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In this paper, we explore the mechanics of bed particle
saltation in turbulent wall-shear flow, analysing
the forces on a particle to perform saltation. The
hydrodynamic drag encompasses the form drag and
turbulent drag. The hydrodynamic lift comprises
the Saffman lift, Magnus lift and turbulent lift. The
subtle role of the Basset force in governing the
particle trajectory is accounted for in the analysis.
The bedload flux, emanating from the mathematical
analysis of bed particle saltation, is determined. The
results reveal that for the particle parameter range
20–100, the transport stage function equalling unity
corroborates the threshold of bed particle saltation,
where the saltation height and length are 1.3 and 9
times the particle size. For a given transport stage
function, the relative saltation height and length
decrease with an increase in particle parameter. For
the particle parameter range 20–100, the relative
saltation height and length increase with an increase
in transport stage function, reaching their peaks, and
then, they decrease. For a given particle parameter, the
peak and mean particle densimetric Froude numbers
increase as the transport stage function increases.
The bedload flux curves for particle parameters 26
and 63 produce the upper and lower bound curves,
respectively.
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1. Introduction
The bed particle saltation driven by a turbulent wall-shear flow over a sediment bed fascinates
researchers. A good understanding of this phenomenon is a central requirement in multifarious
engineering and industrial applications; for instance, in predicting the sand flux in a desert,
the sedimentary patterns in a subaqueous environment and many others. Despite a plethora
of studies over the decades, the mechanics of bed particle saltation remains inadequately
understood, as most of the studies on the topic overlie empirical foundation. It turns out that
a promising theoretical analysis that embraces the essential physical mechanisms of bed particle
saltation is far from complete.

In a recent review article, Ali & Dey [1] provided a state-of-the-science of bed particle saltation
in turbulent wall shear flow, scrutinizing the salient features of bed particle saltation in the light
of experimental, theoretical and numerical frameworks (for details, see the references therein). In
essence, the computational fluid dynamics schemes have provided an enhanced understanding
of the mutual interplay between the near-bed coherent structures and the bed particle motion
[2–5]. A wide variety of numerical techniques have been applied by researchers to examine
the particle dynamics; for instance, the direct numerical simulation (DNS) together with the
immersed boundary method (IBM) [6], the combined DNS, IBM and finite-discrete element
method [3,7], and the large eddy simulation in conjunction with the discrete element model
(DEM) [8,9].

Ali & Dey [1] specifically emphasized that although impressive advances have been made on
the topic principally on experimental and numerical grounds, an exclusive theoretical analysis
in exploring the mechanics of bed particle saltation requires further attention. To this end,
researchers need to seek a generalized force system that would be able to accomplish the key
mechanism of the fluid–particle interaction. Although Ali & Dey [1] put forward explicitly the
current challenges in modelling of bed particle saltation from a broader perspective, here we
put into focus the major limitations of the existing mathematical models. These are succinctly
furnished below.

— In several studies, the hydrodynamic drag and lift on a particle to perform a
saltation were considered based on the time-averaged flow assumptions [10–16].
In consequence, the mathematical models lack the crucial effects of velocity fluctuations,
whose importance is worth considering for natural flows.

— The hydrodynamic drag was treated solely as a function of dynamic pressure by
introducing a drag coefficient. The delicate role of the streamwise advective acceleration,
giving rise to a turbulent drag, was completely overlooked [10–17].

— Researchers considered the hydrodynamic lift as sum of the Saffman lift and Magnus
lift. The former results from a steep velocity gradient in the wall-shear layer, while
the latter originates due to a spinning motion of the particle. However, the effects of
normal advective acceleration that could induce a turbulent lift were disregarded in the
theoretical analysis [10,13–16].

— To model the Saffman lift and Magnus lift, the mathematical models usually employ a
so-called lift coefficient, whose physical significance is rather fuzzy. This is because of
the fact that unlike the drag coefficient, no generic consensus has so far been realized
regarding the precise measure of the lift coefficient [18]. Importantly, the artful use of
a lift coefficient in the mathematical models helps to obtain a satisfactory matching of
the analytical results with the experimental data. This is accredited to the fact that the
lift coefficient is either assigned as a constant value or calibrated with the experimental
data for fine-tuning the model results regardless of how weird the magnitude of
hydrodynamic lift might be [10]. Therefore, such an analytical artifice leads to an
unexpected estimation of the total hydrodynamic lift, which becomes several orders
of magnitude as compared to the calculated Saffman lift and Magnus lift using their
well-established lift coefficients.
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— The Basset force, excepting a few studies, was in general overlooked with regard to
sediment transport problems [10–12,14,17]. Besides, in some cases, although the Basset
force term was included, its solution was unexpectedly simplified [13,19]. However, its
inclusion and appropriate solution in the mathematical analysis in conjunction with the
turbulent drag and turbulent lift are still lacking.

