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We analyse spatial bistable arches and present an
analytical model incorporating axial, two transverse
bending and torsion energy components. We extend
the St. Venant and Michell relationship used in
flexural-torsional buckling of planar arches and use
it in modelling spatial arches. We study deformation
pathways in spatial arches and their effect on critical
characteristics of bistability such as back and forth
switching forces, and the distance travelled by a point
of the arch. We show that not considering spatial
deformation leads to incorrect inferences concerning
the bistability of planar arches too. Thus, this model
serves as a generalized framework for the existing
analysis on planar arches since they belong to a
subset of spatial arches. Additionally, the effects of
eccentric loading on spatial deformations are explored
for arches with a range of as-fabricated shapes and
boundary conditions, and the results are validated
with finite-element analysis.

1. Introduction

Spatial deformation pathways in planar bistable arches
reduce switching and switch-back forces. A planar
bistable arch can be actuated with an in-plane force
so that it remains in its plane throughout as it
reaches its other planar stable state. In addition to
this planar deformation pathway, the same arch can
be actuated to follow a spatial deformation pathway,
as shown in figure 1la. A comparison between force—
displacement characteristics corresponding to spatial and
planar deformation pathways is given in figure 1b. Our
attempt to understand and analytically model spatial
deformation pathways in planar bistable arches led us to
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Figure 1. (a) Planar and spatial deformation pathways of a planar arch; dashed lines aid visualization of the curvature of the
arch during deformation. (b) Switching forces of a spatially deforming bistable arch are found to be smaller than those of an
arch deforming in the plane. (Online version in colour.)

Figure 2. A pinned—pinned spatial arch in its as-fabricated stress-free, in-between stressed and second stressed stable states.
(Online version in colour.)

a new and general class of structures, namely spatial bistable arches. As shown in figure 2,
curvature of spatial arch is not restricted to a single plane. Two varying orthogonal curvatures
of the arch can be seen in the reflections of the arch in xy and xz planes. Spatial arches only
exhibit spatial deformation pathways. Spatial arch-profiles of in-between and second stable states
of the arch are also given in figure 2. Since planar arches with spatial deformations belong to a
subclass of spatial arches, the analytical work presented in this paper captures three-dimensional
deformations in both spatial and planar bistable arches.

Although to our knowledge, spatial arches are studied for the first time, flexural-torsional
buckling, i.e. spatial deformation in planar arches, is considered before in the literature. Those
studies dealt with determining the critical load of buckling, especially in circular arches [1-5]. By
contrast, in this work, we consider planar and spatial arches of general profiles to study post-
buckling analysis to investigate their bistability.
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The literature on bistability is rich with studies on buckled beams [1,6,7], arches [8-10]
and shells [11,12]. Bistability in planar shallow arches is well studied for pinned-pinned [8],
fixed—fixed [9] and generalized boundary conditions [10]. In planar arches, irrespective of the
boundary conditions, bistability arises from the interplay between transverse bending and axial
compression strain energies. Bending and compression energies are proportional to squares of
change in curvature and arc-length of the arch, respectively. Since there is always a change in
curvature associated with a deforming arch, bending energy attains a minimum only in the
as-fabricated stress-free state of the arch. On the contrary, change in arch-length can assume
minimal values at multiple deformed states of the arch. Existence of two such minimum points
in the axial energy landscape is essential to have two minima in the total strain energy curve
and thereby is essential for bistability. Intuitively, for arches deforming in planar deformation
pathways, minimal-axial-energy points help bistability while bending strain energies at these
points hinder bistability. However, when arches deform in spatial deformation pathways, in
addition to axial and transverse bending energies, there are torsional and out-of-plane bending
energies. We show that the key to modelling these interrelated energy terms is a geometric
relation, which we obtain by modifying a St. Venant and Michell relationship discussed
in 1969 [13,14].

When an arch deforms spatially, its cross sections undergo displacement in a plane
perpendicular to its central axis. Along with the displacement, cross sections rotate about the
central axis. The displacement and rotation are related to each other. St. Venant and Michell
described this relationship for lateral-torsional buckling analysis in planar arches [13,14]; which
we use in this paper for analyzing planar arches with spatial deformation pathways. Furthermore,
for the analysis pertaining spatial arches given in figure 2, we generalize the St. Venant and
Michell relation considering the additional curvature of the arch. That is to say, when one of
curvatures of the arch in the modified relationship is taken to be zero, the relationship reduces to
its original form given in [13,14].

First, using the modified St. Venant and Michell relationship, we describe an analytical model
that captures spatial deformation in shallow spatial arches that are not stressed in their as-
fabricated shape. The model is applicable to arches with varying as-fabricated shapes with
fixed—fixed as well as pinned—pinned boundary conditions. Second, we focus on the implications
of spatial deformation pathways. We show that these pathways reduce the force required for
buckling and post-buckling deformations as compared to planar pathways. In the context of
bistability, this is sometimes desirable as it reduces the force required for switching between the
equilibrium configurations of the bistable arch. Nonetheless, this also implies that these pathways
reduce stiffness and stability of the arch. Thus, geometric and material parameters that excessively
favour spatial deformations can adversely affect bistability; we illustrate this with examples.
Furthermore, we study the effect of eccentric loading on force-displacement characteristic of
spatially deforming arches.

