇ ❛♥❞ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡ ✐♥

❡♥❣✐♥❡❡r✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✱ ✇❡ ❛♥❛❧②③❡ t❤❡s❡ ❝♦♠❜✐♥❡❞ ❡✛❡❝ts ✐♥ ❛ ✢✉✐❞ s❛t✉r❛t❡❞ ❉❛r❝②✲❇r✐♥❦♠❛♥

♣♦r♦✉s ❧❛②❡r✳ ❙❡❝t✐♦♥ ✷ ❞❡❛❧s ✇✐t❤ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❛♥❞ ❜❛s✐❝ st❛t❡ s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ✐s

❢♦❧❧♦✇❡❞ ❜② t❤❡ ❧✐♥❡❛r t❤❡♦r② ✐♥ ❙❡❝t✐♦♥ ✸ ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r t❤❡♦r② ✈✐❛ ❡♥❡r❣② ♠❡t❤♦❞ ✐♥ s❡❝t✐♦♥

✹✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ ❜♦t❤ t❤❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r t❤❡♦r✐❡s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳ ❋r♦♠

t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✱ ✇❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✈❡rt✐❝❛❧ t❤r♦✉❣❤✢♦✇ ❛♥❞ ✐♥t❡r♥❛❧

❤❡❛t s♦✉r❝❡ s✐❣♥✐✜❝❛♥t❧② ❡✛❡❝ts t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❝♦♥✈❡❝t✐♦♥ ♣❛tt❡r♥✳ ❚❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡

❝♦♥❝❧✉❞❡❞ ✐♥ s❡❝t✐♦♥ ✻✳

✷ ▼❛t❤❡♠❛t✐❝❛❧ ❋♦r♠✉❧❛t✐♦♥

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❤♦r✐③♦♥t❛❧ ✢✉✐❞✲s❛t✉r❛t❡❞ ♣♦r♦✉s ❧❛②❡r Ω ❜♦✉♥❞❡❞ ❜② t✇♦ ♣❧❛♥❡s s❡♣❛r❛t❡❞ ❛t

❛ ❞✐st❛♥❝❡ L > 0✱ s✉❝❤ t❤❛t Ω = R
2 × (−L/2, L/2) ✇❤❡r❡ O ¯xyz t♦ ❜❡ t❤❡ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡

s②st❡♠ ✇✐t❤ x̄, ȳ ❜❡✐♥❣ t❤❡ ❤♦r✐③♦♥t❛❧ ❛①❡s ❛♥❞ z̄ ❜❡✐♥❣ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s✳ ❚❤❡ ❖❜❡r❜❡❝❦✲❇♦✉ss✐♥❡sq

❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✈❛❧✐❞ t❤r♦✉❣❤♦✉t t❤❡ ❞♦♠❛✐♥ ✐✳❡✳ t❤❡ ❞❡♥s✐t② ρ ✐s ❝♦♥st❛♥t

❡✈❡r②✇❤❡r❡ ❡①❝❡♣t ✐♥ t❤❡ ❜♦❞② ❢♦r❝❡ t❡r♠ ❛♥❞ ✐t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

ρ = ρ0(1− β(T̄ − T̄0)),

✇❤❡r❡ ρ0 ✐s t❤❡ ❞❡♥s✐t② ❛t r❡❢❡r❡♥❝❡ t❡♠♣❡r❛t✉r❡ T̄0✱ T̄ ✐s t❤❡ t❡♠♣❡r❛t✉r❡✱ ❛♥❞ β ✐s t❤❡ t❤❡r♠❛❧

❡①♣❛♥s✐♦♥ ❝♦❡✣❝✐❡♥t✳

❚❤❡ s❡t ♦❢ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✢♦✇ ❛♥❞ ❤❡❛t tr❛♥s❢❡r ✐♥ ❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠ ❛r❡ ❣✐✈❡♥

❜②

∇̄ · ✉̄ = 0, ✭✶❛✮

µ

K
✉̄ = −∇̄P̄ + µe△̄✉̄+ ρg❦̂, ✭✶❜✮

(ρh)m
∂T̄

∂t̄
+ (ρhp)f (✉̄ · ∇̄)T̄ = k△̄T̄ + q, ✭✶❝✮

✇❤❡r❡ ✉̄ = (ū, v̄, w̄) ✐s t❤❡ s❡❡♣❛❣❡ ✈❡❧♦❝✐t② ✈❡❝t♦r✱ △̄ = ∂2

∂x̄2 + ∂2

∂ȳ2
+ ∂2

∂z̄2
✱ P̄ ✐s t❤❡ ♣r❡ss✉r❡✱

❦̂ = (0, 0, 1) ❛♥❞ g ✐s t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ❞✉❡ t♦ ❣r❛✈✐t②✳ ❋✉rt❤❡r♠♦r❡✱ µ, µe,K, t̄, ρ ❛♥❞ k ❛r❡

❞②♥❛♠✐❝ ✈✐s❝♦s✐t②✱ ❡✛❡❝t✐✈❡ ✈✐s❝♦s✐t②✱ ♣❡r♠❡❛❜✐❧✐t②✱ t✐♠❡✱ r❡❢❡r❡♥❝❡ ❞❡♥s✐t② ♦❢ ✢✉✐❞ ❛♥❞ t❤❡r♠❛❧

❝♦♥❞✉❝t✐✈✐t②✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ t❡r♠ q > 0 ✐♥ ✭✶❝✮ ✐s ❛ ✭❝♦♥st❛♥t✮ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡✱ ❛♥❞

(ρ0h)m = (1− φ)(ρ0h)s + φ(ρ0hp)f ,

✸



✇❤❡r❡ hp ✐s t❤❡ s♣❡❝✐✜❝ ❤❡❛t ♦❢ t❤❡ ✢✉✐❞ ❛♥❞ h ✐s t❤❡ s♣❡❝✐✜❝ ❤❡❛t ♦❢ t❤❡ s♦❧✐❞✱ ✇✐t❤ t❤❡ s✉❜s❝r✐♣ts

f, s ❛♥❞m r❡❢❡rr✐♥❣ t♦ t❤❡ ✢✉✐❞✱ s♦❧✐❞ ❛♥❞ ♣♦r♦✉s ❝♦♠♣♦♥❡♥ts r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ✇❛❧❧s ❛r❡ ❛ss✉♠❡❞

t♦ ❜❡ ♣❡r♠❡❛❜❧❡✱ ✇✐t❤ ❛ t❤r♦✉❣❤✢♦✇ ✈❡❧♦❝✐t② w̄0 ✐♥ t❤❡ ✈❡rt✐❝❛❧ ❞✐r❡❝t✐♦♥ s✉❝❤ t❤❛t

(ū, v̄, w̄) = (0, 0, w̄0), T̄ = T̄1, ❛t z̄ = −L

2
,

(ū, v̄, w̄) = (0, 0, w̄0), T̄ = T̄0, ❛t z̄ =
L

2
. ✭✶❞✮

❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s

① = (x, y, z) =
1

L
(x̄, ȳ, z̄) =

①̄

L
, ✉ = (u, v, w) =

L

α
(ū, v̄, w̄), t =

α

L2A
t̄,

A =
(ρh)m
(ρhp)f

, α =
k

(ρhp)f
, P =

K

αµ
(P̄ + ρ0gz̄), T =

T̄ − T̄0

T̄1 − T̄0
, ✭✷✮

✇❤❡r❡ α ✐s t❤❡ t❤❡r♠❛❧ ❞✐✛✉s✐✈✐t②✱ A ✐s t❤❡ r❛t✐♦ ♦❢ ✈♦❧✉♠❡tr✐❝ ❤❡❛t ❝❛♣❛❝✐t② (ρh)m ♦❢ ✢✉✐❞

s❛t✉r❛t❡❞ ♣♦r♦✉s ♠❡❞✐✉♠ t♦ t❤❡ ✈♦❧✉♠❡tr✐❝ ❤❡❛t ❝❛♣❛❝✐t② (ρhp)f ♦❢ ✢✉✐❞✳ ❇② s✉❜st✐t✉t✐♥❣ t❤❡

❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s ✐♥t♦ ✭✶❛✮✲✭✶❞✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❛r❡

♦❜t❛✐♥❡❞✿

∇ · ✉ = 0, ✭✸❛✮

✉ = −∇P +Da△✉+Ra❦̂, ✭✸❜✮

∂T

∂t
+ (✉ · ∇)T = △T +Q, ✭✸❝✮

(u, v, w) = (0, 0, P e), T = 1, ❛t z = −1

2
,

(u, v, w) = (0, 0, P e), T = 0, ❛t z =
1

2
.

