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Abstract We investigate the effect of frequency on the non-

linear large amplitude oscillatory shear (LAOS) response of

concentrated colloidal suspensions of model soft and hard

spheres at various concentrations, both below and above the

glass transition. We show that the anharmonic response in

the stress increases with frequency for liquid-like samples

but decreases with frequency for solid-like samples. We

argue that for samples below the glass transition, higher

frequencies involving higher maximum shear rates promote

shear thinning and increase anharmonicity. On the other

hand, solid-like samples deform plastically at low frequen-

cies as they are subjected to low shear rates within the

period. Higher frequencies (higher average shear rates) lead

to viscous flow over a larger fraction of the period thereby

decreasing anharmonic behavior. We also demonstrate that

LAOS experiments in strain-controlled rheometry at mod-

erately high frequencies (ω>5 rad/s) have to be very care-

fully interpreted, due to the superharmonic instrumental

resonance effects.

Keywords Rheology . Colloids . Large amplitude oscillatory

shear . Yielding . Glass transition

Introduction

Many common natural and industrial materials are composed

of micrometer-sized solid particles dispersed in a liquid. Some

examples of such colloidal dispersions are milk, blood, paint,

and clays. From the above examples, it is clear that colloidal

dispersions are relevant to a wide area of modern scientific

research. In view of their many applications, an improved

understanding of their flow behavior can be of immense prac-

tical significance (Mewis and Wagner 2011). It is well known

that when the particulate volume fraction is increased, colloi-

dal dispersions show pronounced non-Newtonian rheological

behavior (Larson 1999; Mewis and Wagner 2011). At high-

volume fraction, colloidal dispersions can also be trapped in

metastable glassy states where individual particles cannot es-

cape from cages formed by their neighbors (Pusey and van

Megen 1987). These colloidal glasses present viscoelastic be-

havior and a yield stress, and their rheological response has

been the subject of numerous publications (Mason and Weitz

1995; Senff and Richtering 1999; Fuchs and Cates 2002;

Heymann et al. 2002; Petekidis et al. 2003; Besseling et al.

2007; Brader et al. 2010; van der Vaart et al. 2013).

A main feature of concentrated colloidal dispersions (sim-

ilarly with other concentrated disordered soft materials) is that

they show pronounced non-linear rheological behavior when

subjected to large deformations (Mewis and Wagner 2011).

The elucidation of non-linear response is essential for most

applications and processes of biological or industrial signifi-

cance, where large deformations and bidirectional flows are

present. A commonly used method to study non-linear rheol-

ogy is to extend linear small-amplitude oscillatory measure-

ments to larger strain amplitudes. Thus, in a typical large am-

plitude oscillatory shear (LAOS) experiment, a sinusoidal

strain of large amplitude is applied to the sample, and the

non-sinusoidal stress response is measured (Philippoff 1966;
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Dealy and Wissbrun 1990; Wilhelm et al. 1998; Cho et al.

2005; Helgeson et al. 2007; Ewoldt et al. 2008; Hyun et al.

2011). LAOS is different from the usual dynamic strain

sweeps performed by most rheometers in that at each oscilla-

tory strain amplitude, the full waveform of the stress response

is recorded and analyzed and not just the first harmonic of the

stress that gives G’ and G”.

Several methods of analyzing LAOS data have been pro-

posed and recently reviewed in the literature (Wilhelm et al.

1998; Cho et al. 2005; Klein et al. 2007; Hyun et al. 2011;

Rogers et al. 2011; Poulos et al. 2013). The most common

method is Fourier transform (FT) analysis, where the non-

sinusoidal but periodic stress response to LAOS is expressed

as a Fourier series (Wilhelm et al. 1998; Wilhelm et al. 1999).

The magnitude of non-linear, or anharmonic, response can

thus be quantified very accurately by the relative amplitudes

of higher odd harmonics with respect to the fundamental,

while even harmonics are expected to be absent due to sym-

metry reasons unless phenomena like slip are present. This

approach has been used extensively to analyze LAOS results

on a variety of systems such as linear polymers (Wilhelm et al.