Estimation of the characteristic features of bed particle saltation, such as the particle trajectory,
saltation height, saltation length and particle velocity has been the primary goal of analytical
studies [1]. To fulfil this target, the bottom line is to solve the Lagrangian equations of motion
of a particle performing a saltation [20–22]. For simplicity, the particle trajectory is sought in a
two-dimensional frame. The turbulent wall-shear flow acts as a motivating agent to detach the
particles from the sediment bed. This can happen when the fluid-induced applied bed shear stress
exceeds its threshold value in lifting mode to set the particles to perform brief jumps in succession
[18]. The boundary conditions accompanying the governing equations are carefully set based on
the experimental observations. Additionally, the estimation of particle flux remains a subject of
major interest to researchers [23,24]. In essence, with regard to a subaqueous environment, bed
particle saltation contributes predominantly to the bedload transport [18,25,26]. The bedload flux
can be estimated by extending the mathematical analysis of bed particle saltation [10,12,16].

Given the above overview, this study aims at exploring the mechanics of bed particle saltation
in a subaqueous turbulent wall-shear flow. We specifically put into focus the fluid–particle
interaction that is subtler than the particle–particle interaction. It turns out that the probability
of particle collisions above the sediment bed is considered to be minimal in order to simplify the
equations of random particle motion. The set of governing equations considering an improved
force system is solved to explore the characteristic features of bed particle saltation. Then, the
bedload flux is estimated by projecting the mathematical analysis of bed particle saltation.
Keeping in mind a rich state-of-the-science of the subject, this study not only provides an
improvement of the aforementioned limitations of the existing mathematical models but also
builds a promising agreement between theory and practice.

The paper is organized as follows. In §2, the theoretical analysis of bed particle saltation
is presented, including the description of the physical system, force system, velocity and
turbulence intensity laws. The computational results of the particle trajectory, saltation height,
saltation length, particle velocity and bedload flux are furnished in §3. Finally, the conclusion is
drawn in §4.

2. Theoretical analysis

(a) Description of physical system

The physical system describes an incompressible turbulent fluid flow over a loosely packed
sediment bed from where sediment particles are momentarily lifted off the bed performing series
of brief jumps, called saltation (figure 1). The approach flow is featured by a turbulent wall-shear
flow, encompassing a wide spectrum of friction Reynolds number R (also see table 1). The friction
Reynolds number R is defined as [18]

R =
u∗ks

ν
, (2.1)

where u∗ is the friction velocity [= (τb/ρf )1/2], τb is the applied bed shear stress, ρf is the mass
density of fluid, ks is the roughness height, often called Nikuradse equivalent sand roughness and ν is
the coefficient of kinematic viscosity of fluid. The roughness height ks is conventionally expressed
as a multiplier of bed particle size d as ks = βd, where β is the proportionality constant [27].
However, for uniform sediment particles, β is approximately unity. In equation (2.1), the friction
Reynolds number R characterizes the importance of fluid inertia relative to viscous damping.
It is used to distinguish various flow regimes in a turbulent wall-shear flow; for instance,
hydraulically smooth (R ≤ 5), transitional (5 < R < 70) and rough (R ≥ 70) flow regimes. In
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Figure 1. Conceptual sketch of bed particle saltation in turbulent wall-shear flow.

Table 1. Nomenclature.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

CD drag coefficient
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cv volumetric particle concentration within bedload layer
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

C0 peak bedload concentration
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

cm added mass coefficient
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

D particle parameter
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

d particle size
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

FB Basset force
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

FBx , FBz components of the Basset force in (x, z)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

FD hydrodynamic drag
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

FDF form drag
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

FDT turbulent drag
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fd particle densimetric Froude number
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fdm mean particle densimetric Froude number
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fds peak particle densimetric Froude number
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

FG submerged weight of particle
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

FL hydrodynamic lift
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

FLM Magnus lift
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

FLS Saffman lift
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

FLT turbulent lift
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

g gravitational acceleration
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Hs saltation height
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(Continued.)
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Table 1. (Continued.)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

h flow depth
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(Continued.)
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Table 1. (Continued.)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Θc threshold Shields number
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ρf mass density of fluid
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ρp mass density of particles
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σx , σz turbulence intensity components in (x, z)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

τb applied bed shear stress
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

τbc threshold bed shear stress
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ωm maximum angular velocity of particle
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ψb flow intensity function
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

essence, for a mobile-bed flow, the applied bed shear stress τb surpasses the threshold bed shear
stress τbc, giving rise to various kinds of particle transport. The surplus bed shear stress τb − τbc

driving the particle transport is expressed in dimensionless form by introducing the transport stage

function T. It is defined as

T =
Θ − Θc

Θc
and Θ =

ρf u2
∗

(ρp − ρf )gd
, (2.2)

where Θ is the Shields number, Θc is the threshold Shields number, i.e. Θc = Θ(u∗ = u∗c), where
u∗c is the threshold friction velocity [= (τbc/ρf )1/2], ρp is the mass density of particles and g is the
gravitational acceleration. In particular, when the Shields number Θ just exceeds its threshold
value Θc, the particles exhibit rolling and/or sliding motion in contact with the sediment bed.
Accurate determination of the threshold Shields number Θc requires an in-depth analysis of
the typical force system on a target sediment particle [27,28]. To envision the behaviour of the
threshold Shields number Θc in various flow regimes, we introduce the particle parameter D , which
measures the importance of gravity force relative to viscous force. The particle parameter D is
expressed as