✭✸❞✮

■♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s✱ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ♣❛r❛♠❡t❡rs ❛r❡

Da =
µe

µ

K

L2
, Ra =

ρ0βg(T̄1 − T̄0)KL

µα
,

Q =
L2

k(T̄1 − T̄0)
q, Pe =

L

α
w̄0, ✭✹✮

✇❤❡r❡✱ Da ✐s t❤❡ ❉❛r❝② ♥✉♠❜❡r✱ Ra ✐s t❤❡ ❘❛②❧❡✐❣❤ ♥✉♠❜❡r✱ Q ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ✐♥t❡r♥❛❧ ❤❡❛t

s♦✉r❝❡✱ ❛♥❞ Pe ✐s t❤❡ Pé❝❧❡t ♥✉♠❜❡r✳ ❚❤❡ st❡❛❞②✲st❛t❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥s ✭✸❛✮✲✭✸❞✮ ✐s

❣✐✈❡♥ ❜②

✉B = (uB, vB, wB) = (0, 0, P e), ✭✺❛✮

TB =
1

2
+

(
1 + Q

Pe

)

2 sinh
(
Pe
2

)
(
cosh

(
Pe

2

)
− ePez

)
+

Q

Pe
z. ✭✺❜✮

❲❤❡♥ t❤❡r❡ ✐s ♥♦ t❤r♦✉❣❤✢♦✇ ✐♥ t❤❡ ✈❡rt✐❝❛❧ ❞✐r❡❝t✐♦♥✱ ✐✳❡✳✱ Pe = 0✱ t❤❡ ❜❛s✐❝ st❛t❡ s♦❧✉t✐♦♥ t❡♥❞s

t♦

✉B = (0, 0, 0), pB = p(x, y, z), TB = −Q

2
z2 − z +

(
Q

8
+

1

2

)
. ✭✻✮

❚♦ st✉❞② t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❜❛s✐❝ st❛t❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡rt✉r❜❛t✐♦♥s ❛r❡ ❛❞❞❡❞

✉ = ✉B +❯, p = pB + P, T = TB + θ, ✭✼✮

✹



✇❤❡r❡ ❯ = (U, V, W ), t♦ ②✐❡❧❞ t❤❡ ❣♦✈❡r♥✐♥❣ ♣❡rt✉r❜❛t✐♦♥ ❡q✉❛t✐♦♥s

∇ ·❯ = 0, ✭✽❛✮

❯ = −∇P +Da△❯+Raθ❦̂, ✭✽❜✮

∂θ

∂t
+❯ · ∇TB + ✉B · ∇θ +❯ · ∇θ = △θ, ✭✽❝✮

W = θ = 0 ❛t z = ±1

2
. ✭✽❞✮

❊q✉❛t✐♦♥ ✭✽✮ ✐♥❞✐❝❛t❡s t❤❛t t❤❡r❡ ✐s ③❡r♦ ♣❡rt✉r❜❛t✐♦♥ ♦♥ ✈❡❧♦❝✐t② ❛♥❞ t❡♠♣❡r❛t✉r❡ ❛t t❤❡

❜♦✉♥❞❛r② ♣❧❛♥❡s✳

✸ ▲✐♥❡❛r st❛❜✐❧✐t② ❛♥❛❧②s✐s

❚♦ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ❧✐♥❡❛r ✐♥st❛❜✐❧✐t② ❛♥❛❧②s✐s✱ ♣r♦❞✉❝ts ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ✐♥ ✭✽❜✮ ❛♥❞ ✭✽❝✮

❛r❡ ❞✐s❝❛r❞❡❞✳ ❙✐♥❝❡ t❤❡ r❡s✉❧t✐♥❣ s②st❡♠ ✐s ❧✐♥❡❛r ❛♥❞ ❛✉t♦♥♦♠♦✉s✱ ✇❡ ♠❛② s❡❡❦ s♦❧✉t✐♦♥s ♦❢ t❤❡

❢♦r♠

(U, V,W, θ, P ) = (U (①),V (①),W (①), θ(①),P(①))eσt ✭✾✮

✇❤❡r❡ σ = σr + iσi ✐s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ r❛t❡ ♣❛r❛♠❡t❡r✳ ❇❡❢♦r❡ ♣r♦❝❡❡❞✐♥❣ ❢✉rt❤❡r✱ ✇❡

❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ❧✐♥❡❛r st❛❜✐❧✐t② ❛♥❛❧②s✐s ❢♦r t❤❡ ♣r❡s❡♥t ♣r♦❜❧❡♠ ❛❞♠✐ts t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡

❡①❝❤❛♥❣❡ ♦❢ st❛❜✐❧✐t✐❡s✱ ✐✳❡✳✱ σ ✐s r❡❛❧✳

❙✉❜st✐t✉t✐♥❣ ✭✾✮ ✐♥t♦ ✭✽❝✮ ②✐❡❧❞s

(△− σ − (✉B · ∇))θ − dTB

dz
W = 0. ✭✶✵✮

❚❛❦✐♥❣ t❤❡ t❤✐r❞ ❝♦♠♣♦♥❡♥t ♦❢ ❞♦✉❜❧❡ ❝✉r❧ ♦❢ ✭✽❜✮ ②✐❡❧❞s

Ra△2θ = △W −Da△2W. ✭✶✶✮

✇❤❡r❡

△ =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
, △2 =

∂2

∂x2
+

∂2

∂y2
, ∇ =

∂

∂x
✐̂+

∂

∂y
❥̂+

∂

∂z
❦̂.

❋r♦♠ ✭✶✵✮ ❛♥❞ ✭✶✶✮ ✐t ❢♦❧❧♦✇s t❤❛t

(△− σ − (✉B · ∇))(△W −Da△2W )−Ra
dTB

dz
△2W = 0,

✇❤✐❝❤ s✉❜s❡q✉❡♥t❧② ✐♠♣❧✐❡s

(△− σ)△W −Da(△− σ)△2W − (✉B · ∇)△W +Da(✉B · ∇)△2W −Ra
dTB

dz
△2W = 0. ✭✶✷✮

▲❡t W ∗ = Wr − iWi ❛♥❞ θ∗ = θr − iθi ❜❡ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡s ♦❢ W = Wr + iWi ❛♥❞

θ = θr + iθi✱ r❡s♣❡❝t✐✈❡❧②✳ ◆♦✇✱ ♠✉❧t✐♣❧②✐♥❣ ❡q✉❛t✐♦♥ ✭✶✷✮ ✇✐t❤ W ∗ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ♦✈❡r V

✭✇❤❡r❡ V ✐s ❛ ♣❡r✐♦❞✐❝✐t② ❝❡❧❧✮✱ ❧❡❛❞s t♦

‖△W‖2 + σ ‖∇W‖2 +Da ‖∇△W‖2 + σDa ‖△W‖2 −Ra

∫

V

dTB

dz
|∇2W |2 dV

−
∫

V
((✉B · ∇)△W )W ∗dV +Da

∫

V
((✉B · ∇)△2W )W ∗dV = 0,

✭✶✸✮

✺



✇❤❡r❡ ‖.‖ ❞❡♥♦t❡ ♥♦r♠ ♦♥ L2(V )✳ ■t ❢♦❧❧♦✇s t❤❛t
∫
V

dTB

dz |∇2W |2 dV ∈ R s✐♥❝❡ dTB

dz ∈ R ❛♥❞

−
∫

V
((✉B · ∇)△W )W ∗dV =

∫

V
((✉B · ∇)∇W ) · ∇W ∗dV

= 〈(✉B · ∇)∇(Wr + iWi),∇(Wr − iWi)〉
= 〈(✉B · ∇)(∇Wr,∇Wr)〉 − i 〈(✉B · ∇)(∇Wr,∇Wi)〉
+ i 〈(✉B · ∇)(∇Wi,∇Wr)〉+ 〈(✉B · ∇)(∇Wi,∇Wi)〉
= 〈(✉B · ∇)(∇Wr,∇Wr)〉+ 〈(✉B · ∇)(∇Wi,∇Wi)〉 ∈ R.

❙✐♠✐❧❛r❧②
∫
V ((✉B · ∇)△2W )W ∗dV ∈ R✳ ◆♦✇✱ t❛❦✐♥❣ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ ✭✶✸✮ ❣✐✈❡s

σi(‖∇W‖2 +Da ‖△W‖2) = 0.