2000), branched polymers (Schlatter et al. 2005), cubic phases

of diblock and triblock copolymer micelles (Daniel et al.

2001; Nicolai and Benyahia 2005; Hyun et al. 2006; López-

Barrón et al. 2012), and concentrated colloidal suspensions

(Heymann et al. 2002; Le Grand and Petekidis 2008; Carrier

and Petekidis 2009; Brader et al. 2010; Lin et al. 2013).

LAOS has become one of the most common techniques to

study non-linear response because one can change independent-

ly the oscillation amplitude γ0 and the frequency ω, essentially

probing the whole range of rheological behavior, from steady

shear flow and linear viscoelasticity to non-linear viscoelasticity

(Hyun andWilhelm 2009; Hyun et al. 2011). However, although

LAOS experiments have regularly been performed on colloidal

suspensions, most often they are constrained to a single oscilla-

tory frequency. Only recently, hard sphere glasses have been

investigated by experimental rheometry and Brownian dynam-

ics (BD) simulations in a wider frequency range bridging the

low-frequency Brownian-dominated regime with the high-

frequency regimewhere shear-induced non-Brownian dynamics

are prominent (Koumakis et al. 2013). Moreover, confocal mi-

croscopy experiments of a sheared hard-sphere colloidal suspen-

sion provided new insight into the structural changes as a func-

tion of frequency under large amplitude oscillatory shear but

without measuring the rheological properties at the same time

(Lin et al. 2013).

Here, we present LAOSmeasurements at multiple frequen-

cies on model concentrated colloidal dispersions of star-like

micelles and sterically stabilized poly-methylmethacrylate

(PMMA) hard spheres, below and above the glass transition

volume fraction. Both systems are already very well charac-

terized and represent the two extremes in interparticle poten-

tial (ultrasoft versus almost hard sphere-like). Ultrasoft star-

like micelles (Renou et al. 2010a; Koumakis et al. 2012;

Poulos et al. 2013), similar multi-arm star polymers

(Helgeson et al. 2007; Rogers et al. 2011), and soft core-

shell microgels (Carrier and Petekidis 2009; Brader et al.

2010) have been studied experimentally by LAOS before

but mainly at low frequencies.

We show that frequency variation even over a relatively

small range of one order of magnitude can profoundly affect

the LAOS response. Moreover, we conclusively show that an

increase in frequency has opposing effects depending on

whether the colloidal dispersion is in a liquid or glassy state;

it leads to increasing anharmonic behavior below the glass

transition but decreasing anharmonic response above the glass

transition. We explain the observed variation of non-linearity

with frequency above and below the glass transition using

recent insights that relate the LAOS response with the linear

(SAOS) response and the flow curve of the material.

Moreover, in the Appendix, we demonstrate the difficulty of

performing even moderately high-frequency LAOS measure-

ments (ω>5 rad/s) by showing evidence of a previously unre-

ported rheometer transducer resonance effect in strain-

controlled instruments that introduces strong higher har-

monics, precluding the detection of the true sample response.

Materials and methods

Star-like micelles from PEP–PEO block copolymers

Poly(ethylene-alt-propylene)–poly(ethylene oxide) block co-

polymers were prepared by a two-step anionic polymerization

(Allgaier et al. 1997). The number-average molar mass (Mn)

was 1300 g/mol for the PEP block and 20,300 g/mol for the

PEO block corresponding to an overallMn=21,600 g/mol for

the block copolymer. Poly(ethylene-alt-propylene)–poly(eth-

ylene oxide) (PEP–PEO) block copolymers with this block

ratio form micelles in deuterium oxide (D2O) with an aggre-

gation number of 120 and a pair interaction potential similar to

regular star polymers (Laurati et al. 2005). Previous work has

demonstrated that no kinetic exchange of arms between mi-

celles is possible (Stellbrink et al. 2004; Lund et al. 2006). The

absence of kinetic exchange ensures that the aggregation num-

ber remains constant with varying concentration and temper-

ature. The micelles can thus be considered as stable colloidal

entities with star-like pair interactions. Clear solutions were

obtained by dissolving the PEP–PEO polymer in deuterium

oxide (D2O 99.8 % atom D purchased by Armar Chemicals).