D =

[

gd3

ν2

(

ρp

ρf
− 1

)]1/3

. (2.3)

In this study, a set of empirical expressions for the threshold Shields number Θc given by Cao
et al. [29] is considered. It is expressed as

Θc(D ≤ 3.52) = 0.141D
−0.345, Θc(3.52 < D < 43.1) = 0.324D

−1.02(1 + 1.96 × 10−5
D

4.26)
0.35

and Θc(D ≥ 43.1) = 0.045. (2.4)

As the Shields number Θ increases further, the particles are transported in a saltating mode
(figure 1), as considered here. The bed particle saltation is essentially restricted to a thin fluid layer,
called bedload layer, as illustrated in figure 1. For large values of Shields number Θ , the finer bed
particles principally belong to the suspension region that exists beyond the bedload layer (figure 1).
However, in this study, we focus specifically into the mechanism of bed particle saltation.

With reference to a Cartesian coordinate system (x, z) as depicted in figure 1, we consider the
virtual bed level (z = 0) at a distance of �v below the crest of bed particles. The streamwise
inclination of the virtual bed level with the horizontal is denoted by γ . In addition, the initial
position of a saltating particle is considered at z = �p. The distance between the particle centroid
at the topmost position of the particle trajectory and the crest level, called saltation height, is
represented by Hs. Furthermore, the streamwise distance covered by a saltating particle during a
saltation step, called saltation length, is denoted by Ls. The initial particle velocity components in
(x, z) are denoted by (ux0, uz0).
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(b) Force system

The set of equations representing the trajectory of a saltating particle in xz-plane reads [1]

MT
dupx

dt
=FG sin γ + FD

(

ūfx − upx

Vr

)

+ FL

(

upz

Vr

)

+ FBx, (2.5a)

MT
dupz

dt
= −FG cos γ − FD

(

upz

Vr

)

+ FL

(

ūfx − upx

Vr

)

− FBz, (2.5b)

dx

dt
= upx (2.5c)

and
dz

dt
= upz, (2.5d)

where MT is the total mass of the particle including the added fluid mass, t is the time, (upx, upz) are
the components of particle velocity in (x, z), FG is the submerged weight of the particle, FD is the
hydrodynamic drag, ūfx is the time-averaged streamwise flow velocity, Vr is the particle velocity
relative to the fluid flow, i.e. [(ūfx − upx)2 + u2

pz]1/2, FL is the hydrodynamic lift and (FBx,FBz) are
the components of the Basset force FB in (x, z).

The total particle mass MT is expressed as

MT =
1
6

(ρp + cmρf )πd3, (2.6)

where cm is the added mass coefficient. The introduction of the added mass coefficient cm to the
physical system is pertinent here, because an accelerating or a retarding particle in a fluid moves
a specific volume of contiguous fluid. Since both the fluid and particle cannot possess the same
space simultaneously, we consider a specific volume of fluid to be in motion with the particle.
In this study, cm = 0.5 is considered [10].

The submerged weight FG of the particle is expressed as

FG =
πd3

6
(ρp − ρf )g. (2.7)

It is worth highlighting that in the theoretical analysis, we have considered the critical case,
where the contributions from all the forces to the particle motion are taken into account. This is
indeed likely from the perspective of preventive measures against erosion. The hydrodynamic
drag FD consists of the form drag FDF and the turbulent drag FDT. In fact, the classical system
is unable to describe all the essential components of hydrodynamic drag acting on a sediment
particle, even at the entrainment, in a turbulent wall-shear flow. Therefore, in this study, we split
the hydrodynamic drag into form drag and turbulent drag, as was considered recently by Ali &
Dey [30]. An in-depth analysis of the orders of magnitude of form drag and turbulent drag was
also performed by Ali & Dey [30]. This has provided an idea of the relative contribution from
the hydrodynamic drag to the system of governing equations (2.5a)–(2.5d). Thus, considering
the appropriate directions, the hydrodynamic drag FD appearing in equations (2.5a) and (2.5b),
respectively, is expressed as

FD =FDF + FDT

(

Vr

ūfx − upx

)

and FD =FDF + FDT

(

Vr

upz

)

. (2.8)

The form drag FDF on a particle results from the pressure and viscous skin friction. It is
traditionally expressed as a function of dynamic pressure. Therefore, the form drag FDF reads

FDF = CD
1
2
ρf V2

r
πd2

4
, (2.9)
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where CD is the drag coefficient. In this study, the drag coefficient CD for spherical particles, given
by Yen [31] is considered. It is

CD =
24
Rp

(1 + 0.15R
1/2
p + 0.017Rp) −

0.208

1 + 104
R

−1/2
p

, (2.10)

where Rp is the particle Reynolds number (=| Vr | d/ν). The above equation is valid over a wide
spectrum of particle Reynolds number, as suggested by Niño & García [15].

The turbulent drag FDT on a particle arises from significant streamwise pressure gradient.
The turbulent drag FDT is expressed as follows [30]:

FDT = −
(

∂ p̄

∂x

)

W
πd2

4
, (2.11)

where p̄ is the time-averaged pressure intensity and W is the elementary width across the particle
(= d for a saltating particle).