❚❤❡r❡❢♦r❡ σi = 0✳ ❍❡♥❝❡✱ t❤❡ ♦♥❧② ❡①✐st✐♥❣ ♠♦❞❡s ❛r❡ st❛t✐♦♥❛r② ♠♦❞❡s ✐♥ t❤❡ ❧✐♥❡❛r t❤❡♦r②✳

■♥tr♦❞✉❝✐♥❣ t❤❡ ♥♦r♠❛❧ ♠♦❞❡s ♦❢ t❤❡ ❢♦r♠

W = W (z)f(x, y) θ = θ(z)f(x, y) ✭✶✹✮

✇❤❡r❡ f(x, y) ✐s ♣❧❛♥✲❢♦r♠ ✇❤✐❝❤ t✐❧❡s t❤❡ ♣❧❛♥❡ (x, y) ✇✐t❤ △2f = −a2f s✉❝❤ t❤❛t a2 = ax
2+ay

2

✭ax ✐s t❤❡ ✇❛✈❡ ♥✉♠❜❡r ✐♥ x−❞✐r❡❝t✐♦♥✱ ay ✐s t❤❡ ✇❛✈❡ ♥✉♠❜❡r ✐♥ t❤❡ y−❞✐r❡❝t✐♦♥✱ a ✐s t❤❡ ♦✈❡r❛❧❧

✇❛✈❡ ♥✉♠❜❡r✮✳ ❚❤❡ ♣❧❛♥✲❢♦r♠ ✐♥❞✐❝❛t❡s t❤❡ ❤♦r✐③♦♥t❛❧ s❤❛♣❡ ♦❢ t❤❡ ❝♦♥✈❡❝t✐♦♥ ❝❡❧❧s ❢♦r♠❡❞ ❛t

t❤❡ ♦♥s❡t ♦❢ ❝♦♥✈❡❝t✐♦♥✳ ❚❤❡s❡ ❝❡❧❧s ❢♦r♠ ❛ r❡❣✉❧❛r ❤♦r✐③♦♥t❛❧ ♣❛tt❡r♥ t✐❧✐♥❣ t❤❡ (x, y) ♣❧❛♥❡✱

✇❤❡r❡ t❤❡ ✇❛✈❡ ♥✉♠❜❡r a✱ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❝♦♥✈❡❝t✐♦♥ ❝❡❧❧✳ ❇② s✉❜st✐t✉t✐♥❣

♥♦r♠❛❧ ♠♦❞❡s ✭✶✹✮ ✐♥ ✭✶✵✮ ❛♥❞ ✭✶✶✮✱ t❤❡ ♦❜t❛✐♥❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ❧✐♥❡❛r ✐♥st❛❜✐❧✐t② ✐s

Da(D2 − a2)2W − (D2 − a2)W − a2Raθ = 0, ✭✶✺❛✮

(D2 − a2)θ − dTB

dz
W − PeDθ = 0. ✭✶✺❜✮

z = ±1

2
: W = DW = θ = 0. ✭✶✺❝✮

✇❤❡r❡ D = d/dz. ◆✉♠❡r✐❝❛❧ t❤r❡s❤♦❧❞s ❢♦r ❧✐♥❡❛r ✐♥st❛❜✐❧✐t② ❣❡♥❡r❛t❡❞ ❜② ✭✶✺❛✮✲✭✶✺❝✮ ❛r❡ ❣✐✈❡♥

✐♥ ❙❡❝t✐♦♥ ✺✳

✹ ◆♦♥❧✐♥❡❛r st❛❜✐❧✐t② ❛♥❛❧②s✐s

❚♦ st✉❞② t❤❡ ♥♦♥❧✐♥❡❛r st❛❜✐❧✐t②✱ ✇❡ ❞❡✜♥❡ t❤❡ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ ❛s ❢♦❧❧♦✇s

E(t) =
ξ

2
‖θ‖2 , ✭✶✻✮

✇❤❡r❡ ξ ✐s ❛ ♣♦s✐t✐✈❡ ❝♦✉♣❧✐♥❣ ♣❛r❛♠❡t❡r✳ ▼✉❧t✐♣❧②✐♥❣ ❡q✉❛t✐♦♥ ✭✽❜✮ ❜② ❯✱ ❡q✉❛t✐♦♥ ✭✽❝✮ ❜②

θ✱ ✐♥t❡❣r❛t✐♥❣ ♦✈❡r V ✭✇❤❡r❡ V ✐s ❛ ♣❡r✐♦❞✐❝✐t② ❝❡❧❧✮ ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ t❤❡

❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞✿

‖❯‖2 = −Da ‖∇❯‖2 +Ra 〈θ, W 〉 , ✭✶✼✮

1

2

d

dt
‖θ‖2 + 〈(❯ · ∇TB), θ〉 = −‖∇θ‖2 , ✭✶✽✮

✻



✇❤❡r❡ ‖ · ‖ ❛♥❞ 〈· , ·〉 ❞❡♥♦t❡ t❤❡ ♥♦r♠ ❛♥❞ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ L2(V ), r❡s♣❡❝t✐✈❡❧②✳ ◆♦✇✱ ❞✐✛❡r❡♥✲

t✐❛t✐♥❣ ✭✶✻✮ ✇✐t❤ r❡s♣❡❝t t♦ t ❛♥❞ ✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✶✼✮✲✭✶✽✮ ✱ ✇❡ ❣❡t

dE

dt
= I −D ✭✶✾✮

✇❤❡r❡

I = −ξ 〈(❯ · ∇TB), θ〉+Ra 〈θ, W 〉 , ✭✷✵❛✮

D = ξ ‖∇θ‖2 + ‖❯‖2 +Da ‖∇❯‖2 . ✭✷✵❜✮

❋r♦♠ ❡q✉❛t✐♦♥s ✭✶✻✮✲✭✷✵❜✮✱ ✭❛♥❞ t❤❡ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t② π2 ‖θ‖2 ≤ ‖∇θ‖2✮✱ ✇❡ ❝❛♥ ✇r✐t❡

dE

dt
≤ −2π2(1−m)E, ✭✷✶✮

✇❤❡r❡

m = max
H

(
I

D

)
✭✷✷✮

❛♥❞ H = ④(❯, θ) ∈ L2(V )✿ ∇·❯ = 0✱ W = θ = 0 ❛t z = ±1
2⑥✳ ■♥t❡❣r❛t✐♥❣ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t②

✭✷✶✮✱ ❣✉❛r❛♥t❡❡s E(t) → 0 ❛s t → ∞ ❢♦r 0 < m < 1✳ ❆ss✉♠✐♥❣ t❤❡ ❝r✐t✐❝❛❧ ❝♦♥❞✐t✐♦♥ m = 1 ✐♥

t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥s ❛r❡

−ξ∇TBθ +Raθ❦̂− 2m❯+ 2mDa△❯ = ∇λ, ✭✷✸❛✮

−ξ(❯ · ∇TB) +RaW + 2mξ△θ = 0, ✭✷✸❜✮

✇❤❡r❡ λ ✐s ❛ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r ✇❤✐❝❤ ✐s ✐♥tr♦❞✉❝❡❞ ❛s ❯ ✐s s♦❧❡♥♦✐❞❛❧✳ ❆♣♣❧②✐♥❣ t❤❡ ❞♦✉❜❧❡

❝✉r❧ t♦ ❡q✉❛t✐♦♥ ✭✷✸❛✮✱ ❛♥❞ t❛❦✐♥❣ t❤✐r❞ ❝♦♠♣♦♥❡♥t ✐♥ ♦r❞❡r t♦ r❡♠♦✈❡ λ✱ ✇❡ ♦❜t❛✐♥

2

(
∂2W

∂x2
+

∂2W

∂y2

)
−Ra

(
∂2θ

∂x2
+

∂2θ

∂y2

)
+ ξ

dTB

dz

(
∂2θ

∂x2
+

∂2θ

∂y2

)
− 2Da

(
∂2

∂x2
+

∂2

∂y2

)
△W

+ 2Da
∂

∂z

(
△

(
∂U

∂x
+

∂V

∂y

))
− 2

∂

∂z

(
∂U

∂x
+

∂V

∂y

)
= 0.

✭✷✹✮

❯s✐♥❣ ♥♦r♠❛❧ ♠♦❞❡s✱ ❛s ❣✐✈❡♥ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✭✶✹✮✱ t♦ t❤❡ ❡q✉❛t✐♦♥s ✭✷✸❛✮ ❛♥❞ ✭✷✹✮✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡

♣r♦❜❧❡♠ ❢♦r ♥♦♥❧✐♥❡❛r t❤❡♦r② ✐s ❣✐✈❡♥ ❛s

Da(D2 − a2)2W − (D2 − a2)W +
1

2
ξ
dTB

dz
a2θ − 1

2
a2Raθ = 0, ✭✷✺❛✮

(D2 − a2)θ − 1

2

dTB

dz
W +

1

2ξ
RaW = 0, ✭✷✺❜✮

z = ±1

2
: W = DW = θ = 0. ✭✷✺❝✮

❊q✉❛t✐♦♥s ✭✷✺❛✮✲✭✷✺❝✮ ❝♦♥st✐t✉t❡s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r Ra ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ Pe,Da ❛♥❞

Q✳ ■♥ ❛❞❞✐t✐♦♥ t❤✐s ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✐♥✈♦❧✈❡s ❛ ♣♦s✐t✐✈❡ ❝♦✉♣❧✐♥❣ ♣❛r❛♠❡t❡r ξ ✇❤✐❝❤ ✐s t♦ ❜❡

s❡❧❡❝t❡❞ ♦♣t✐♠❛❧❧②✳ ❚❤❡ ♣r♦❝❡❞✉r❡ t♦ ✜♥❞ ♦♣t✐♠❛❧ ξ ♥♦✇ ❢♦❧❧♦✇s✳

❘❡s❝❛❧✐♥❣ t❤❡ t❡♠♣❡r❛t✉r❡ ♣❡rt✉r❜❛t✐♦♥ ❛s

θ̃ = θ
√
ξ,

✼



t❤❡ ♠♦❞✐✜❡❞ I ❛♥❞ D ❛r❡

Ĩ = −
√
ξ
〈
(❯ · ∇TB)θ̃

〉
+

Ra√
ξ

〈
θ̃W

〉
,

D̃ =
∥∥∥∇θ̃

∥∥∥
2
+ ‖❯‖2 +Da ‖∇❯‖2 ,

✇❤❡r❡ ✇❡ ❛r❡ ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ♠❛①✐♠✉♠ ♦❢ Ĩ

D̃
. ❚♦ s♦❧✈❡ t❤✐s ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❡ ✜♥❞ t❤❡

❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠

Xθ❦̂− 2❯+ 2Da△❯ = p,i ,

XW + 2△θ = 0.