The solutions were left to equilibrate at room temperature for

at least 1 week before measurement. The effective volume

fraction ϕeff estimated as the ratio of the concentration, c, to

the overlap concentration, c* (=3 M/4πNARh
3), is calculated

by using the polymer concentration and measured by dynamic

light scattering hydrodynamic radius of the micelles Rh=
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36 nm (in dilute solutions). As the micelles can interpenetrate,

ϕeff may take values above one.

Poly-methylmethacrylate hard sphere colloids

Furthermore, for comparison, a model hard-sphere (HS) col-

loidal suspension was used for some of the experiments

(Pusey and van Megen 1987). The HS particles consist of a

poly-methylmethacrylate (PMMA) core and a sterically stabi-

lizing chemically grafted poly-hydrostearic acid (PHSA) layer

(10 nm) (Koumakis et al. 2012). The mean radius of the HS

spheres used here is either R=106 nm or R=196 nm, with a

polydispersity of about 10 % to prevent effects from shear-

induced crystallization (Koumakis et al. 2008). Dispersion in

an octadecene/bromonaphthalene mixture (with a refractive

index of 1.485) was used to eliminate evaporation during the

rheological measurements.

Experimental methods

AnAnton-Paar Physica MCR 501 stress-controlled rheometer

was used in strain-control mode for the LAOS experiments at

low frequencies, using the direct strain oscillation (DSO)

mode.We used a stainless steel cone-and-plate geometry, with

a cone diameter of 50 mm, an angle of 0.04 rad, and a trun-

cation (gap) of 50 μm. High-frequency LAOS measurements

were performed using a strain-controlled rheometer ARES

(Rheometrics Scientific/TA) with a force rebalance transducer

100FRTN1 in cone-plate geometry (25 mm diameter with a

cone angle of 0.048 rad and 50 mm diameter with an angle of

0.01 rad). For both rheometers, the temperature was controlled

by a Peltier system, and a home-made solvent trap was used to

minimize evaporation during measurements typically lasting

up to at least 4 h. The use of different types of stress and strain-

controlled rheometers for LAOS measurements as well as

different measuring geometries has been recently discussed

for some of the rheometers used here (Merger and Wilhelm

2014; Giacomin et al. 2015).

Results and discussion

PEP–PEO star-like micelles with 120 arms exhibit a liquid-to-

glass transition at an effective volume fraction of ϕeff=2.5

(Renou et al. 2010a; Koumakis et al. 2012), significantly higher

than hard spheres (ϕ≈0.59) and in line with regular multi-arm

star polymers of similar functionality (Stiakakis et al. 2002;

Helgeson et al. 2007; Erwin et al. 2010; Stiakakis et al. 2010).

The transition was determined from linear viscoelastic measure-

ments that show a progressive increase of the elastic modulus

G’, as well as the appearance of an apparent yield stress in steady

shear flow (Koumakis et al. 2012). Here, we compare the LAOS

response of solutions at low (liquid-like) and high (solid-like)

concentrations. The linear dynamic frequency sweeps of two

representative samples can be seen in Figs. 1a and 2a, respec-

tively. The low concentration solution (ϕeff=2.3) presents a typ-

ical viscoelastic liquid response with a crossover frequency of

16 rad/s. In the 0.5–5 rad/s frequency range where we perform

LAOS experiments, the material response has a predominant

viscous character. On the other hand, the high-concentration

solution (ϕeff=3.1) has all the characteristics of a soft glass. It
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Fig. 1 a Dynamic frequency sweep (G’ (filled triangles), G” (open