The time-averaged pressure gradients in (x, z) can be obtained from the Euler equations as

−
∂ p̄

∂x
= ρf

Dufx

Dt
(2.12a)

and

−
∂ p̄

∂z
= ρf

Dufz

Dt
, (2.12b)

where (ufx, ufz) are the instantaneous flow velocity components in (x, z) and (Dufx/Dt, Dufz/Dt)
are the total acceleration components in (x, z). In the above equations, we have considered
that the pressure gradient terms are free from the viscous effects to simplify the mathematical
treatment. Following the Reynolds decomposition [18], ufx and ufz are expressed as ufx = ūfx +
u′

fx and ufz = ūfz + u′
fz, respectively, where ūfz is the time-averaged normal flow velocity and

(u′
fx, u′

fz) are the fluctuations of (ufx, ufz) from their time-averaged values. A steady-state condition
produces Dufx/Dt = ufx(∂ufx/∂x) + ufz(∂ufx/∂z) and Dufz/Dt = ufx(∂ufz/∂x) + ufz(∂ufz/∂z). For a
unidirectional streamflow, ūfx = ūfx(z), ūfz = 0 and ∂ūfx/∂x = 0. Therefore, performing the time-
averaging of the total acceleration components in (x, z) yields

Dufx

Dt
=

√

u′2
fx

√

√

√

√

√

(

∂u′
fx

∂x

)2

+
√

u′2
fz

√

√

√

√

√

(

∂u′
fx

∂z

)2

(2.13a)

and

Dufz

Dt
=

√

u′2
fx

√

√

√

√

√

(

∂u′
fz

∂x

)2

+
√

u′2
fz

√

√

√

√

√

(

∂u′
fz

∂z

)2

, (2.13b)

where the over-bar denotes the time-averaging. By means of the statistical theory of turbulence,
following relationships can be obtained [28,30]:

(

∂u′
fx

∂x

)2

=
u′2

fx

λ2
,

(

∂u′
fx

∂z

)2

=
2u′2

fx

λ2
+

1

4u′2
fx

⎛

⎝

∂u′2
fx

∂z

⎞

⎠

2

and

(

∂u′
fz

∂x

)2

=
2u′2

fz

λ2
, (2.14)

where λ is the Taylor microscale. Substituting equation (2.14) into equations (2.13a) and (2.13b)
yields

Dufx

Dt
=

σ 2
x

λ
+ σz

⎡

⎣2
σ 2

x

λ2
+

1

4σ 2
x

(

∂σ 2
x

∂z

)2
⎤

⎦

1/2

(2.15a)
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and
Dufz

Dt
=

√
2σxσz

λ
+

1
2

∂σ 2
z

∂z
, (2.15b)

where (σx, σz) are the turbulence intensity components, i.e. [(u′2
fx)1/2, (u′2

fz)1/2] in (x, z).
The Taylor microscale λ appearing in equation (2.15) can be expressed as follows [32]:

λ =

(

15ν
σ 2

x

ε

)1/2

, (2.16)

where ε is the turbulent kinetic energy dissipation rate. It is expressed as follows [33]:

ε = 0.691
σ 3

x

(zh)1/2
, (2.17)

where h is the flow depth.
The hydrodynamic lift FL on a particle comprises of Saffman lift FLS, Magnus lift FLM and

turbulent lift FLT. An in-depth analysis of the orders of magnitude of Saffman lift, Magnus lift
and turbulent lift was performed by Ali & Dey [30]. This has provided an idea of the relative
contribution from the hydrodynamic lift to the system of governing equations (2.5a)–(2.5d). Thus,
considering the appropriate directions, the hydrodynamic lift FL appearing in equations (2.5a)
and (2.5b), respectively, is expressed as

FL =FLS + FLM + FLT

(

Vr

upz

)

and FL =FLS + FLM + FLT

(

Vr

ūfx − upx

)

. (2.18)

The Saffman lift FLS on a particle arises owing to a steep velocity gradient ∂ūfx/∂z in the wall-
shear layer. The FLS is expressed as follows [34,35]:

FLS = αLρf ν
1/2Vrd

2
(

∂ūfx

∂z

)1/2

, (2.19)

where αL is the Saffman lift coefficient (= 1.615).
The Magnus lift FLM on a particle occurs owing to a rotational motion of the particle. The FLM

is expressed as follows [36]:

FLM =
π

8
ρf Vrd

3Ωm, (2.20)

where Ωm is the maximum angular velocity of the particle. In the above, the maximum angular
velocity was considered in order to obtain the maximum Magnus lift on the particle. In this study,
we consider Ωm = 0.5∂ūfx/∂z [36].

The turbulent lift FLT on a particle arises from significant normal pressure gradient. It can
be fairly linked with the total acceleration component in the normal direction. The FLT for an
exposed particle is expressed as follows [30]:

FLT = −
(

∂ p̄

∂z

)

d
(π

4
W2

)

= ρf

(

Dufz

Dt

)

π

4
d3. (2.21)

In the above, the time-averaged total acceleration component in the normal direction is obtained
from equation (2.15b).