✭✇❤❡r❡ t❤❡˜ ❤❛s ❜❡❡♥ r❡♠♦✈❡❞ ❢♦r t❤❡ ❡❛s❡ ♦❢ ♥♦t❛t✐♦♥✮✱ ❛♥❞

X =
Ra√
ξ
− dTB

dz

√
ξ.

▲❡t (❯(1), θ(1)) ❛♥❞ (❯(2), θ(2)) ❜❡ s♦❧✉t✐♦♥s t♦ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ξ(1) ❛♥❞ ξ(2)✱

r❡s♣❡❝t✐✈❡❧②✳ ❲❡ t❛❦❡ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ s✉♣❡rs❝r✐♣t ✭✶✮✱ ♠✉❧t✐♣❧② ❡❛❝❤ ❡q✉❛t✐♦♥ ✇✐t❤

❯(2), θ(2) r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ✐♥t❡❣r❛t❡ ♦✈❡r V ✐♥ ❡❛❝❤ ❝❛s❡✳ ❚❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ✐s r❡♣❡❛t❡❞ ✇✐t❤

s✉♣❡rs❝r✐♣ts ✭✶✮ ❛♥❞ ✭✷✮ r❡✈❡rs❡❞✳ ❆❢t❡r ❞✐✈✐❞✐♥❣ t❤❡ s②st❡♠ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤✐s ♣r♦❝❡❞✉r❡ ❜②

ξ(2) − ξ(1) ❛♥❞ t❛❦✐♥❣ t❤❡ ❧✐♠✐t ξ(2) → ξ(1)✱ ✐t ❢♦❧❧♦✇s t❤❛t

∂

∂ξ
〈XWθ〉 = 0,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ♦♣t✐♠❛❧ ❝♦✉♣❧✐♥❣ ♣❛r❛♠❡t❡r ❛s

ξ = − Ra(
dTB

dz

) .

❈❧❡❛r❧② ξ❃✵ ❛s dTB

dz < 0✳ ❚❤✐s ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ ξ ✐s ✉s❡❞ ✐♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ♦❢ ♥♦♥❧✐♥❡❛r

t❤❡♦r② ✭✷✺❛✮✲✭✷✺❝✮✱ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✳

✺ ❘❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥

❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s ✭✶✺❛✮✲✭✶✺❝✮ ❢♦r ❧✐♥❡❛r t❤❡♦r② ❛♥❞ ✭✷✺❛✮✲✭✷✺❝✮ ❢♦r ♥♦♥❧✐♥❡❛r t❤❡♦r② ❤❛✈❡

❜❡❡♥ s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧② ✉s✐♥❣ s❤♦♦t✐♥❣ ❛♥❞ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s✳ ❋♦r t❤❡ s❤♦♦t✐♥❣ ♠❡t❤♦❞✱

t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ✭✶✺❛✮✲✭✶✺❝✮ ❛♥❞ ✭✷✺❛✮✲✭✷✺❝✮✱ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s

W

(
−1

2

)
= 0, DW

(
−1

2

)
= 0, D2W

(
−1

2

)
= 1, D3W

(
−1

2

)
= χ,

θ

(
−1

2

)
= 0, Dθ

(
−1

2

)
= ζ, ✭✷✻✮

✇❤❡r❡ D2W
(
−1

2

)
= 1 ✐s t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ❢♦r ❜r❡❛❦✐♥❣ t❤❡ s❝❛❧✐♥❣ ✐♥✈❛r✐❛♥❝❡ ♦❢

❡✐❣❡♥❢✉♥❝t✐♦♥s ✐♥ ✭✶✺❛✮✲✭✶✺❝✮ ❛♥❞ ✭✷✺❛✮✲✭✷✺❝✮✳ ❚❤❡ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs χ, ζ✱ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞

✽



❜② t❤❡ s❤♦♦t✐♥❣ ♠❡t❤♦❞ ✇✐t❤ t❤❡ t❛r❣❡t ❝♦♥❞✐t✐♦♥W
(
1
2

)
= DW

(
1
2

)
= θ

(
1
2

)
= 0✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱

❢♦r ✜①❡❞ ✈❛❧✉❡s ♦❢ Q,Pe,Da✱ ♦♥❡ ❝❛♥ ✜♥❞ χ, ζ,Ra ✐♥ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠s ✭❡✐❣❡♥✈❛❧✉❡

♣r♦❜❧❡♠ ✭✶✺❛✮✲✭✶✺❝✮✱ ✭✷✺❛✮✲✭✷✺❝✮ ✇✐t❤ r❡♣❧❛❝❡♠❡♥t ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✭✷✻✮✮ ❜② ✉s✐♥❣ t❤❡ ❘✉♥❣❡✲

❑✉tt❛ ♠❡t❤♦❞✳ ❲❤✐❧❡ ✐♠♣❧❡♠❡♥t✐♥❣ t❤✐s ♣r♦❝❡❞✉r❡✱ ✇❡ ✜♥❞ ❡✐❣❡♥✈❛❧✉❡ Ra(a) ❢♦r ❛ ✜①❡❞ s❡t

♦❢ ✢♦✇ ❣♦✈❡r♥✐♥❣ ♣❛r❛♠❡t❡rs✳ ❘❛②❧❡✐❣❤ ♥✉♠❜❡r Ra ✐s ♠✐♥✐♠✐③❡❞ ♦✈❡r ✇❛✈❡ ♥✉♠❜❡r a ✇✐t❤ t❤❡

❝♦♥❞✐t✐♦♥ ∂R/∂a = 0✳ ❈r✐t✐❝❛❧ ❘❛②❧❡✐❣❤ ♥✉♠❜❡r RaL ✭♦r RaE) r❡❢❡rs t♦ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢

Ra ❛t ❝r✐t✐❝❛❧ ✇❛✈❡ ♥✉♠❜❡r aL ✭♦r aE✮✳ ❚❤❡ ❝r✐t✐❝❛❧ ❘❛②❧❡✐❣❤ ♥✉♠❜❡r ❢♦r ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r

t❤❡♦r✐❡s✱ ❛r❡ ❞❡✜♥❡❞ ❛s

RaL = min
a

Ra(a,Q, Pe,Da),

RaE = max
ξ

min
a

Ra(a,Q, Pe,Da, ξ),

r❡s♣❡❝t✐✈❡❧②✳ ❚♦ ♣❡r❢♦r♠ t❤❡ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞✱ ❛ ❜✉✐❧t ✐♥ ❢✉♥❝t✐♦♥✱ ♦❞❡✹✺ ✇❛s ✉s❡❞ ✐♥ t❤❡

s♦❢t✇❛r❡ ♣❛❝❦❛❣❡▼❛t❧❛❜ ❘✷✵✶✷❜✳ ❚❤❡ ❝r✐t✐❝❛❧ ❘❛②❧❡✐❣❤ ♥✉♠❜❡rs ❢♦r ❜♦t❤ t❤❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r

t❤❡♦r✐❡s ❤❛✈❡ ❜❡❡♥ ❝♦♠♣❛r❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❢♦r ❛ ✜①❡❞ s❡t ❣♦✈❡r♥✐♥❣ ♣❛r❛♠❡t❡rs Q, Pe, ❛♥❞ Da✳

❚❤r♦✉❣❤♦✉t t❤❡ ❞✐s❝✉ss✐♦♥✱ t❤❡ s♦❧✐❞ ❧✐♥❡s ✐♥❞✐❝❛t❡ ♥❡✉tr❛❧ st❛❜✐❧✐t② ❝✉r✈❡s ❢♦r ❧✐♥❡❛r ✐♥st❛❜✐❧✐t②

t❤r❡s❤♦❧❞s✱ ✇❤❡r❡❛s ❞❛s❤❡❞ ❧✐♥❡s ✐♥❞✐❝❛t❡ ♥❡✉tr❛❧ st❛❜✐❧✐t② ❝✉r✈❡s ❢♦r ♥♦♥❧✐♥❡❛r st❛❜✐❧✐t② t❤r❡s❤✲

♦❧❞s✳ ■♥ t❤✐s ❛rt✐❝❧❡✱ Pe > 0 r❡❢❡rs t♦ ✉♣✇❛r❞ t❤r♦✉❣❤✢♦✇ ✇❤❡r❡❛s Pe < 0 r❡❢❡rs t♦ ❞♦✇♥✇❛r❞

t❤r♦✉❣❤✢♦✇✳

❚❤❡ ❉❛r❝② ✢♦✇ ♠♦❞❡❧ ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❜② ♣✉tt✐♥❣ Da = 0 ✐♥ t❤❡ ❡q✉❛t✐♦♥s ✭✶✺❛✮ ❛♥❞ ✭✷✺❛✮✳