triangles)) of star-like micelles at an effective volume fraction ϕeff=2.3,

below the glass transition. bDynamic strain sweeps of the same sample at

different frequencies. G’, G” are shown with filled and open symbols,

respectively: ω=0.5 rad/s (inverted green triangles), ω=1 rad/s (red

squares), ω=2 rad/s (blue triangles), and ω=5 rad/s (black circles). c

Normalized amplitudes of the third harmonic. Inset: Lissajous figures

(stress vs strain) of the full waveforms for the selected frequencies at a

non-linear amplitude γ0=100 %
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presents a frequency independent elastic response, withG’ great-

er than G” by more than one order of magnitude, while the

increase of G” at low ω indicates the existence of a slower

relaxation process outside of our experimental window

(Mason and Weitz 1995). The linear frequency sweeps unam-

biguously demarcate the liquid-to-solid transition.

Non-linear LAOS experiments were performed at different

frequencies on six samples, three below the glass transition

(ϕeff=2.15, 2.3, 2.35) and three above the glass transition

(ϕeff=2.8, 2.9, 3.1) using the Anton-Paar (MCR-501) rheometer.

For each frequency, the strain amplitude γ0was varied from 1%,

where the stress response is linear, to 1000 %. The dynamic

strain sweeps obtained for the two representative samples can

be seen in Figs. 1b and 2b, respectively. For the liquid-like

sample, the linear regime is directly followed by a power law

decrease of G” with γ0, with an exponent of −0.6. On the other

hand, for the solid-like sample, G” presents a peak just beyond

the linear regime, which is a typical feature of yielding in col-

loidal glasses (Mason andWeitz 1995; Mason et al. 1996; Pham

et al. 2006; Helgeson et al. 2007). At large γ0, both G’ and G”

decrease as power laws with exponents −1.5 and −0.9, respec-

tively, as discussed before (Koumakis et al. 2012). The stress

signal was further analyzed at each strain amplitude by FT rhe-

ology, and the non-linearity was quantified by the amplitude of

the 3rd stress harmonic normalized by the 1st harmonic (I3/I1)

(Wilhelm et al. 1998). It should be noted that in general, higher

harmonics are also important (Poulos et al. 2013) and that there

are other analysis methods used to quantify non-linearity (Hyun

et al. 2011), but for the purposes of this study, we follow I3/I1 as

an indicator of the level of anharmonic stress response in the

non-linear oscillatory shear.

The LAOS amplitude and frequency dependence of the

representative liquid-like sample is shown in Fig. 1c. The

chosen frequency range means that all LAOS experiments

are performed at frequencies where G” > G’ in the linear

regime. As expected, the non-linearity at all frequencies

increases with strain amplitude up to about I3/I1=20 %

reached at γ0=1000 %. More importantly, we see that as

the frequency is increased, the onset of non-linearity takes

place at lower γ0 and remains higher over the whole range

of strain amplitudes investigated here. However, the max-

imum 3rd harmonic contribution attained is essentially in-

dependent of ω. In Fig. 2c, the same graph is plotted for the

representative solid-like sample, where G’ > G” in the lin-

ear regime. Here, the curves at different frequencies appear

very similar; a clear difference appears only at γ0>20 %.

Compared to the liquid-like sample, I3/I1 increases much

more sharply with γ0. Moreover, the third harmonic non-

linearity reaches higher values of between 23 and 28 %,

depending on the frequency. In summary, for the ultrasoft

star-like micelles, the anharmonicity for liquid-like sam-

ples mainly depends on the frequency of oscillation while

for the solid-like sample, differences between each fre-

quency are only visible when the strain amplitude is quite

high. This observation reveals that the LAOS response of a

system is related to its linear response.