For arches with arbitrary as-fabricated shapes and general boundary conditions, our analytical
model improves the understanding of bistability in four ways: (i) analysing spatial bistable
arches with reduced switching force; (ii) designing planar arches with reduced switching force
owing to spatial bistability; (iii) eliminating the loss of bistability due to spatial deformation
pathway in planar bistable arches; (iv) understanding the effect of eccentric loading on switching
forces.

2. Analytical model for arches that deform spatially

We present an analytical model for spatial deformations in non-planar arches in the post-buckling
regime. Such a model also explains the out-of-plane deformations in planar arches. Let us consider
a spatial arch with breadth b, depth ¢, span L and mid-span height /1,;4 as shown in figure 3. The
projections of the central axis of the as-fabricated stress-free shape of the spatial arch in xy and xz
planes are denoted as wp(x) and ug(x), respectively. The projections of the deformed central line of
the spatial arch in xy and xz planes are w(x) and u(x). The initial twist in the cross section is taken
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Figure 3. A spatial arch with breadth, b, depth, t, span, L and mid-span height in xy plane, fiyig. (Online version in colour.)

to be zero and the rotational displacement of the cross section is denoted by ¢(x). We express these
displacements as follows:

wo(%) = i i a;w;(x), 2.1)
1o(%) = hmi i biati(x), (2.2)
w(x) = hmiq i Agwi(x), 2.3)
i=1
(%) = hmig i Bju(x) (2.4)
and $(x) = i Cigi(x), 2.5)

i=1

where w;, u; and ¢; comprise a basis set that satisfies the boundary conditions of w, u and ¢,
respectively; in fact, they are the buckling mode shapes of a straight column with corresponding
boundary conditions. For given a;s and b;s, we determine the mode weights A;s, B;s and C;s of
the deformed profile by minimizing the potential energy.

(a) Extension of St. Venant and Michell’s relationship

Axial compression, transverse bending, out-of-plane bending and torsional energies are
interrelated. We capture this interrelation by extending the St. Venant and Michell’s relationship to
spatial arches. It is helpful to first understand the relation as presented by St. Venant and Michell
for lateral torsional buckling [14] in planar arches. This relation, for an arch in the xy plane with
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curvature kpy,o deforming out-of-plane with displacement 1y, and rotation of cross section ¢y, the
effective change in curvature in xz plane Aky,; is given as follows:

d2up
Aprz =5 —

Dpkpxyo- (2.6)
Note that the subscript p indicates that these equations are only valid for the planar case.
Equation (2.6) implies that the effective change in curvature of projection of the deformed arch-
profile, in xz plane, is a combined effect of rotation of cross-section and deformation of the central
axis. The first term is the curvature due to the deformation of the arch in the xz plane. Since
the coordinates of the deformed central axis of the arch is up, the final curvature of the arch is
d?u,/dx?. However, the term d?u,,/dx? also includes the contribution from projection of curvature
of the central axis due to rotation of the cross section. For a positive rotation, ¢, this projection has
a positive and upward curvature with a magnitude of ¢y« 0, the second term in equation (2.6).
Thus, the effective change in curvature is the difference between these two terms. Intuitively, this
is equivalent to change in curvature of an arch with an initial curvature ¢pipyy0 with a deformed
profile uy,.

By denoting the curvatures of wp(x), and up(x) as xxy0, and kxzo, respectively, the extended St.
Venant and Michell’s relationship is given by

d?u
Akyz = @ — (kxz0 + ¢ny0) (2.7)
and
2
Akyy = 2 (nyO — PKxz0)- (2.8)

Equation (2.7) is the equivalent of equation (2.6) for spatial arches. The extra term ko is due to the
out-of-plane curvature of the spatial arch. Similarly, equation (2.8) is the change of curvature in the
xy plane. However, here the sign of the term ¢« is negative. This is because a positive rotation
of cross-section results in a projection of downward curvature in xy plane. Note that ¢ is assumed
to be small (i.e. sin(¢) ~ ¢) in equations (2.7) and (2.8). Furthermore, by taking «,,0 = d%ugy/dx?,
Kxy0 = d?w/dx?, and ignoring higher-order terms, equations (2.7) and (2.8) are simplified as:

d?u d?u dZug d2wy

Akyz = w2 (rexz0 + Prexyo) = 2 de ¢ a2 (2.9)
d2w d?w  d%wy d%ug

Ay = gz~ o —den) = 7 — Gz H O 210

(b) Total potential energy

For an arch with Young’s modulus E, and second moment of area for rectangular cross section
about z-axis and y-axis, I; and I, the strain energy due to bending is given by

EL (* EIL, (t
SEj, = TZJ (Atcyy)? dax + TyJ (Akyz)? dx. 2.11)
0 0

By substituting equations (2.9) and (2.10) into equation (2.11), the bending strain energy becomes

2 2
L /42 2 2 EL L {42 2 2
SEbz%‘[ (M_dwo+¢d uo) dx—|—JJ (du du0_¢d wO) dx. (2.12)

2 Jo\d2  dx2 dx? 2 Jo\d2  ax? dx?

We note in equation (2.12) that the u, w and ¢ contribute to bending strain energy. As the shallow
arch deforms, the axial force, f, leads to compression energy, SE., which is given by