❙♠❛❧❧ ✈❛❧✉❡s ♦❢ t❤❡ ❉❛r❝② ♥✉♠❜❡r Da ❝❛✉s❡ s②st❡♠ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s t♦ ❜❡❝♦♠❡ st✐✛

❛♥❞ ❝r❡❛t❡s ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❛♥❣❡ ♦❢ t❤❡ ❉❛r❝② ♥✉♠❜❡r ✐s r❡str✐❝t❡❞ t♦

10−3 ≤ Da ≤ 102 ❞✉r✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s✳ ❍✐❣❤❡r ✈❛❧✉❡s ♦❢ t❤❡ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡

Q ❝❛✉s❡s ❝♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t② ❡✈❡♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❡①t❡r♥❛❧ t❡♠♣❡r❛t✉r❡ ❣r❛❞✐❡♥t✳ ❚❤✉s✱ t❤❡

♥❡✉tr❛❧ st❛❜✐❧✐t② ❝✉r✈❡s ❛r❡ ♣r❡s❡♥t❡❞ ❢♦r 0 ≤ Q ≤ 50 ❛♥❞ −20 ≤ Pe ≤ 20✳

■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ✈❡rt✐❝❛❧ t❤r♦✉❣❤✢♦✇ ❛♥❞ t❤❡ ❇r✐♥❦♠❛♥ t❡r♠✱ t❤❡ ♣r❡s❡♥t ♣r♦❜❧❡♠ r❡❞✉❝❡s

t♦ t❤❡ st✉❞② ❜② ●❛ss❡r ❛♥❞ ❑❛③✐♠✐ ❬✶✷❪✳ ❚❛❜❧❡ ✶ s❤♦✇s ❛ ✈❡r② ❣♦♦❞ ❛❣r❡❡♠❡♥t ♦❢ t❤❡ ♣r❡s❡♥t

♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✇✐t❤ t❤❡ ❡①t❡r♥❛❧ ❘❛②❧❡✐❣❤ ♥✉♠❜❡r R̃E ❣✐✈❡♥ ✐♥ ●❛ss❡r ❛♥❞ ❑❛③✐♠✐ ❬✶✷❪✳ ■♥ ❜♦t❤

t❤❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r t❤❡♦r✐❡s ❝r✐t✐❝❛❧ ❘❛②❧❡✐❣❤ ♥✉♠❜❡rs RaL ❛♥❞ RaE ✐♥❝r❡❛s❡ ❢♦r ✉♣✇❛r❞

t❤r♦✉❣❤✢♦✇✱ ❛♥❞ ❞❡❝r❡❛s❡ ❢♦r ❞♦✇♥✇❛r❞ t❤r♦✉❣❤✢♦✇✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡

♦❜s❡r✈❛t✐♦♥ ♠❛❞❡ ❜② ◆✐❡❧❞ ❛♥❞ ❑✉③♥❡ts♦✈ ❬✷✼❪✳

❲❤❡♥ Q = 0 ❛♥❞ Da = 0✱ t❤❡ ♣r❡s❡♥t ♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ st✉❞② ♦❢ ✐♥ ❇❛r❧❡tt❛

❡t ❛❧✳ ❬✸✶❪✳ ❋r♦♠ ❚❛❜❧❡ ✷✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❇❛r❧❡tt❛ ❡t ❛❧✳ ❬✸✶❪ ❛♥❞ t❤❡ ♣r❡s❡♥t ❧✐♥❡❛r

st❛❜✐❧✐t② t❤❡♦r② r❡s✉❧ts ✭Q = 0 ❛♥❞ Da = 0✮ ❞❡♠♦♥str❛t❡ ❡①❝❡❧❧❡♥t ❛❣r❡❡♠❡♥t✳

❋✐❣✳ ✶ r❡♣r❡s❡♥ts ♥❡✉tr❛❧ st❛❜✐❧✐t② ❝✉r✈❡s ❢♦r ❞✐✛❡r❡♥t ❣♦✈❡r♥✐♥❣ ♣❛r❛♠❡t❡rs✳ ❋✐❣✳✶❛ s❤♦✇s t❤❛t

✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ t❤r♦✉❣❤✢♦✇✱ ❜♦t❤ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r t❤r❡s❤♦❧❞s ❝♦✐♥❝✐❞❡✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s

❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ❉❛r❝②✲❇é♥❛r❞ ❝♦♥✈❡❝t✐♦♥ ✐♥ ♣♦r♦✉s ♠❡❞✐❛ ❛s r❡♣♦rt❡❞ ✐♥ ❙tr❛✉❣❤❛♥

❬✸✷❪✳ ❚❤❡s❡ t✇♦ t❤❡♦r✐❡s ❣✐✈❡ ❞✐✛❡r❡♥t st❛❜✐❧✐t② t❤r❡s❤♦❧❞s ❛s s♦♦♥ ❛s t❤❡ t❤r♦✉❣❤✢♦✇ ✐s ✐♥tr♦❞✉❝❡❞

✐♥ t❤❡ ♠❡❞✐✉♠ ✭Pe 6= 0✮✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ Pe✱ ✐♥❝r❡❛s❡s t❤❡ ❝r✐t✐❝❛❧

t❤❡r♠❛❧ ❘❛②❧❡✐❣❤ ♥✉♠❜❡r ✐♥ ❜♦t❤ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r t❤❡♦r✐❡s✳ ❋✐❣✳✶❜ s❤♦✇s t❤❛t Ra ✐♥❝r❡❛s❡s

❛s t❤❡ ❉❛r❝② ♥✉♠❜❡r ✐♥❝r❡❛s❡s✳ ❋✐❣✳ ✷ ❞✐s♣❧❛②s ♥❡✉tr❛❧ ❝✉r✈❡s ❢♦r t❤❡ ♦♥s❡t ♦❢ ❝♦♥✈❡❝t✐♦♥ ❢♦r

Q = 0, 2 ✇❤❡r❡ Da = 0.01 ❛♥❞ Pe = −5, 5✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❞♦✇♥✇❛r❞ t❤r♦✉❣❤✢♦✇ ✭Pe = −5✮✱

Ra ❞❡❝r❡❛s❡s ❛s Q ✐♥❝r❡❛s❡s ❢♦r ❝❡rt❛✐♥ r❛♥❣❡ ♦❢ ✇❛✈❡ ♥✉♠❜❡r✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✉♣✇❛r❞

✾



❚❛❜❧❡ ✶✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❧✐♥❡❛r st❛❜✐❧✐t② r❡s✉❧ts ♦❢ ●❛ss❡r ❛♥❞ ❑❛③✐♠✐ ❬✶✷❪ ❛♥❞ t❤✐s

❛rt✐❝❧❡✬s ❧✐♥❡❛r st❛❜✐❧✐t② r❡s✉❧ts ❛t Pe = 0✳

Q ●❛ss❡r ❛♥❞ ❑❛③✐♠✐ ❬✶✷❪

R̃E

RaL

✵ ✸✾✳✹✽ ✸✾✳✹✼✽✸

✺ ✸✹✳✺✾ ✸✹✳✺✾✺✵

✶✵ ✷✼✳✵✷ ✷✼✳✵✶✻✵

✶✺ ✷✶✳✹✺ ✷✶✳✹✹✻✶

✷✵ ✶✼✳✻✸ ✶✼✳✻✷✻✹

✷✺ ✶✹✳✾✷ ✶✹✳✾✶✻✸

✸✵ ✶✷✳✾✶ ✶✷✳✾✶✶✺

✹✵ ✶✵✳✶✻ ✶✵✳✶✻✵✺

✺✵ ✽✳✸✼ ✽✳✸✻✽✾

✻✵ ✼✳✶✶ ✼✳✶✶✷✵

✽✵ ✺✳✹✼ ✺✳✹✻✻✾

✶✵✵ ✹✳✹✹ ✹✳✹✸✾✵

❚❛❜❧❡ ✷✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❧✐♥❡❛r st❛❜✐❧✐t② r❡s✉❧ts ♦❢ ❇❛r❧❡tt❛ ❡t ❛❧✳ ❬✸✶❪ ✭❢♦r t❤❡ ❝❛s❡ ♦❢

●❡❜❤❛rt ♥✉♠❜❡r Ge = 0✮ ❛♥❞ t❤✐s ❛rt✐❝❧❡✬s ❧✐♥❡❛r st❛❜✐❧✐t② r❡s✉❧ts ❢♦r Q = 0 ❛♥❞ Da = 0✳