In Fig. 3, we compare the frequency dependence of I3/I1 at

γ0=100 % for the six star-like micelle samples. It becomes

clear that for the liquid-like samples, the non-linear,
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Fig. 2 a Dynamic frequency sweep (G’ (filled triangles), G” (open

triangles)) of star-like micelles at high effective volume fraction ϕeff=

3.1, above the glass transition. b Dynamic strain sweeps of the same

sample at different frequencies. G’, G” are shown with filled and open

symbols, respectively: ω=0.5 rad/s (inverted green triangles), ω=1 rad/s

(red squares), ω=2 rad/s (blue triangles), and ω=5 rad/s (black circles). c

Normalized amplitudes of the third harmonic. Inset: Lissajous figures

(stress vs strain) of the full waveforms for the selected frequencies at a

non-linear amplitude γ0=100 %
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anharmonic behavior becomes more important as ω is in-

creased while the opposite is observed for the solid-like sam-

ples. Thus, the nature of the state at rest of the colloidal dis-

persion affects directly the frequency dependence of the non-

linearity under LAOS. An increase of LAOS frequency has

the opposite effect depending on whether the material is at a

liquid-like or a glassy state.

The variation of I3/I1 with frequency can be phenomeno-

logically described by the simple equation, I3=I1 ¼ Aln ω=ωcð Þ,

where A and ωc are constants that depend on the volume frac-

tion. This equation has been used to generate the fits shown in

Fig. 3. The constant A is positive for samples below the glass

transition and negative for samples above the glass transition.

To rationalize such different response of the anharmonicity,

as represented by I3/I1, below and above the glass transition,

we point out that while for colloidal liquids a finite structural

relaxation time (τrel) which is commonly estimated as the in-

verse of the crossover angular frequency in the dynamic fre-

quency sweep exists, colloidal glasses have very long, if not

infinite, relaxation times. Thus, for the ϕeff=2.3 sample, the

relaxation time is τrel~0.06 s, whereas for the sample with

ϕeff=3.1, this is over 100 s (Renou et al. 2010a). The latter

also exhibits a yield stress below which the material will not

flow, at least in a time scale shorter than the experimental one.

Moreover, the stresses introduced under shear (and the under-

lying structure) may not relax quickly and fully, even when

shear is stopped (Ballauff et al. 2013). This difference is made

evident in Fig. 4 where the flow curves of the two materials

are shown. Below a shear rate of 0.1 s−1, the colloidal liquid

flows with a constant viscosity whereas the colloidal glass

shows a yield stress plateau (~40 Pa), where a continuous

deformation would lead to plastic flow.

Non-linear viscoelasticity under LAOS can be partly un-

derstood, at least qualitatively, by referring to the equilibrium

rheological properties of the material measured by a dynamic

frequency sweep (Figs. 1a and 2a) and the flow curve mea-

sured by a steady rate sweep (Fig. 4) (Poulos et al. 2013).

These represent the two limiting behaviors γ0→0 and ω→

0, respectively. By definition, a dynamic frequency sweep is

the low amplitude limit of LAOS. Moreover, it is reasonable

to assume that LAOS at the limit of zero frequency can be

reproduced by the flow curve alone (Sollich 1998), although

in practice, this is not possible at the usual LAOS frequencies

for most systems where the relaxation time is finite (i.e., non

zero) since within a period of oscillation, the shear rate is

constantly changing faster than the system relaxes (Poulos

et al. 2013). Hence, for a purely viscous system, the structure

has enough time to relax at all points inside the period since its

relaxation time is much shorter than the inverse of the shear

rate.

For finite LAOS frequencies, whether or not, we attain the

ω→0 limit depending on how rapidly the system relaxes. The

liquid-like sample is probed at frequencies below the (linear)

crossover frequency. This suggests that the structure has time

to fully relax during LAOS, and memory (elastic) effects are

not significant. Hence, the stress non-linearity is dictated by

shear thinning alone. As the frequency is increased, higher

shear rates are reached leading to stronger shear thinning

and higher I3/I1. This can also be seen from the liquid-like

flow curve in Fig. 4 where the maximum shear rate reached

for each LAOS frequency is indicated with a vertical line. It is

clear that for the frequencies used here, the maximum rate

corresponds to the shear-thinning regime of the flow curve.