SEc = 3 (Sinitial — ), (2.13)

where s is the length of the arch as it deforms and sjpjtja1, the as-fabricated arc-length of the arch.
Here, we assume that the axial displacement of the arch is uniform along the length of the arch.
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This assumption gives accurate results in planar arches [10] and in spatial arches as we show in
subsequent sections. Thus, for a linear elastic material, we write

f=Ebt (%) . (2.14)

By assuming the arch to be shallow, i.e. (dwg /dx)? « 1 and (dup/dx)? <« 1, arc-lengths can be
approximated as

L dw? du’\? L 1 /dw\?> 1 (du\?
o=l () o () o [ [ 3 () 43 (%) ] e

and
L 1 (dwy 2 du, 2
initial ~ 1+ — = . 2.1
Sinitial JO |: + > ( dx ) + > ( dx ) dx (2.16)
The rotation of the cross sections, ¢, results in torsional strain energy given by
G] L d ® 2
SE; = — — | dx, 2.17
T2 .[0 (dx) * @17

where G is the shear modulus and | is the polar moment of inertia. A point force, F, is applied at
the centre of the arch at a point eccentric to the xy plane by e. The displacements of the mid-point
along y-axis and z-axis, and the work potential due to these displacements are given by

8y =wp (%) —w (%) + e <%> (2.18)

WP = —F3,. (2.19)

and

The potential energy, PE, includes bending, compression, and torsional energies, and the work
potential. Thus the total potential energy can be expressed as

PE = SE,, + SEc + SE; + WP. (2.20)

The equilibrium equations are obtained by minimizing the potential energy with respect to the
unknown mode weights, A;s, Bjs and C;s as follows:

dPE

—0, 221
dA; 0 ( )
dPE

= 2.22
dB; 0 (2.22)
dPE

=0. 2.2

and ac, 0 (2.23)

Analytical solutions for equations (2.21)—(2.23) are obtained, as discussed later, for five unknown
mode weights. In the subsequent sections, we consider these analytical solutions for varying
boundary and loading conditions as well as as-fabricated profiles.

3. Spatial arches

In this section, we analyse spatial arches with pinned-pinned and fixed—-fixed boundary
conditions and understand the deformation pathways. An example problem is presented for
discussing the post-buckling analysis for each of the boundary conditions.
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(a) Hinged and fixed support

Consider an arch with pinned-pinned and fixed—fixed boundary conditions in the xy and xz
planes, respectively. As mentioned before, the buckling mode shapes of a column with similar
boundary conditions are taken as the basis functions to represent the arch-profile as follows:

. . X .
w;(x) = sin (znz> i=1,2,3,... 3.1)
1—cos<M]%> j=13,5...
uj(x) = x x sin(Mj(x/L)) (3.2)
1-27 —cos (M) T
i+ 1 i=1,3,5...
M= 0D J (3.3)
2.86m,4.92m,694n ... j=2,4,6...
1—cos(Mkf) k=1,3,5...
Pr(x) = 1% L IV zsin(Mk(x/L)) b0 46 (3.4)
— Z_COS( kf>+ 7Mk =4,%40...
k+1 k=1,3,5...
and M= | &7 (3.5)
2.867,4.927,6947 ... k=2,4,6...
Note that M; and My for j=k =2,4,6, ... satisfy tan(M;/2) = M;/2 [1].
We consider a class of spatial arches with as-fabricated shapes given by
wo(X) = hmid (@1w1(x) + a2wy(x) + azws(x)) (3.6)
and
1p(x) = hmigbr 11 (x). (3.7)

The mode shapes used for describing the as-fabricated shapes would also be present in the basis
set of the deformed profile [15]. Thus, for initial profiles given by equations (3.6) and (3.7), the
first three mode shapes are used to approximate the deformations in the xy plane and one mode
shape to approximate the deformed profile in the xz plane as follows:

wW(x) = hmiq (A1w1(x) + Aswa (x) + Asws(x)), (3.8)
1u(x) = hpig Biui (x) (3.9)
and d(x) = Cr¢1(x). (3.10)

Note that with this choice of basis functions, we have six unknowns, for which analytical
solutions are obtained. The applied load is resisted by the stiffness of the arch, which results
in the arch having an undulating curvature in the loading plane. Hence, we assume a larger
number of mode shapes to express the deformed arch-profile in the loading plane compared to
the plane perpendicular to it, where, undulations are absent. Therefore, in this case, we use three
mode shapes to capture the in-plane deformation and one mode shape each for both out-of-plane
deformation as well as rotation.