Pe ❇❛r❧❡tt❛ ❡t ❛❧✳ ❬✸✶❪

❈r✐t✐❝❛❧ ✈❛❧✉❡ ♦❢ Ra

RaL

✲✶✺ ✷✶✺✳✷✽✸ ✷✶✺✳✷✽✷✽

✲✶✵ ✶✹✸✳✺✶✽ ✶✹✸✳✺✶✽✺

✲✺ ✼✸✳✹✶✹✻ ✼✸✳✹✶✹✻✺

✲✵✳✵✵✶ ✸✾✳✹✼✽✹ ✸✾✳✹✼✽✸✾

✵✳✵✵✶ ✸✾✳✹✼✽✹ ✸✾✳✹✼✽✸✾

✺ ✼✸✳✹✶✹✻ ✼✸✳✹✶✹✹

✶✵ ✶✹✸✳✺✶✽ ✶✹✸✳✺✶✽✷

✶✺ ✷✶✺✳✷✽✸ ✷✶✺✳✷✽✷✹

✶✵



✭❛✮ Q = 5, Da = 0.01 ✭❜✮ Q = 5, P e = 5

❋✐❣✉r❡ ✶✿ ◆❡✉tr❛❧ st❛❜✐❧✐t② ❝✉r✈❡s ❢♦r t❤❡ ♦♥s❡t ♦❢ ❝♦♥✈❡❝t✐♦♥✳ ❙♦❧✐❞ ❧✐♥❡s r❡♣r❡s❡♥t ❧✐♥❡❛r t❤❡♦r②

❛♥❞ ❞❛s❤❡❞ ❧✐♥❡s r❡♣r❡s❡♥t ♥♦♥❧✐♥❡❛r t❤❡♦r②✳

✭❛✮ Pe = −5 ✭❜✮ Pe = 5

❋✐❣✉r❡ ✷✿ ◆❡✉tr❛❧ st❛❜✐❧✐t② ❝✉r✈❡s ❢♦r Da = 0.01✳ ❙♦❧✐❞ ❧✐♥❡s r❡♣r❡s❡♥t ❧✐♥❡❛r t❤❡♦r② ❛♥❞ ❞❛s❤❡❞

❧✐♥❡s r❡♣r❡s❡♥t ♥♦♥❧✐♥❡❛r t❤❡♦r②✳

t❤r♦✉❣❤✢♦✇ ✭Pe = 5✮✱ Ra ✐♥❝r❡❛s❡s ❛s Q ✐♥❝r❡❛s❡s✳ ❚❤✐s ❞❡♠♦♥str❛t❡s t❤❛t ✉♣✇❛r❞ t❤r♦✉❣❤✢♦✇

❞❡❧❛②s t❤❡ ♦♥s❡t ♦❢ ❝♦♥✈❡❝t✐♦♥ ❡✈❡♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡✳

❚❤❡ ❝r✐t✐❝❛❧ t❤❡r♠❛❧ ❘❛②❧❡✐❣❤ ♥✉♠❜❡r ♣❧♦tt❡❞ ❛❣❛✐♥st t❤❡ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡ ♣❛r❛♠❡t❡r ✐s

❞✐s♣❧❛②❡❞ ✐♥ ✜❣✳ ✸ ❢♦r t❤❡ ✈❛❧✉❡s ♦❢ Da = 0.1 ❛♥❞ Pe = 5,−5✳ ■♥ ✜❣✳ ✸❛ ✐t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞

t❤❛t RaL ❛♥❞ RaE ❞❡❝r❡❛s❡ ✇✐t❤ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡ ♣❛r❛♠❡t❡r✳

❙✐♥❝❡✱ t❤❡ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡ r❛✐s❡s t❤❡ ❣❧♦❜❛❧ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ ♠❡❞✐✉♠ ❛♥❞ ❝❛✉s❡s ✐♥st❛❜✐❧✐t②

t♦ ❝♦♠♠❡♥❝❡✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ st❛❜✐❧✐t② t❤r❡s❤♦❧❞s ❢♦r ♥♦♥❧✐♥❡❛r t❤❡♦r②

❛r❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ✐♥st❛❜✐❧✐t② t❤r❡s❤♦❧❞s ❢♦r t❤❡ ❧✐♥❡❛r t❤❡♦r②✱ ❝❧❡❛r❧② ❧❡❛❞✐♥❣ t♦ s✉❜✲❝r✐t✐❝❛❧

✐♥st❛❜✐❧✐t✐❡s ✐♥ t❤❡ ♠❡❞✐✉♠✳ ❋♦r s♠❛❧❧❡r ✈❛❧✉❡s ♦❢ t❤❡ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡ ♣❛r❛♠❡t❡r ◗✱ t❤❡

r❡❣✐♦♥ ♦❢ s✉❜✲❝r✐t✐❝❛❧ ✐♥st❛❜✐❧✐t✐❡s ✐s ❧❛r❣❡✳ ❚❤✐s s✉❜✲❝r✐t✐❝❛❧ r❡❣✐♦♥ ♦❢ ✐♥st❛❜✐❧✐t✐❡s ✐s ♥❛rr♦✇❡❞

✇✐t❤ ✐♥❝r❡❛s✐♥❣ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡ ✐♥ t❤❡ ♠❡❞✐✉♠✳ ❋✐❣✳ ✸❜ s❤♦✇s t❤❛t ✭❢♦r t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✉❡s

❝♦♥s✐❞❡r❡❞ ❢♦r Q✮ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ✉♣✇❛r❞ t❤r♦✉❣❤✢♦✇ ✭Pe = 5✮ s❤♦✇ t❤❡ ♦♣♣♦s✐t❡

✶✶



✭❛✮ Pe = −5 ✭❜✮ Pe = 5

❋✐❣✉r❡ ✸✿ ❱❛r✐❛t✐♦♥ ♦❢ RaL ❛♥❞ RaE ❛❣❛✐♥st Q ❢♦r Da = 0.1✳

tr❡♥❞ t♦ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❞♦✇♥✇❛r❞ t❤r♦✉❣❤✢♦✇ ✭Pe = −5✮✳ ❋♦r Pe = 5✱ t❤❡ ✉♣✇❛r❞

t❤r♦✉❣❤✢♦✇ ❞♦♠✐♥❛t❡s t❤❡ ✐♥t❡r♥❛❧ ❤❡❛t✐♥❣ ❡✛❡❝t ❛♥❞ ❝❛✉s❡s t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ✢♦✇✳ ❋r♦♠

✜❣✳ ✸❜✱ ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t ✉♣✇❛r❞ t❤r♦✉❣❤✢♦✇ ❞♦♠✐♥❛t❡s ♥❡❛r❧② ✉♣ t♦ Q = 10 ❛♥❞ ❢♦r ❤✐❣❤❡r

✈❛❧✉❡s ♦❢ Q = 10✱ t❤❡ ✐♥t❡r♥❛❧ ❤❡❛t✐♥❣ ❡✛❡❝t ❜❡❝♦♠❡s s✐❣♥✐✜❝❛♥t t♦ ❝❛✉s❡ ❞❡st❛❜✐❧✐③❛t✐♦♥✳

✭❛✮ Pe = −5 ✭❜✮ Pe = 5

❋✐❣✉r❡ ✹✿ ❱❛r✐❛t✐♦♥ ♦❢ ❝r✐t✐❝❛❧ ✇❛✈❡ ♥✉♠❜❡r aL ❛♥❞ aE ✇✐t❤ Q ❢♦r Da = 0.1✳

❋✐❣✳ ✹ ❡①❤✐❜✐ts t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ❝r✐t✐❝❛❧ ✇❛✈❡ ♥✉♠❜❡r aL ✭❛♥❞ aE✮ ✈❡rs✉s Q ❢♦r t❤❡ s❛♠❡ s❡t

♦❢ ♣❛r❛♠❡t❡rs ✉s❡❞ ✐♥ ✜❣✳ ✸✳ ❋♦r Pe = −5 ✭❞♦✇♥✇❛r❞ t❤r♦✉❣❤✢♦✇✮✱ t❤❡ ❝r✐t✐❝❛❧ ✇❛✈❡♥✉♠❜❡r

❞❡❝r❡❛s❡s ✇✐t❤ ❛♥ ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡ ♣❛r❛♠❡t❡r Q = 6✱ ❜❡②♦♥❞ Q = 6

t❤❡ ❝r✐t✐❝❛❧ ✇❛✈❡♥✉♠❜❡r ✐♥❝r❡❛s❡s ✇✐t❤ Q✳ ❲❤✐❧❡ ❢♦r Pe = 5 ✭✉♣✇❛r❞ t❤r♦✉❣❤✢♦✇✮✱ t❤❡ ❝r✐t✐❝❛❧

✇❛✈❡♥✉♠❜❡r ✐♥❝r❡❛s❡s ✇✐t❤ Q✳

❋✐❣✳ ✺ ♣r❡s❡♥ts t❤❡ r❡s♣♦♥s❡ ♦❢ RaL ✭♦r RaE✮ t♦ ✈❡rt✐❝❛❧ t❤r♦✉❣❤✢♦✇ Pe ❢♦r Q = 1, 5 ❛♥❞

Da = 0.1✳ ■♥ t❤❡ ✜❣✉r❡s ✺❛ ❛♥❞ ✺❜✱ t❤❡ ❝r✐t✐❝❛❧ t❤❡r♠❛❧ ❘❛②❧❡✐❣❤ ♥✉♠❜❡rs RaL ❛♥❞ RaE ❛r❡