In addition, the Basset force FB on a particle arises owing to a change in the relative velocity
of the particle with respect to fluid. It addresses the temporal delay in the boundary layer
development adjoining the surface of the particle. The FB is expressed as follows [1]:

FB =
3
2
π1/2ρf ν

1/2d2
∫ t

0

dVr

dϑ

dϑ

(t − ϑ)1/2
≈

3
2
π1/2ρf ν

1/2d2
n

∑

i=1

dVr

(ti − t0)1/2
, (2.22)

where Vr is the relative velocity vector, ϑ is the dummy variable and t0 is the initial time.
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(c) Velocity and turbulence intensity laws

To solve the physical system, the flow velocity field needs to be properly defined over the
spatial domain. Within the wall-shear layer, the streamwise flow velocity ūfx follows the classical
logarithmic law. It is

ūfx =
u∗
κ

ln
z

z0
, (2.23)

where κ is the von Kármán coefficient and z0 is the zero-velocity level (figure 1). The zero-velocity
level z0 is expressed as follows [18]:

z0(R ≤ 5) = 0.11
ν

u∗
, z0(5 < R < 70) = 0.11

ν

u∗
+

ks

30
and z0(R ≥ 70) =

ks

30
. (2.24)

In a turbulent wall-shear flow, the streamwise turbulence intensity σx can be obtained using
the expression given by Nezu [37]. It is expressed as

σx = 2.3u∗ exp
(

−
z

h

)

. (2.25)

In addition, the normal turbulence intensity σz is expressed as follows [38]:

σz = 0.5σx. (2.26)

3. Computational results and discussion
The set of ordinary differential equations [see equations (2.5a)–(2.5d)] can be readily solved
numerically for a set of characteristic parameters. The time step for the numerical solution was
taken as 10−4 s. The virtual bed level is considered at a distance of d/4 below the crest of bed
particles, i.e. �v = 0.25d [10]. In addition, following the experimental results of Abbott & Francis
[39], the boundary conditions associated with equations (2.5a)–(2.5d) are expressed as follows:

x|t=0 = 0, z|t=0 = �p = 0.6d, ux0 = upx

∣

∣

t=0 = 2.5u∗ and uz0 = upz

∣

∣

t=0 = 2.5u∗. (3.1)

Here, we first present the particle trajectory, saltation height, saltation length and particle
velocity obtained from this study and then, the estimation of bedload flux, stemming from the
theoretical analysis of bed particle saltation.

(a) Particle trajectory, saltation height and saltation length

Figure 2a–c depicts the comparison of the bed particle saltation trajectories obtained from this
study with the experimental data. The particle saltation trajectories are represented by plotting the
relative streamwise distance x/d as a function of relative normal distance z/d. The experimental
data of Lee & Hsu [14] and Niño & García [15,40] include particle sizes of d = 1.36, 0.67 and
0.56 mm. In general, the comparison of the computed particle saltation trajectories with the
experimental data is quite satisfactory. This reveals that the consideration of the hydrodynamic
force system of this study is capable to predict the trajectories of bed particle saltation as observed
in the laboratory measurements. In essence, it was found that the consideration of the turbulent
drag and the turbulent lift in this study provided an improved matching of the computed particle
saltation trajectories with the experimental data compared with those obtained by Niño & García
[15]. The reason is that Niño & García [15] did not consider the subtle effects of the turbulent drag
and the turbulent lift. It turns out that in order to predict the particle saltation trajectories precisely,
the turbulent drag and lift need to be included in the theoretical analysis, as is done in this study.
It is pertinent to mention that the characteristic parameters of a particle saltation trajectory are the
saltation height, saltation length and particle velocity. These features are described subsequently.

Figure 3 shows the relative saltation height Hs/d as a function of transport stage function
T for different values of particle parameter D(= 10, 20, 30, 40, 50, 60, 70, 80 and 100). To prepare
figure 3 and subsequent computed curves, we consider the mass densities of particle and fluid
as ρp = 2650 kg m−3 and ρf = 1000 kg m−3, respectively, and flow depth h = 30d. It appears that
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Figure 2. Comparison of the bed particle trajectories obtained from this studywith the experimental data for (a) d = 1.36 mm,

(b) d = 0.67 mm and (c) d = 0.56 mm. (Online version in colour.)

for a given transport stage function, the relative saltation height decreases with an increase
in particle parameter. This observation is in conformity with the reality, because for a given
applied bed shear stress, a finer particle attains a higher saltation height than a coarser particle
[41,42]. In addition, figure 3 indicates that for a given particle parameter as D = 10, the relative
saltation height increases as the transport stage function increases. However, for a given particle
parameter (D > 10), the relative saltation height initially increases with an increase in transport
stage function, reaching its peak and then, it reduces gradually with a further increase in transport
stage function. The reduction in the relative saltation height with an increase in transport stage
function is primarily attributed to the deceleration effects [14]. Moreover, it is noticeable that the
peak saltation height is achieved earlier for larger values of particle parameter.