To obtain the F-§, characteristics we solve for six unknowns namely, A1, Ay, A3, B1, C1
and F using five equilibrium equations obtained by minimizing the total potential energy with
respect to each of the unknown mode weights (i.e. equations (2.21)-(2.23)) and equation (2.18).
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By substituting, equations (3.6)—(3.10) in equation (2.20), the equilibrium equations can be
expressed as:

dPE_ . EbhZ . 33 (64C1 /b15 + may — wAy)
da, i 2413
ALEbEE (A1 + 4A0% + 9A5% + 4B1? — 012 — 4ap? — 9a3 — 4b1?)
+ e =0, (3.11)
dPE 2EbR2 P (Ay — a2)
dA, 3L3
AEblt .t (A1 + 4A7% + 9A5 + 4B1% — 01?2 — 4ay? — 9a3? — 4by?)
+ E =0, (3.12)
dPE Ebh2 . $373(3264C1 by /35 — 81mag + 817 A3) o
dA; — 2413 mid
9ASEDKE (A% + 4407 + 9A3 + 4B12 — m1? — 4ar? — 9a32 — 4b?)
n o =0, (3.13)
dPE  Eb’hZ . t7(64C1a1/5 — 3264C1a3/35 — 16w b; + 167 B1)
dB; 2413
ByEbhE . tn#(A1? + 4407 + 9A5% + 4B12 — m? — 4ay? — 9a32 — 4by?)
+ e =0 (3.14)
4 dPE  2CGJn? \oFes Ebbih2 , ,P73(816A3 — 112A1 + 112a1 — 816ag + 2457 C1by)
an _—
dc L 210L3
EPH> . t7® [64B 32648 64a1b1  3264asb; 5w Cqar?
2413 51[11 - 351{13 - aSl S 3;3 b T 20 Ce”
EV3h? tn® (2437Cras? 457 Cayas —0 315
2413 2 B 2 - (3.15)

The expressions for respective energy terms leading to equations (3.11)-(3.15) are given in
appendix A. To understand the nature of deformations, let us take the as-fabricated shape to
constitute only the fundamental buckling mode shape, i.e. only the first mode shape, in both
the planes of the arch. So, we substitute a1 =1, b; =0.5, hpijg =5mm, b=2mm, t=0.5mm,
L=100mm, and the remaining a;s and e are taken to be zero in equations (2.18) and (3.11)-
(3.15). E and v of the material are taken as 2.1 GPa and 0.3, respectively. We solve for F using
equations (3.11)-(3.15), for §, ranging from Omm to twice the height of the arch, i.e. 10 mm.
The force-displacement characteristics obtained after ignoring complex solutions are shown in
figure 4a.

In the figure 4a, points O and T refer to the first and second stable states of the arch,
respectively. Corresponding to each combination of paths between O and T, there are multiple
deformation pathways that the arch can take to switch between these stable states. Note that
on pathways OABCFHIT, OABDEFHIT and OABDGHIT arch switches symmetrically, i.e. with
Ap =0. And it switches asymmetrically along OACEGIT.

It is not straightforward to predict the preferred deformation pathway from F-§, curves
in figure 4a. We infer this by visualizing the potential energy landscape of the arch given in
figure 4c. Each curve in the landscape corresponds to the potential energy curve along §, for a
constant force. The extremum of the curve is the equilibrium position of the arch for the assumed
force value. Hence, when there are multiple pathways having the same force value for a given
displacement, there will be as many extrema for that displacement. Thus, by generating potential
energy curves for the force values in the F-§, curve, each deformation pathway can be compared
by observing the locations of extrema across these curves. The solid curves (cyan) passing through
point O in figure 4c correspond to force-displacement curve OABDGH. And the solid curves
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Figure 4. (a) Force—displacement characteristics, (b) asymmetric deformation pathway, (c) potential energy landscape for
OACEGIT pathway, (d) deformation pathway from ABAQUS and (e) time-lapse using high-speed photography (a hook that
pushed the arch can be seen in the figures) for a spatial bistable arch with pinned—pinned boundary conditions. (Online version
in colour.)

(red) passing through displacement at point T follows the force pathway TIHFCB. The dashed
curves (magenta) are for the force values along ACEGI and short green curve passing through E
corresponds to BDEFH pathway.

The points of extrema on the curves in figure 4c are annotated with a circular marker. It is
helpful to visualize the marker to be a ball on the hill or valley formed by the potential energy
curve. When the arch is in the stable equilibrium state at O, the force is zero; so, the ball is resting
on the black solid curve (labelled as the strain energy) at O. The ball rolls along the minima on
cyan curves from point O to point A. Since there are two pathways for the force value at point
A, the ball has the option to either continue rolling on extrema of solid curves or to jump to
the maxima on the dashed curve. In figure 4c, we observe that dashed potential energy curve
at A (enlarged view is shown in the inset) is positioned below the solid curve. Thus, the ball
rolls from the minimum on the solid curve to maxima on the dashed curve. It continues on the
dashed curve until I, where the asymmetric solution cease to exist. Note that the solution pathway
does not change at the points C, E and G since the potential energy of the respective intersecting
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Figure 5. (a) Force—displacement characteristics, (b) potential energy landscape, (c) time-lapses of switching and (d) switch-
back for symmetric deformation pathways of a pinned—pinned spatial bistable arch. (Online version in colour.)

pathways are larger than the asymmetric deformation pathway ACEGI at these points. Hence,
the pathway that arch takes is OACEGIT. That is to say that the arch deforms symmetrically (OA
and IT) near its stable states and asymmetrically (ACEGI) in between, as shown in figure 4b. The
predicted deformation pathway from the model is reproduced using finite-element analysis (FEA)
software ABAQUS [16], in figure 4d. See appendix B for a quantitative validation using FEA.
Furthermore, a 3D-printed prototype switching in asymmetrically along OACEGIT is depicted in
figure 4e using high-speed photography. The prototype is made using Verowhite, a material used
in an Objet260 Connex 3D-printer. The deformed configurations were captured using a high-
speed camera, Photron SA5, at the speed of 2000 frames per second.