✐♥❝r❡❛s✐♥❣ ✇✐t❤ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ Pe✳ ❲❤❡♥ Pe = 0✱ t❤❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r st❛❜✐❧✐t② t❤❡♦r✐❡s

s❤♦✇ ❣♦♦❞ ❛❣r❡❡♠❡♥t✳ ❆s Q ✐♥❝r❡❛s❡s✱ t❤❡ ✢♦✇ ✐s ❞❡st❛❜✐❧✐③❡❞ ❢♦r ❞♦✇♥✇❛r❞ t❤r♦✉❣❤✢♦✇✱ ❛♥❞

st❛❜✐❧✐③❛t✐♦♥ ✐s s❡❡♥ ❛s t❤❡ Pe ❞♦♠✐♥❛t❡s Q ✐♥ t❤❡ ✉♣✇❛r❞ t❤r♦✉❣❤✢♦✇✳ ❚❤❡ r❡❣✐♦♥ ♦❢ s✉❜✲❝r✐t✐❝❛❧

✶✷



✭❛✮ Q = 1 ✭❜✮ Q = 5

❋✐❣✉r❡ ✺✿ ❱❛r✐❛t✐♦♥ ♦❢ RaL ❛♥❞ RaE ❛❣❛✐♥st Pe ❢♦r Da = 0.1✳

✭❛✮ Q = 1 ✭❜✮ Q = 5

❋✐❣✉r❡ ✻✿ ❱❛r✐❛t✐♦♥ ♦❢ ❝r✐t✐❝❛❧ ✇❛✈❡ ♥✉♠❜❡r aL ❛♥❞ aE ✇✐t❤ Pe ❢♦r Da = 0.1✳

✐♥st❛❜✐❧✐t✐❡s ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ Pe✳ ❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ aL ✭♦r aE✮ ❛❣❛✐♥st Pe ✐s s❤♦✇♥

✐♥ ✜❣✳ ✻✱ ❢♦r t❤❡ s❛♠❡ s❡t ♦❢ ♦t❤❡r ♣❛r❛♠❡t❡rs ✉s❡❞ ✐♥ ✜❣✳ ✺✳

❋✐❣✳ ✼❛ ❞❡♣✐❝ts t❤❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r st❛❜✐❧✐t② ❝✉r✈❡s ❢♦r Q = 5✱ Pe = 5 ✇✐t❤ ✈❛r②✐♥❣ ♦❢

❉❛r❝② ♥✉♠❜❡r Da✳ ❙♠❛❧❧ ✈❛❧✉❡s ♦❢ ❉❛r❝② ♥✉♠❜❡r Da ❤❛s ♥♦ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ RaL ❛♥❞ RE ✱

❜✉t ✇❤❡♥ ❉❛r❝② ♥✉♠❜❡r Da ✐♥❝r❡❛s❡❞ ❜❡②♦♥❞ ✵✳✶✱ ✐t s❤♦✇❡❞ ❝♦♥s✐❞❡r❛❜❧❡ st❛❜✐❧✐③✐♥❣ ❡✛❡❝t✳ ❚❤❡

r❡❣✐♦♥ ♦❢ s✉❜✲❝r✐t✐❝❛❧ ✐♥st❛❜✐❧✐t✐❡s ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ❉❛r❝② ♥✉♠❜❡r✳ ❋r♦♠ ✜❣✳ ✼❜✱ ✐t ✐s ♦❜s❡r✈❡❞

t❤❛t aL ❛♥❞ aE ❛r❡ ❞❡❝r❡❛s✐♥❣ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ Da✳

✻ ❈♦♥❝❧✉s✐♦♥s

❚❤❡ ♦♥s❡t ♦❢ t❤❡ ✐♥st❛❜✐❧✐t② ♦❢ ❛ ✈❡rt✐❝❛❧ t❤r♦✉❣❤✢♦✇ ✇✐t❤ ❛ ✉♥✐❢♦r♠ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡ ✐♥ ❛

♣♦r♦✉s ♠❡❞✐✉♠ ❤❛s ❜❡❡♥ st✉❞✐❡❞✱ ✇❤❡r❡ t❤❡ ✢♦✇ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ❇r✐♥❦♠❛♥✲❡①t❡♥❞❡❞ ❉❛r❝②

❧❛✇✳ ▲✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r st❛❜✐❧✐t② ❛♥❛❧②s❡s ❤❛✈❡ ❜❡❡♥ ❝♦♥❞✉❝t❡❞✱ ✇❤❡r❡ t❤❡ ♥♦♥❧✐♥❡❛r st❛❜✐❧✐t②

t❤❡♦r② ✇❛s ♣❡r❢♦r♠❡❞ ❜② ✉s✐♥❣ ❊♥❡r❣② ▼❡t❤♦❞✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✐♥ ❜♦t❤ t❤❡ ❧✐♥❡❛r ❛♥❞

♥♦♥❧✐♥❡❛r t❤❡♦r✐❡s ✇❛s s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧② ✉s✐♥❣ s❤♦♦t✐♥❣ ❛♥❞ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞s✳ ❚❤❡ ❝r✐t✐❝❛❧

✶✸



✭❛✮ RaL ✭♦r RaE✮ ✈❡rs✉s Da ✭❜✮ aC ✭♦r aE✮ ✈❡rs✉s Da

❋✐❣✉r❡ ✼✿ P❧♦ts ♦❢ RaL ✭♦r RaE✮ ❛♥❞ aL ✭♦r aE✮ ❛❣❛✐♥st Da ❢♦r Q = 5✱ Pe = 5✳

❘❛②❧❡✐❣❤ ♥✉♠❜❡r ❢♦r t❤❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r t❤❡♦r✐❡s ✇❡r❡ ❝♦♠♣❛r❡❞ ❢♦r ❉❛r❝② ♥✉♠❜❡r✱ Pé❝❧❡t

♥✉♠❜❡r ❛♥❞ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡ ❝♦❡✣❝✐❡♥t✳ ❚❤❡ ♠❛✐♥ ♦❜s❡r✈❛t✐♦♥s ❢r♦♠ t❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts

❛r❡✿

• ❲❤❡♥ t❤❡ ✉♣✇❛r❞ t❤r♦✉❣❤✢♦✇ ✐s str♦♥❣ ❡♥♦✉❣❤ ✭Pe = 5✮✱ t❤❡ ❡✛❡❝t ♦❢ t❤r♦✉❣❤✢♦✇ ❞♦♠✐✲

♥❛t❡s t❤❡ ❡✛❡❝t ♦❢ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡ ♣❛r❛♠❡t❡r ✭❢♦rQ = 1 t♦ 7✮ ❛t t❤❡ ♦♥s❡t ♦❢ ❝♦♥✈❡❝t✐♦♥✳

• ■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ t❤r♦✉❣❤✢♦✇✱ t❤❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r t❤❡♦r✐❡s ❣✐✈❡ t❤❡ s❛♠❡ r❡s✉❧t✳

• ▲♦✇❡r ✈❛❧✉❡s ♦❢ ❉❛r❝② ♥✉♠❜❡r ❤❛✈❡ ✐♥s✐❣♥✐✜❝❛♥t st❛❜✐❧✐③❛t✐♦♥ ❡✛❡❝t ❝♦♠♣❛r✐♥❣ t♦ t❤❡ ✈❛❧✉❡s

♦❢ ❉❛r❝② ♥✉♠❜❡r ❣r❡❛t❡r t❤❛♥ ✵✳✶✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❈✳ ❲✳ ❍♦rt♦♥✱ ❋✳ ❚✳ ❘♦❣❡rs✱ ❈♦♥✈❡❝t✐♦♥ ❝✉rr❡♥ts ✐♥ ❛ ♣♦r♦✉s ♠❡❞✐✉♠✱ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞

P❤②s✐❝s ✶✻ ✭✻✮ ✭✶✾✹✺✮ ✸✻✼✕✸✼✵✳

❬✷❪ ❊✳ ❘✳ ▲❛♣✇♦♦❞✱ ❈♦♥✈❡❝t✐♦♥ ♦❢ ❛ ✢✉✐❞ ✐♥ ❛ ♣♦r♦✉s ♠❡❞✐✉♠ ✹✹ ✭✵✹✮ ✭✶✾✹✽✮ ✺✵✽✕✺✷✶✳

❬✸❪ ❍✳ ❈✳ ❇r✐♥❦♠❛♥✱ ❆ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✈✐s❝♦✉s ❢♦r❝❡ ❡①❡rt❡❞ ❜② ❛ ✢♦✇✐♥❣ ✢✉✐❞ ♦♥ ❛ ❞❡♥s❡

s✇❛r♠ ♦❢ ♣❛rt✐❝❧❡s✱ ❆♣♣❧✐❡❞ ❙❝✐❡♥t✐✜❝ ❘❡s❡❛r❝❤ ✶ ✭✶✮ ✭✶✾✹✾✮ ✷✼✕✸✹✳

❬✹❪ ❈✳ ❑✳ ❲✳ ❚❛♠✱ ❚❤❡ ❞r❛❣ ♦♥ ❛ ❝❧♦✉❞ ♦❢ s♣❤❡r✐❝❛❧ ♣❛rt✐❝❧❡s ✐♥ ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✢♦✇✱