For solid-like samples, when γ0 approaches the yield strain

of the material, the stress waveform becomes distorted as there

are alternatively regions of elastic response (before yielding)

Fig. 3 Normalized third harmonic (I3/I1) as a function of LAOS

frequency for three solid-like ϕeff=2.8 (diamonds), 2.9 (filled circles),

and 3.1 (filled trinagles) and three liquid-like ϕeff=2.15 (open squares),

2.3 (open triangles), and 2.35 (open circles) samples, measured at a non-

linear strain amplitude of 100 %. It can be seen that the non-linearity

increases with frequency for the liquid-like samples but decreases with

frequency for the solid-like samples
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and plastic/viscous response (after yielding) within a LAOS

cycle (Renou et al. 2010a; Rogers et al. 2011). At strain am-

plitudes much greater than the yield strain (γ0~100 %), the

Lissajous plot becomes box-like because even after yielding,

the material deforms plastically as the relevant shear rates are

at the yield stress plateau (Fig. 4). However, as the frequency

is increased further, strain rates beyond the yield stress plateau

are reached. During a fraction of the period, around maximum

shear rate, the material starts flowing more like a Newtonian

liquid (approaching a rate-independent viscosity). This will

tend to decrease the anharmonic stress response compared to

the case of only plastic deformation. Hence, for solid-like

material, the anharmonicity decreases with frequency as

higher strain rates beyond the yield stress plateau are reached

and the material flows during a larger fraction of the period.

Therefore, the difference in the frequency dependence of

I3/I1 between the liquid-like and the solid-like sample origi-

nates from the increasing shear rates at higher frequencies. For

the liquid-like sample, increasing rate means moving towards

the shear-thinning region of the flow curve while for the solid-

like sample, increasing rate leads from plastic flow to viscous

flow. In the first case, the viscosity changes over the period of

oscillation introducing higher harmonics while in the second

case, the stress starts to follow the shear rate, reducing
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anharmonicity during a transition from a plastic to a liquid-

like flow. In this sense, the non-linearities should decrease at

regimes where simple Newtonian flow is approached.

Frequency variation in hard spheres

In order to validate a universal behavior in different colloidal

systems, we conducted a similar study for PMMA hard

spheres. In this case, we compare the LAOS frequency depen-

dence of four HS samples atϕ=0.49, 0.53, 0.54, and 0.60. The

dynamic frequency sweeps of the ϕ=0.49, 0.53, and 0.60

samples can be seen in Fig. 5a, c, and e, respectively. It is clear

that the high-concentration sample is in the glassy state; the

intermediate concentration is liquid and shows a crossover of

G’ and G”, and the low concentration sample shows terminal

liquid-like behavior (G’ ∝ ω2, G” ∝ ω) in a wide frequency

range.

Dynamic strain sweeps are again performed at different

frequencies on all samples. In Fig. 5b, d, and f, I3/I1 is plotted

as a function of γ0 for the ϕ=0.49, 0.53, and 0.60 samples,

respectively. It can be seen that the variation is similar to star-

like micelles, with I3/I1 increasing at yielding and developing

to a plateau at high γ0. One major difference is that for the

highest concentration glassy sample (ϕ=0.60), a peak in I3/I1
appears at intermediate amplitudes (γ0~10–30 %) for the two

highest frequencies (Fig. 5f); this has been attributed before to

a second yielding process and will be discussed below

(Koumakis et al. 2013).

In Fig. 6, I3/I1 is plotted as a function of ω at a fixed am-

plitude of 100 % strain, for all volume fractions. Similar to

star-like micelles (Fig. 3), the highest concentration glassy

sample (ϕ=0.60) shows a decrease of I3/I1 with frequency,

and the lowest concentration liquid sample (ϕ=0.49) shows

an increase of I3/I1 in the frequency regime measured.