Now, if we consider the switch-back deformation of the arch, similar arguments are valid as the
arch retraces the path while switching back and follows TIGECAO. However, this is not always
the case; bistable arches can switch and switch-back along two different pathways. Let us consider
a case where the asymmetric mode of switching is constrained, i.e. the arch cannot deform along
the pathway ACEGI anymore. Hence, the arch can only take the deformation pathways shown in
figure 5a. Let us observe the implications of this restriction in the potential energy landscape given
in figure 5b. The ball starts from point O on the solid cyan curve and continues to deform along
the curve OABDGH since the extrema on BCFHIT pathway is at a higher potential energy at B.
The pathway does not change at point D too since the potential energy corresponding to BDEFH
is at a larger value. At point H, it switches to the pathway BCFHIT and achieves the second
stable state along the curve HIT. While switching back, the arch retraces the switching curve till
point H since there is no other pathway the arch can assume until this point. At point H, since
the pathway HGDBAO is at a higher potential energy, the ball continues to roll along TIHFCB.
At point B, it returns to BAO and reaches the initial stress-free at point O. Again, note that the
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pathway does not change due to HFEDB at point F. Thus, the pathway for switching and switch-
back are OABDGHIT and TIHFCBAO, respectively. Time lapses of arch switching and switching-
back from the model and ABAQUS are given in figure 4c,d, respectively. The FEA simulation in
ABAQUS is carried out with a symmetric constraint with respect to a plane parallel to the yz
plane passing through the mid-span of the arch. A physical intuition for the lack of smoothness in
the force-displacement characteristics at point H while switching and at point B while switching
back is evident in these time lapses. At these points, the curvature of the arch snaps symmetrically
and flips its curvature—a sudden movement—resulting in sharp points on the F-§, curve. In the
next subsection, we consider spatial bistable arches with fixed—fixed boundary conditions. For the
sake of brevity, we restrict our discussion to the force-displacement characteristics and resulting
deformation pathways without examining their potential energy landscape.

(b) fixed—fixed support

For a spatial arch with fixed supports, deformations in both xy and xz planes have fixed—fixed
boundary conditions. Hence, similar to the case of pinned-pinned arch, u; and ¢y are taken as
equations (3.2) and (3.4), respectively, and w; as:

1—cos<MiE> i=1,3,5...
wi(x) = 1 2x L Mx 2sin(Mi(x/L)) 246 (3.16)
- E—cos( 1Z)+ 71\41‘ 1=2,4,6...
and
i+ 1 i=1,3,5...
M= O DT ' (3.17)
2.86m,4.927,6947 ... i=2,4,6...

We consider fixed arches with first harmonics in their as-fabricated shapes given by:

wo(x) = hmig (@1w1(x) + awa (x) + azws(x)), (3.18)

1o (x) = hmigbru1(x), (3.19)

w(x) = hmig (A1w1(x) + Aywa (x) + Azws(x)), (3.20)

u(x) = hmig Biua (x) (3.21)

and #(x) =C191(x) (3.22)

The equilibrium equations obtained by minimizing the potential energy equation (2.20) and
simplifying using equations (3.18)—(3.22) can be written as follows:

dPE _ o 2EbR2 BPmt(ay — Ay + Cib1)  2A1EbhY (tn? (B4 — by 2)n2
da, — ° 'mid 313 2 L
ALEbIE (w2 (272417 — 4407 + 872432 Ay?My?(cos(My) + 3)
L2 L 2L(cos(Mp) — 1)

AEbI: b (27121112 —4ay” + 805>  Mp®a’(cos(Mp) + 3)) —0 (3.23)

L2 L ~ 2L(cos(Mp) — 1)
dPE  EMp*bh}, P (A2 — o)
dA, 2413
AREb? . #(8 cos(My) + 3Mp? + Mp? cos(Mp) — 8) (27212 — 4ap? + 87%a32
412(cos(Mp) — 1) L
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AzEbh t(8cos(M2)+3M2 + My? cos(Mp) —

mid

8)

412(cos(Mp) — 1)
AzEbh (qt(8 cos(My) + 3Mp2% + My? cos(Mp) —

Ma2a2(cos(My) + 3)
2L(cos(Mp) — 1)

412 (cos(Mp) — 1)

8)

N AzEbh nial (8 cos(Mp) + 3M,? + My? cos(My) —
412(cos(M>) — 1)

AzEbh (8 cos(My) + 3Ma2 + M2 cos(Ms) —

mid

A2 My%(cos(My) + 3)
2L(cos(Mp) — 1)

412 (cos(Mp) — 1)
dPE  4EDIZ  P7*(8A3 — 8a3 + C1b1)

dAs 3L3

=0, (3.24)

(

8) (z 72442 —4A2 + 872452 )
(*
(*

8) [ 2B12x2 2b12n2>

B A2?My%(cos(My) + 3)

4A3Ebh? . tr? <2n2A12 — 44y + 872A5°
L2 L

2L(cos(Mp) — 1) )

_ 4ASEbIY gyt (272012 — day? + 8 %as?
L2 L

2b2 2
_shm =0,
L L

4A3Ebhmld 2B12r72
L2

dPE  2ED’hZ ytn*(B1 — by + Ciag — 2Cya3) N B1Ebh?