❏♦✉r♥❛❧ ♦❢ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝s ✸✽ ✭✵✸✮ ✭✶✾✻✾✮ ✺✸✼✕✺✹✻✳

❬✺❪ ❑✳ ❱❛❢❛✐✱ ❈✳ ❚✐❡♥✱ ❇♦✉♥❞❛r② ❛♥❞ ✐♥❡rt✐❛ ❡✛❡❝ts ♦♥ ✢♦✇ ❛♥❞ ❤❡❛t tr❛♥s❢❡r ✐♥ ♣♦r♦✉s ♠❡❞✐❛✱

■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❍❡❛t ❛♥❞ ▼❛ss ❚r❛♥s❢❡r ✷✹ ✭✷✮ ✭✶✾✽✶✮ ✶✾✺✕✷✵✸✳

❬✻❪ ❉✳ ❆✳ ◆✐❡❧❞✱ ❚❤❡ ❜♦✉♥❞❛r② ❝♦rr❡❝t✐♦♥ ❢♦r t❤❡ ❘❛②❧❡✐❣❤✲❉❛r❝② ♣r♦❜❧❡♠✿ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡

❜r✐♥❦♠❛♥ ❡q✉❛t✐♦♥✱ ❏♦✉r♥❛❧ ♦❢ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝s ✶✷✽ ✭✶✾✽✸✮ ✸✼✕✹✻✳

❬✼❪ ❑✳ ❱❛❢❛✐✱ ❙✳ ❏✳ ❑✐♠✱ ❖♥ t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ❇r✐♥❦♠❛♥✲❋♦r❝❤❤❡✐♠❡r✲❡①t❡♥❞❡❞ ❉❛r❝② ❡q✉❛✲

t✐♦♥✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❍❡❛t ❛♥❞ ❋❧✉✐❞ ❋❧♦✇ ✶✻ ✭✶✮ ✭✶✾✾✺✮ ✶✶✕✶✺✳

✶✹



❬✽❪ ❉✳ ❆✳ ◆✐❡❧❞✱ ❚❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ❇r✐♥❦♠❛♥✲❋♦r❝❤❤❡✐♠❡r ❡q✉❛t✐♦♥ ✐♥ ♠♦❞❡❧✐♥❣ ✢♦✇ ✐♥ ❛

s❛t✉r❛t❡❞ ♣♦r♦✉s ♠❡❞✐✉♠ ❛♥❞ ❛t ❛♥ ✐♥t❡r❢❛❝❡✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❍❡❛t ❛♥❞ ❋❧✉✐❞ ❋❧♦✇

✶✷ ✭✸✮ ✭✶✾✾✶✮ ✷✻✾✕✷✼✷✳

❬✾❪ ❑✳ ❲❛❧❦❡r✱ ●✳ ▼✳ ❍♦♠s②✱ ❆ ♥♦t❡ ♦♥ ❝♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t✐❡s ✐♥ ❇♦✉ss✐♥❡sq ✢✉✐❞s ❛♥❞ ♣♦r♦✉s

♠❡❞✐❛✱ ❆✳ ❙✳ ▼✳ ❊ ✳❏♦✉r♥❛❧ ♦❢ ❍❡❛t ❚r❛♥s❢❡r ✾✾ ✭✶✾✼✼✮ ✸✸✽✕✸✸✾✳

❬✶✵❪ ❉✳ ❆✳ ❙✳ ❘❡❡s✱ ❚❤❡ ♦♥s❡t ♦❢ ❉❛r❝②✲❇r✐♥❦♠❛♥ ❝♦♥✈❡❝t✐♦♥ ✐♥ ❛ ♣♦r♦✉s ❧❛②❡r✿ ❛♥ ❛s②♠♣t♦t✐❝

❛♥❛❧②s✐s✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❍❡❛t ❛♥❞ ▼❛ss ❚r❛♥s❢❡r ✹✺ ✭✶✶✮ ✭✷✵✵✷✮ ✷✷✶✸✕✷✷✷✵✳

❬✶✶❪ ❆✳ ❇❛r❧❡tt❛✱ ❊✳ ❘✳ ❞✐ ❙❝❤✐♦✱ ▼✳ ❈❡❧❧✐✱ ■♥st❛❜✐❧✐t② ❛♥❞ ✈✐s❝♦✉s ❞✐ss✐♣❛t✐♦♥ ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧

❇r✐♥❦♠❛♥ ✢♦✇ t❤r♦✉❣❤ ❛ ♣♦r♦✉s ♠❡❞✐✉♠✱ ❚r❛♥s♣♦rt ✐♥ P♦r♦✉s ▼❡❞✐❛ ✽✼ ✭✶✮ ✭✷✵✶✶✮ ✶✵✺✕✶✶✾✳

❬✶✷❪ ❘✳ ❉✳ ●❛ss❡r✱ ▼✳ ❙✳ ❑❛③✐♠✐✱ ❖♥s❡t ♦❢ ❝♦♥✈❡❝t✐♦♥ ✐♥ ❛ ♣♦r♦✉s ♠❡❞✐✉♠ ✇✐t❤ ✐♥t❡r♥❛❧ ❤❡❛t

❣❡♥❡r❛t✐♦♥✱ ❏♦✉r♥❛❧ ♦❢ ❍❡❛t ❚r❛♥s❢❡r ✾✽ ✭✶✮ ✭✶✾✼✻✮ ✹✾✕✺✹✳

❬✶✸❪ ▼✳ ❚✈❡✐t❡r❡✐❞✱ ❚❤❡r♠❛❧ ❝♦♥✈❡❝t✐♦♥ ✐♥ ❛ ❤♦r✐③♦♥t❛❧ ♣♦r♦✉s ❧❛②❡r ✇✐t❤ ✐♥t❡r♥❛❧ ❤❡❛t s♦✉r❝❡s✱

■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❍❡❛t ❛♥❞ ▼❛ss ❚r❛♥s❢❡r ✷✵ ✭✶✵✮ ✭✶✾✼✼✮ ✶✵✹✺✕✶✵✺✵✳

❬✶✹❪ ❏✳ ❏✳ ❘♦②❡r✱ ▲✳ ❋❧♦r❡s✱ ❚✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♥❛t✉r❛❧ ❝♦♥✈❡❝t✐♦♥ ✐♥ ❛♥ ❛♥✐s♦tr♦♣✐❝ ❛♥❞ ❤❡t❡r♦❣❡✲

♥❡♦✉s ♣♦r♦✉s ♠❡❞✐✉♠ ✇✐t❤ ✐♥t❡r♥❛❧ ❤❡❛t ❣❡♥❡r❛t✐♦♥✱ ■♥t❡r♥❛t✐♦♥❛❧ ❥♦✉r♥❛❧ ♦❢ ❍❡❛t ❛♥❞ ▼❛ss

tr❛♥s❢❡r ✸✼ ✭✾✮ ✭✶✾✾✹✮ ✶✸✽✼✕✶✸✾✾✳

❬✶✺❪ ❈✳ P❛rt❤✐❜❛♥✱ P✳ ❘✳ P❛t✐❧✱ ❚❤❡r♠❛❧ ✐♥st❛❜✐❧✐t② ✐♥ ❛♥ ❛♥✐s♦tr♦♣✐❝ ♣♦r♦✉s ♠❡❞✐✉♠ ✇✐t❤ ✐♥t❡r♥❛❧

❤❡❛t s♦✉r❝❡ ❛♥❞ ✐♥❝❧✐♥❡❞ t❡♠♣❡r❛t✉r❡ ❣r❛❞✐❡♥t✱ ■♥t❡r♥❛t✐♦♥❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ❤❡❛t ❛♥❞

♠❛ss tr❛♥s❢❡r ✷✹ ✭✼✮ ✭✶✾✾✼✮ ✶✵✹✾✕✶✵✺✽✳

❬✶✻❪ ❆✳ ◆♦✉r✐✲❇♦r✉❥❡r❞✐✱ ❆✳ ❘✳ ◆♦❣❤r❡❤❛❜❛❞✐✱ ❉✳ ❆✳ ❙✳ ❘❡❡s✱ ❖♥s❡t ♦❢ ❝♦♥✈❡❝t✐♦♥ ✐♥ ❛ ❤♦r✐③♦♥✲

t❛❧ ♣♦r♦✉s ❝❤❛♥♥❡❧ ✇✐t❤ ✉♥✐❢♦r♠ ❤❡❛t ❣❡♥❡r❛t✐♦♥ ✉s✐♥❣ ❛ t❤❡r♠❛❧ ♥♦♥❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧✱

❚r❛♥s♣♦rt ✐♥ ♣♦r♦✉s ♠❡❞✐❛ ✻✾ ✭✸✮ ✭✷✵✵✼✮ ✸✹✸✕✸✺✼✳
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