Additionally, the intermediate ϕ=0.53 and 0.54 samples show

non-monotonic behavior with I3/I1 increasing at low frequen-

cies and decreasing at high frequencies.

For HS glasses, a decrease of I3/I1 with increasing frequen-

cy has been seen before (Koumakis et al. 2013). Combining

experiments and Brownian dynamics simulations, it was at-

tributed to the transition from a plastic-like response to a sim-

pler liquid-like response while also finding a different yielding

process emerging at even higher frequencies. Lower frequen-

cies were associated with Brownian activated yielding, while

higher frequencies to shear-induced non-Brownian yielding.

The peak of I3/I1 found for increasing strain at higher frequen-

cies was attributed to the appearance of this second yielding

process. For intermediate HS volume fractions, the frequency

dependence of I3/I1 shows a broad peak (Fig. 6). In contrast to

the case of star-like micelles, where the chosen frequencies

were taken far from the crossover of G’ and G”, the hard-

sphere data shows the transitional behavior expected near that

point. Therefore, it shows an increasing I3/I1 versus ω, where

the linear response is liquid-like and decreasing I3/I1 when the

linear response becomes solid-like.

The similarities in the behavior of I3/I1 between hard

spheres and star-like micelles suggest an independence from

specific particle interactions. In the case of hard spheres, I3/I1
versus ω eventually reached a minimum and then started to

increase again at higher ω. We may expect similar effects for

the star-like micelles; however, to observe this non-monotonic

variation of I3/I1, we need to go to frequencies much higher

than 5 rad/s.

Conclusions

In this paper, we investigated the effect of frequency on the

non-linear oscillatory (LAOS) response of two model colloi-

dal dispersions: soft star-like micelles and PMMA hard

spheres. LAOS experiments were performed at a range of

frequencies on six colloidal star-like micelle samples above

and below the glass transition. We showed that an increase in

frequency from 0.5 to 5 rad/s leads to an increase of

anharmonicity for the liquid-like samples, but to a decrease

of anharmonicity for the solid-like samples. We argue that the

difference can be explained by looking at the contribution to

non-linearity at the maximum shear rate inside the period of

oscillation. As the frequency is increased, the maximum shear

rate is also increased. Thus, for the liquid-like samples, higher

shear rates lead to shear thinning over a larger fraction of the

period thereby increasing anharmonicity. On the other hand,

the solid-like samples at low shear rates are trapped in the

yield stress plateau and do not flow but deform plastically.

Higher shear rates lead to viscous flow over a larger fraction

of the period thereby decreasing anharmonicity.

Fig. 6 Normalized third harmonic (I3/I1) as a function of LAOS

frequency for four HS samples with ϕ=0.49 (open triangles), 0.53

(open diamonds), 0.54 (filled circles), and 0.6 (filled squares), measured

at a non-linear strain amplitude of 100 %
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These findings are corroborated by the hard sphere system,

suggesting an independence from details of the interparticle

interactions. Similar to star-like micelles, the liquid-like sus-

pensions show increasing anharmonicity with frequency. For

the solid-like suspensions, a decrease of I3/I1 frequency is

again attributed to the transition from a plastic-like response

to a simpler liquid-like response. On the other hand, the tran-

sition and change in slope of I3/I1 from solid- to liquid-like

samples are broader at the intermediate volume fraction HS

samples where the storage and loss moduli have not reached

the terminal regime.
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Appendix

Oscillatory rheometry at high frequencies

We have measured the LAOS response of all samples at a

relatively limited range of frequencies (0.1–5 rad/s).

Measuring at higher frequencies is essential to enter the do-

main of non-linear viscoelasticity and gain a more complete

understanding of the processes involved. For these samples,

the stress-controlled Anton-Paar MCR 501 rheometer does

not produce perfect sinusoidal large-amplitude deformations

through the direct strain control (DSO) feedback loop, intro-

ducing additional artificial higher harmonics in the stress sig-

nal. Hence, in order to perform high-frequency (ω>5 rad/s)

LAOS measurements, a strain-controlled ARES rheometer

with a 100FRTN1 force rebalance transducer was also used.