M>2a,2(cos(Mp) + 3)
2L(cos(Mp) — 1)

(3.25)

dB; 313

mia!™ (2B1*n?  2b)°x?
L L

y ByEbht . tr? (zn2A12 — 44y + 872457
L2 L

M22a22(cos(Mz) +3)

A2®M;?(cos(My) + 3)
~ 2L(cos(Mp) — 1)

B BlEbhfnidtn2 272412 — 4ay? + 872a32
12 L
and

2
dPE _ ., 2CiGx

2L(cos(Mp) — 1)

) =0 (3.26)

N Ebbih2 . #3m* (8A3 — 4A1 + 4a1 — 8a3 + 7C1by)

dc; L 6L3
EWH2

mid” (6C1M28a,% — 30C1 M20ay%n?)

96L3s1n(M2/2)2(M2 — 572M,? + 44)

+ a(256B1a1 78 — 512B1azn® — 256a1b178 + 512a3b1 78 + 448Cya,%78
— a(560C1Mp%a’m® + 112C1My*ar 2w + 24C1 M,

+ 6144C1a3%7®)

40, m* — 7680C1 My2as’n®)x

— a(1536C1My*az?m* — 2048C1a1a37® — 320B1Mo2a1 70 + 64B1 My ay )

+ a(640B1Mo2azm® — 128B1 My asn® + 320Mp%aby1n® — 64My*a by )

— a(640Mo2azby ® + 128Mp*azbyw* + 2560C1 My?aqaszn® — 512C1 My aasn®),  (3.27)

where
Eb3H2

mld

 96L3sin(My/2)2(My* — 572M>2 + 4rt)

sin(My/2)%.

The force-displacement curve for the numerical values of E=2.1GPa, v=0.3, a; =05, b =
0.5, hpig =5mm, b=2mm, t =0.2mm and L =100mm is shown in figure 6a. The arch, when
unconstrained, takes the deformation pathway OAT. This pathway corresponds to an asymmetric
solution given in figure 6b. However, it can be observed in figure 6a that OAT cuts the axis F=0
only twice, indicating snap through but bistability. Incidentally, this case is similar to a planar
fixed—fixed arch, where the asymmetric mode needs to be restricted for the arch to be bistable [9].
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Figure 6. (a) Force—displacement characteristics and (b and ¢) deformations pathways of a fixed—fixed spatial arch with
parameters: @; = 0.5, b; = 0.5, hyyig = 5 mm, b =2 mm, t = 0.2 mmand L = 100 mm. (d) The two stable states of the arch
in a 3D-printed prototype. (Online version in colour.)

Thus, by constraining the asymmetric mode of deformation in the arch, we facilitate the arch to
take the path OABCT. In this deformation pathway, the arch switches symmetrically as shown
in figure 6c and retraces the same curve during switching back. The constraining of asymmetric
mode is physically achieved by connecting two arches at the mid-span as shown in the 3D-printed
prototype in figure 6d.

4. Extensions using the spatial arch model

In this section, we illustrate that the spatial arch model described in the preceding section can be
easily extended to: (i) spatial arches with as-fabricated shapes other than the fundamental profile,
(i) lateral-torsional buckling in planar arches and (iii) arches with eccentric loading.

(a) As-fabricated profiles other than the fundamental shapes

The equilibrium equations derived for spatial arches in §3a consider the first three modes in the
as-fabricated shape. Let us consider a spatial arch with a1 =0.5, a3 =0.2, by =0.5, lipyjqg =5 mm,
b=2mm, t=05mm and L=100mm. Here, an additional third mode (43) is added to the
starting shape of the hinged spatial arch considered previously. The force-displacement curve
of the arch is shown in figure 7a. In comparison to figure 4a, we see that this arch can only
switch symmetrically. The straight line shown in figure 7a corresponds to asymmetric mode
of switching. However, the arch cannot deform in this mode of switching as the line cuts the
curve corresponding to symmetric deformation only once. Thus, reaching any of the stable states
becomes impossible once the arch starts deforming along this pathway. Furthermore, unlike the
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Figure 7. Force—displacement characteristics and deformation times-lapses of spatial arch with as-fabricated starting shapes
with (aand b) a3 = 0.2 (a,b) and (c and d) a; = 0.1(¢,d). (Online version in colour.)

previous examples, in this case, the asymmetric pathway is not reducing the force required for
deforming. The arch-profiles in various stages of deformation between the stable states in the
symmetric switching are depicted in figure 7b.