It is interesting to shed light on the surplus bed shear stress (or the transport stage function
T in dimensionless form) corresponding to the threshold of bed particle saltation. To this end,
in figure 3, we note that for a transport stage function equalling unity (T = 1), the relative
saltation height Hs/d essentially becomes independent of particle parameter D for 20 ≤ D ≤ 100
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Figure 3. Relative saltation heightHs/d versus transport stage function T for different values of particle parameterD . (Online

version in colour.)

or equivalently for 0.79 ≤ d ≤ 3.95 mm, as obtained from equation (2.3). A crucial question in
this regard arises: what does this independency really signify? This question can be answered
from the most fundamental tenet of the threshold of particle transport mechanism in various
modes depending on the applied bed shear stress. The condition T = 1, in fact, suggests that the
Shields number is twice its threshold value (Θ = 2Θc). From equation (2.4), the threshold Shields
numbers Θc for D = 20 and 100 are obtained as Θc = 0.031 and 0.045, respectively. Furthermore,
using equations (2.1)–(2.3), the friction Reynolds number R can be expressed as R = Θ1/2D3/2.
Therefore, the friction Reynolds numbers R corresponding to Θc = 0.031 and 0.045 are obtained as
R = 15.84 (hydraulically transitional flow regime) and 212.13 (hydraulically rough flow regime),
respectively. Importantly, in the range 15.84 ≤ R ≤ 212.13 (hydraulically transitional to rough
flow regimes), it has been found that the condition Θ = 2Θc is fairly close to the threshold of
particle transport in a saltating mode for fully exposed particles [28]. Therefore, it transpires
that the condition T = 1 corresponds to the threshold of bed particle saltation (also evident from
figure 3). However, this estimation of the threshold of bed particle saltation is somewhat lower
than that obtained from the empirical relationship [41], given by PS = 1 − 1.84T−0.94, where PS is
the particle entrainment probability in a saltating mode. This relationship predicts the transport
stage function corresponding to the threshold of bed particle saltation to be T(PS → 0) = 1.91. This
study shows that for T = 1, the relative saltation height for 20 ≤ D ≤ 100 becomes approximately
as Hs/d = 1.3 (> 1). This also suggests the bed particle detachment threshold for which the bed
particle is just capable to perform a saltation.

Figure 4 illustrates the comparison of the computed relative saltation height Hs/d with the
experimental data. The experimental data of Abbott & Francis [39], Hu & Hui [43], Ancey et al.
[44] and Ramesh et al. [45] are considered here. It appears that the computed values of relative
saltation height have a satisfactory agreement with the experimental data.

Figure 5 furnishes the relative saltation length Ls/d as a function of transport stage function
T for different values of particle parameter D(=10, 20, 30, 40, 50, 60, 70, 80 and 100). It turns out
that for a given transport stage function, the relative saltation length reduces with an increase in
particle parameter. This is attributed to the fact that for a given applied bed shear stress, a finer
particle achieves a longer saltation length as compared to a coarser particle. Akin to figures 3 and
5 also shows that for a given particle parameter as D = 10, the relative saltation length increases
with an increase in transport stage function. However, for a given particle parameter (D > 10),
the relative saltation length increases as the transport stage function increases, attaining its peak
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Figure 4. Computed versus measured relative saltation height Hs/d. (Online version in colour.)
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Figure 5. Relative saltation length Ls/d versus transport stage function T for different values of particle parameterD . (Online

version in colour.)

and thereafter, it decreases gradually with a further increase in transport stage function owing to
the deceleration effects. Similar to figures 3 and 5 also provides the evidence of the threshold of
bed particle saltation for T = 1 and 20 ≤ D ≤ 100. Furthermore, figure 5 indicates that for T = 1,
the relative saltation length becomes approximately Ls/d = 9.

The validation of the computed relative saltation length Ls/d with the experimental data of
Abbott & Francis [39], Hu & Hui [43], Ancey et al. [44] and Ramesh et al. [45] is presented in
figure 6. In general, the computed values of relative saltation height have a good congruence
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Figure 6. Computed versus measured relative saltation length Ls/d. (Online version in colour.)

with the experimental data. However, the computed relative saltation length departs from the
experimental data of Hu & Hui [43] in the range Ls/d > 60.

In this context, it is worth highlighting that in previous mathematical models of bed particle
saltation [10,12,17], for a given transport stage function, the relative saltation height and relative
saltation length were surprisingly found to increase with an increase in particle parameter.
These findings lack physical rationales and therefore they essentially contradict the experimental
observations [41,46–49]. This is ascribed to the fact that for a given transport stage function, a finer
particle achieves larger saltation height and saltation length as compared to a coarser particle for
the same mass density. To be specific, a finer particle corresponds to a lighter mass than a coarser
particle for the same mass density. The findings of this study are thus in plausible agreement with
the reality.