However, as we will show below, the interpretation of non-

linear data was not possible due to the transducer resonance

effect that introduced higher harmonics even at moderate fre-

quencies, above about 10 rad/s.

Dynamic time sweeps were performed at different ampli-

tudes and frequencies on the solid-like star-like micelle sam-

ples. The normalized third and fifth harmonics, I3/I1 and I5/I1,

are plotted in a Pipkin-type diagram (In/I1 vs amplitude γ0 and

frequency ω). The resulting contour plots are shown in Fig. 7.

Both I3/I1 and I5/I1 show a well-defined peak in the Pipkin

space. The third harmonic peak is at γ0=100 % and ω=65 rad/

s and the fifth harmonic peak at the same amplitude γ0=

100 %, but lower frequency ω=40 rad/s. Furthermore, at the

peak, the non-linearity is extremely large; it reaches values of

48 % for the third harmonic and 24 % for the fifth which are

quite unusual. In comparison, the non-linearity in the low-

frequency regime saturates at I3/I1=28 % (Fig. 2c). The

Lissajous figures for selected data points can be seen in

Fig. 8 in a Pipkin representation. It is clear that the shape

drastically changes at around ω=60 rad/s. The maximum

stress that follows strain reversal is dominating the response,

Fig. 7 Normalized amplitude of

the third and fifth Fourier

harmonics of the stress response

of star-like micelles at ϕeff=3.1. A

peak in In/I1 can be observed at an

angular frequency of 60 rad/s in

the case of the third harmonic and

at 40 rad/s in the case of the fifth

harmonic

Fig. 8 Pipkin plot showing Lissajous figures (stress vs strain) for

selected data. The star-like micelle sample is at ϕeff=3.1. Note the

unconventional shapes at ω=60 rad/s
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and it is followed by a stress minimum close to maximum

shear rate.

In Fig. 9, we show the variation of the third, fifth, and

seventh harmonic with frequency at an amplitude γ0=

100 %. All three normalized harmonics can be fitted with a

damped, driven harmonic oscillator equation:

In

I1
¼

α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ω2
−ω2

0

� �2
þ β2ω2

q

where ω0 is the resonance frequency, β is the damping param-

eter, and α is the normalized amplitude. The lines in Fig. 9

indicate least-squares fitting of the data with the resonance

equation, which gives excellent agreement and a resonance

frequency of 66, 40, and 28 rad/s for the third, fifth, and

seventh harmonics, respectively. In the inset of Fig. 9, we

show that the resonance frequencies are proportional to 1/n

(where n is the number of the harmonic). This is typical of

non-linear or superharmonic resonance effect which corre-

sponds to resonance of the higher harmonics at integer frac-

tions of the natural (or fundamental) frequency of a driven

non-linear oscillator. Extrapolation of the line (inset, Fig. 9)

to where 1/n is equal to one gives a fundamental resonance

frequency of 200 rad/s.

In order to verify this resonance effect, we also used

PMMA hard spheres at ϕ=0.6. A similar resonance peak is

visible at a lower amplitude of 20 % but crucially at the same

frequency of 65 rad/s. The fact that resonance appears at the

same frequencies for samples as different as star-like micelles

and PMMA hard spheres, as well as the unnaturally high

values of non-linearity, points out to an instrumental origin

of the non-linear resonance effect.

It is important to realize that the transducer of the rheometer

has a feedback loop that keeps the measurement geometry in

place, and the torque measured is just proportional to the re-

action torque that drives the tool back to the original position.

This feedback loop has a characteristic time constant in the

tens of milliseconds range (Dullaert and Mewis 2005) and can

thus be driven to resonance at frequencies around hundreds of

rad/s. Thus, a fundamental frequency of 200 rad/s is consistent

with the view that the superharmonic resonance effect is

caused by the transducer and not by the sample.
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