Arch-profiles with mode shapes other than the first three mode shapes can also be analysed
using the model. However, we need to ensure that the all the mode shapes used for constructing
the as-fabricated shape should be used in approximating the deformed profile as well. We
noted in the three examples presented earlier that the arch can either switch symmetrically
or asymmetrically. To capture these two pathways of switching, A1 and A, are essential
in approximating the deformed profile. We have to use the mode weights B; and C; for
approximating u(x) and ¢(x). Since we can solve for five unknown mode weights, an additional
mode weight can be added to w(x), e.g. A;. This enables us to use an additional a4; in the
as-fabricated shape along with a1 and 4y, and represent it as wg(x) = hiq(a1w1(x) + apwa(x) +
a;jwi(x)). For example, the F-§, relations of a spatial arch with a; =0.5, a7 =0.1, by =0.5, g =
5mm, b =2mm, t =0.5mm and L = 100 mm is given in figure 7c. The deformation pathway taken
by the arch is OABT and the arch deforms as given in figure 7d.

(b) Lateral torsional buckling in planar arches

A planar arch is a special case of spatial arch with its curvature limited to a single plane. For
instance, by taking all the b;s to be zero, the as-fabricated shape reduces to the xy plane. When
the out-of-plane bending stiffness of the planar arch is comparable to the in-plane bending
stiffness of the arch, the arch may deform out-of-plane and undergo lateral-torsional buckling.
The compression energy formed in a planar arch when it deforms out of the plane is smaller than
its in-plane deformation. This causes a reduction of the minimum force required to switch the
bistable arch. We consider such an example next.
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Figure 8. (a) Force—displacement characteristics and time-lapse of deformation of a planar arch witha; = 1,6, = 0, hypig =
5mm, b =10.9mm, t = 0.5 mm and L = 100 mm, which shows bistability in the presence of a spatial deformation pathway.
(d) Force—displacement characteristics and time-lapse of deformation of a planar arch with ¢; =1, by = 0, hypig = 5mm,
b=0.6mm,t=0.5mmand. = 100 mm, whichis not bistable due to the presence of a spatial deformation pathway. (Online
version in colour.)

The force-displacement characteristics for a planar arch with a1 =1, hpjg = 5mm, b =0.9 mm,
t=0.5mm, L =100mm, and with fixed-fixed boundary conditions are given in figure 8a. The
path OAT represents the in-plane asymmetric switching that needs to be restricted so that the
arch can attain the other stable state. When an arch is constrained to not take the asymmetric
deformation pathway, it is expected to follow in-plane switching shown in figure 82 and indicated
by the pathway OCDT. However, due to the presence of the lateral-torsional deformation, i.e.
spatial deformation pathway (figure 8¢), the arch prefers the force—displacement profile given by
OBET. Thus, the arch switches with reduced switching force as indicated in figure 8a. The in-
plane deformation corresponding to OBET is shown in figure 8b. Note that ignoring the spatial
deformation in this problem leads to about 30% error in the prediction of actual critical force.

A contrasting case arises when the switching force reduces in such a way that it affects
bistability of the arch. Figure 84 shows a force-displacement curve where the out-of-plane
deformation path, AE, makes the arch not bistable. Note that if this arch with a1 =0.5, b; =0,
hmig =5mm, b=0.6mm, {=05mm and L=100mm were to be analysed as a planar arch, it
would have shown bistability with force-displacement pathway OCDT. These observations are
applicable to planar arches with pinned—pinned boundary conditions as well.

(c) Eccentrically loaded

When the arch is loaded eccentric to the xy plane at a distance e, it experiences a force as well
as a moment. The moment causes the cross sections to rotate more compared to the case of the
arch with only a point load. In the case of planar arch, the moment favours the lateral-torsional
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Figure 9. Comparison of force—displacement characteristics with (dashed curve) and without (solid curve) eccentric loading
for spatial and planar pinned arches. (a) The planar arch parameters are Ay = 5 mm, b = 0.4 mm,t = 0.5 mm, L =100 mm,
E=21GPa, v =0.3, and e = 10 mm. (b) The spatial arch parameters are ¢; =1, b; = 0.5, hyig = 5mm, b =2mm, t =
0.5mm, L =100 mm, £ = 2.1GPa, v = 0.3, and e = 10 mm. (Online version in colour.)
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Figure 10. (a) Spatial and planar arches with same volume and pinned—pinned boundary conditions and (b) comparison of
their force—displacement characteristics. (Online version in colour.)

mode of deformation. Figure 9a shows a comparison of planar pinned sine-curved arch with
and without eccentric loading. The dashed curve corresponds to the case with eccentric loading
with e =10mm for an arch with hy;q =5mm, b =0.4mm, t =0.5mm, L =100 mm, E =2.1GPa,
and v = 0.3. We observe that eccentric loading reduces the switching and switch-back forces. The
F-8, characteristic plot shown in figure 9b is of a spatial arch with ay =1, by =0.5, Jiig =5mm,
b=2mm, t =0.5mm, L =100mm, E=2.1GPa, v=0.3 and e = 10 mm. Here, the switching force
increases due to the additional torsional energy in the cross sections due to the moment arising
from eccentricity. This effect is not seen in figure 9a because of the smaller width considered there.
It can be observed that the third point, where the force is zero, is not the same for both the loading
cases in figure 9b. This is because of the rotation of cross sections of the arch. Due to the rotation,
points attached eccentric to the arch move vertically. In this case, the spatial arch in its second
stable has a positive rotation causing the point of application of load to go up. Hence, the dashed
force-displacement curve shows a smaller travel of the mid-point of the arch between the two
stable states.
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5. Anote

The result from the optimization problem that lead us to study spatial deformation pathways
suggested that, for a given volume, a spatial distribution of material reduces the switching forces
than the optimal in-plane solutions. Figure 10 shows a comparison between the pinned spatial
arch considered in §3c to a planar pinned-pinned arch of the same volume. The reduction in
forces can be accounted to reduced axial compression in the spatial arch and the reduced travel
is due to the residue torsional energy in the spatial arch. The result from the model validate that
the spatial deformation pathways reduce the switching forces in a bistable arch. This is relevant
in two scenarios: while designing arches of reduced switching forces and while designing planar
arches that should not deform out of plane.