(b) Particle velocity

We first intend to put into focus the streamwise particle velocity upx. In dimensionless form, the
streamwise particle velocity upx can be expressed by introducing the streamwise particle densimetric

Froude number Fd (henceforth particle densimetric Froude number for brevity). The Fd is expressed as
Fd = upx/[(ρp/ρf − 1)gd]1/2. In order to grasp how the streamwise particle velocity varies with the
surplus bed shear stress, we specifically consider the characteristic streamwise particle velocity
ups at the saltation peak, i.e. ups = upx(z = Hs). Accordingly, the particle densimetric Froude
number corresponding to the saltation peak, called peak particle densimetric Froude number, is
expressed as Fds = ups/[(ρp/ρf − 1)gd]1/2. Figure 7 shows the peak particle densimetric Froude
number Fds as a function of transport stage function T for different values of particle parameter
D(= 10, 20, 30, 40, 50, 60, 70, 80 and 100). It is evident that for a given particle parameter, the peak
particle densimetric Froude number increases as the transport stage function increases. However,
it is revealed that for a given transport stage function, the peak particle densimetric Froude
number varies insignificantly with the particle parameter for D > 10. In fact, it appears that for
the particle parameter range as D = 20–100, the Fds(T) curves for different D form a thin band. To
be specific, the Fds(T) curves for different D (20 ≤ D ≤ 100) are converging in nature in the range
1 ≤ T ≤ 2.2, where at T = 2.2, the separation between the extremities of the thin band formed by
the Fds(T) curves becomes a minimum. Interestingly, for T = 30 (or Θ = 31Θc), the Fds(T) curves
for different D (20 ≤ D ≤ 100) become practically independent of D at Fds = 11.9 (figure 7). In an
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Figure 7. Peak particle densimetric Froude number Fds versus transport stage function T for different values of particle

parameter D . In the inset, the variations of relative saltation height Hs/d and relative saltation length Ls/d with particle

parameterD at a transport stage function T of 30 are shown. (Online version in colour.)

enlarged frame capturing the range of transport stage function as 46 ≤ T ≤ 82, a clear picture of
the Fds(T) curves for different D is depicted, since the curves are very close. The enlarged frame
reveals that the peak particle densimetric Froude number reduces with an increase in particle
parameter. Conversely, for T < 30, it has been found (not shown here by another enlarged frame)
that the peak particle densimetric Froude number increases as the particle parameter increases.
It turns out that T = 30 acts as a pivotal point, beyond which the Fds(T) curves for different D

(20 ≤ D ≤ 100) change their chronological trend with D .
It is further interesting to shed light on the variations of the relative saltation height Hs/d and

relative saltation length Ls/d with the particle parameter D at the pivotal point (T = 30). This is
because of the fact that although at T = 30, the peak particle densimetric Froude numbers Fds for
different D (20 ≤ D ≤ 100) remain invariant with D , the Hs/d and Ls/d vary significantly with D

at T = 30 (figures 3 and 5). Therefore, in the insets of figure 7, we show the Hs/d(D) and Ls/d(D)
curves corresponding to T = 30. It appears that both the relative saltation height and relative
saltation length decrease monotonically with an increase in particle parameter.

It is also interesting to shed light on the mean particle relative velocity Vrm during a saltation
step. The Vrm can be obtained by averaging the particle velocity Vr relative to the fluid flow
over a complete saltation step. In dimensionless form, the Vrm can be expressed by means of
mean particle densimetric Froude number Fdm as Fdm = Vrm/[(ρp/ρf − 1)gd]1/2. In figure 8, the mean
particle densimetric Froude number Fdm as a function of transport stage function T for different
values of particle parameter D(= 10, 20, 30, 40, 50, 60, 70, 80 and 100) is shown. Clearly, for the
particle parameter range as D = 20–100, the Fdm(T) curves for different D form a thin band.
In an enlarged frame, a clear representation of the Fdm(T) curves for different D is provided,
because the curves are congested. For a given particle parameter, the mean particle densimetric
Froude number increases monotonically with an increase in transport stage function. However,
for a given transport stage function, the variations of mean particle densimetric Froude number
with particle parameter do not follow any sequential trend (see the enlarged frame), as was
found in the case of relative saltation height (figure 3), relative saltation length (figure 5) and
peak particle densimetric Froude number (figure 7). To envision the accurate variation of the
mean particle densimetric Froude number Fdm with particle parameter D , we consider a random
value of transport stage function, say T = 60, as shown in the inset of figure 8. It appears that the
mean particle densimetric Froude number diminishes with an increase in particle parameter up to
D = 40. However, for D > 40, the mean particle densimetric Froude number increases gradually
with a further increase in particle parameter.
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Figure 8. Mean particle densimetric Froude number Fdm versus transport stage function T for different values of particle

parameter D . In the inset, the variation of mean particle densimetric Froude number Fdm with particle parameter D at a

transport stage function T of 60 is shown. (Online version in colour.)
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The comparison of the computed mean particle densimetric Froude number Fdm with the
experimental data of Abbott & Francis [39], Hu & Hui [43], Ancey et al. [44] and Fernandez
Luque & van Beek [50] is highlighted in figure 9. The computed mean particle densimetric Froude
number depicts a satisfactory agreement with the experimental data.