6. Summary

In this paper, we discussed the analysis of doubly curved spatial arches that are bistable. The
highlights of the paper are as follows:

— An analytical model that captures the coupling between in-plane and out-of-plane
bending, and the torsion with an extension of St. Venant and Michell relationship that
was given for arches with spatial deformation pathways.

— Analysis on spatial arches with varying as-fabricated shapes and boundary conditions
for mid-point and eccentric loading.

— Analysis on spatial deformation pathways in planar arches, which is a special case of
initial profile of spatial arches.

— Illustrative examples observing that the spatial deformation pathways reduce the
switching forces bistable arches. In particular, it was shown that this reduction in
switching forces in planar arches can also sometimes cause the arch to lose its bistability.

The desirable features of bistable structures such as two force-free stable states, negative
structural stiffness, change in shape in the two stable states, snap-through action, and nonlinear
force-displacement characteristic, find a wide range of applications. A few examples include
switch-based applications such as micro-switches [17] and micro-relays [18], biomedical devices
like easy-chairs for elderly [19] and deployable meta-implants [20], energy harvesters [21]
and morphing structures [22,23]. Furthermore, spatial bistable arches will enrich the list of
applications wherein the force needed to switch between the stable states ought to be minimal.
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Appendix A

The bending strain energy, axial compression energy, torsional energy and work potential
are obtained by substituting equations (3.6)—(3.10) in equations (2.11), (2.13), (2.17) and (2.19),
respectively.

2 2
EL, (t (42 42 d? EI, (L (42 d? d2
5Eb=—ZJ ﬂ_ﬂ+¢ﬂ dx+JJ ”O_J_¢ Yo ) 4
2 Jo \ da? dx? dx? 2 Jo\ dx2  da2 dx?

_ Ebh%nidte’ 3 JTA12 B 64A1C1bq
2413 2 5

817 A3’
— 17 Aray + 87 Ay — 167 Aty + 7t2 2 >
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31,2
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Eb3K? 2437Ci%a3>  64Ciaby | 3264C1azb
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s Jo [ +2(dx> +2<dx> }dx
By 212 W2 w2(A1% + 4A2% +9A32
L+ erd” 1 i A1 T ) (A2)
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1
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- 3203 (Ad)
dx
C12G]n
== (A5)
Sy=w 1 w 1 ep E
v=50\ 2 2 2
=—2C1e — hpmig(A1 — A3) + hmig(a1 — a3) (A6)
WP = —Fs,
= —F(=2C1e — hmiq(A1 — A3) + hmia(a1 — a3)) (A7)

Appendix B

The force-displacement characteristics obtained from the analytical modelling show good
agreement with FEA. A comparison of illustrative examples discussed in this work with FEA is
given in figure 11. The solid curves represent results from analytical model and dashed curves
are obtained from FEA done in ABAQUS. In ABAQUS, continuum tetrahedral elements are
used with quasi-static dynamic-implicit analysis for all four cases. In figure 114, asymmetric and
symmetric deformation pathways of a spatial arch with hinged and fixed support discussed in
§3a (figure 4) are compared. In obtaining the analytical solution, five mode shapes are used. The
asymmetric and asymmetric deformations, wherein the magnitude of force ranges from 0.04 N to
—0.03N, have mean errors of 0.0012N and 0.0015 N, respectively. The analytical approach solves
this problem withing a CPU time of 187s compared to 14151s of FEA and thus, it is 70 times
faster than FEA. However, this speed varies from problem to problem. Nonetheless, analytical
method always solve the problem much faster than FEA.
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Figure 11. Comparison of force—displacement characteristics obtained from analytical modelling with FEA in ABAQUS for (a)
pinned—pinned spatial, (b) fixed—fixed spatial arch, (c) fixed—fixed planar arch with spatial deformation and (d) pinned—pinned
arch with an eccentric load. (Online version in colour.)
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Figure 12. Comparison of force—displacement characteristics obtained from analytical modelling with FEA in Abaqus for
varying number of mode shapes. (Online version in colour.)

Note that the error from the numerical solution is larger at the points where the arch switches
from one deformation pathway to the other. By using a larger number of mode shapes for
approximating the deformed profiles, this error can be minimized as shown in figure 12. With
five mode shapes, the force—curve shows closer agreement compared to the one with four mode
shapes.

The cases of fixed-fixed spatial arch (figure 6), fixed—fixed planar arch with spatial
deformations (figure 8), and pinned—pinned spatial arch with eccentric loading (figure 94) are
shown in figure 11b—d, respectively. The geometric and material parameters considered are the
same as the ones in their respective examples considered in §§3 and 4.
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