(c) Estimation of bedload flux

The bedload flux Qb (in volume per unit time and bed width) can be expressed as

Qb = VpCvHs, (3.2)
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where Vp is the mean particle velocity during a saltation step and Cv is the volumetric particle
concentration within the bedload layer [18]. From the experimental observations, it has been
found that the volumetric particle concentration Cv can be expressed as follows [10]:

Cv = 0.18C0
T

D
, (3.3)

where C0 is the peak bedload concentration (≈ 0.65).
The bedload flux Qb in dimensionless form, called bedload flux function, is expressed as

Φb =
Qb

[(

(ρp/ρf ) − 1
)

gd3
]1/2

. (3.4)

Substituting equation (3.2) into equation (3.4) and using equation (3.3) yield the bedload flux
function Φb as

Φb = 0.12
Vp

[(

(ρp/ρf ) − 1
)

gd
]1/2

Hs

d

T

D
. (3.5)

In equation (3.5), the mean particle velocity Vp and relative saltation height Hs/d are functions
of transport stage function T. For a given particle size, the threshold Shields number Θc is a
constant. Therefore, from equation (3.5), it appears that for a given particle size, the bedload flux
function Φb is a function of Shields number Θ or equivalently the flow intensity function Ψb(= Θ−1).
This functional dependency is traditionally expressed as Φb(Ψb) [18], where the bedload flux
function follows a decreasing trend with an increase in flow intensity function.

Figure 10 illustrates the bedload flux function Φb as a function of flow intensity function Ψb

considering the ample experimental data ranging from particle parameters D = 26 to D = 63
[51–58]. It is worth noting that equation (3.5) allows us to construct the Φb(Ψb) curve for any
value of particle parameter. However, in order to find the domain of dependency of Φb(Ψb) curves
on the particle parameter, the computed Φb(Ψb) curves for given particle parameters as D = 26
and 63 (that is, d = 1.03 and 2.5 mm, respectively) are depicted in figure 10. It is revealed that
the experimental data (26 ≤ D ≤ 62.2) are almost confined to the Φb(Ψb) curves corresponding to
particle parameters D = 26 and 63, providing the upper and lower bound curves, respectively. It
ascertains that equation (3.5) can adequately predict the bedload flux for a wide range of sediment
size. Figure 10 reveals that for a given particle parameter, the bedload flux function increases
with a decrease in flow intensity function, because of the reduction in applied bed shear stress.
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In addition, for a given flow intensity function, the bedload flux function increases as the particle
parameter decreases. The underlying reason is due to the fact that for a given applied bed shear
stress, the bedload flux function for a finer particle is larger than that for a coarser particle.

4. Conclusion
The mechanics of bed particle saltation in turbulent wall-shear flow is explored by analysing
the force system on a saltating particle. The motivating forces, such as the hydrodynamic
drag, hydrodynamic lift and the Basset force acting on a saltating particle are analysed from
the micro-mechanical perspective. The set of equations controlling the trajectory of particle
saltation is solved numerically subject to suitable boundary conditions. The results obtained
from mathematical analysis of bed particle saltation are projected to determine the bedload flux.
The key conclusions of this study are as follows:

(i) For the particle size range 0.79–3.95 mm (sand to gravel size), the transport stage function
equalling unity closely corresponds to the threshold of bed particle saltation. At the
threshold of bed particle saltation, the saltation height and saltation length become
approximately 1.3 and 9 times the particle size.

(ii) For a given transport stage function, the relative saltation height and relative saltation
length reduce with an increase in particle size. In addition, for a given particle size range
0.79–3.95 mm, the relative saltation height and relative saltation length increase as the
transport stage function increases, attaining their peaks and then, they decrease with a
further increase in transport stage function.

(iii) For a given particle size, the peak and mean particle densimetric Froude numbers depict
an increasing trend with the transport stage function. In addition, the curves of peak and
mean particle densimetric Froude number as a function of transport stage function for the
particle size range 0.79–3.95 mm form a thin band. For the same particle size range with
a transport stage function equalling 30, the peak particle densimetric Froude number
becomes independent of the particle size. Furthermore, for a transport stage function
below 30, the peak particle densimetric Froude number increases with an increase in
particle size, while for a transport stage function above 30, it reduces as the particle
size increases. On the other hand, for a given transport stage function, the variations
of mean particle densimetric Froude number with particle size do not appear to obey any
chronological trend.

(iv) The computed bedload flux curves for particle sizes 1.03 and 2.5 mm provide the upper
and lower bound curves, respectively, because the experimental data corresponding to
this range are nearly limited to the bound curves. For a given particle size, the bedload
flux function increases with a decrease in flow intensity function. In addition, for a given
flow intensity function, the bedload flux function increases as the particle size decreases.

In essence, this study offers an insightful glance into the mechanics of bed particle saltation
in turbulent wall-shear flow by considering an improved version of the force system. The key
parameters, evolved from the mathematical analysis, help to obtain an enriched understanding
of the mechanics of bed particle saltation. The quintessential element of this study, being largely
unexplored in previous analytical studies, opens up a new way of exploring the mechanics of
bed particle saltation by expanding the frontier of the present state of the art. The promising
synergy between the theoretical results of this study and the experimental observations not only
provides an improved design guideline but also makes the mathematical analysis applicable to
field situations. It is worth discussing that the present mathematical analysis does not consider
explicitly the effects of particle collision, which may become important for high particle transport
rate. Therefore, the particle–particle interaction, in addition to the fluid–particle interaction, needs
to be addressed in the mathematical formulation as a future scope of research.

Ethics. This study does not include any contents regarding animals or human subjects.
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