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Abstract. A mechanistic model including the role of platelets is proposed for clot formation and growth in

plasma in vitro. Initiation of clot formation is by the addition of tissue factor, and initiation via the intrinsic

pathway is neglected. Activation of zymogens follows the extrinsic pathway cascade and reactions on platelet

membranes are included. Platelet activation occurs due to thrombin and also due to other activated platelets.

Inhibition of the active clotting factors is by ATIII and TFPI, whereas inhibition due to APC is not relevant in

the conditions modeled. The model predictions matched existing data for thrombin production in synthetic

plasma. The model predicts that inhibition of platelet-driven activation of platelets has a major effect on

concentration of activated platelets in PRP, normal plasma and PPP. Inhibition of platelet activation by (other

activated) platelets significantly delays thrombin production in PRP and normal plasma as compared to that by

thrombin. Further, sensitivity analysis shows that the model is most sensitive to the activation of platelet

membrane-bound factor X by the intrinsic tenase complex.
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1. Introduction

Blood coagulation is vital for maintaining the integrity of

the human circulation system. As an immediate response to

blood vessel injury, vessel constriction and platelet plug

formation occur leading to clot formation through coagu-

lation. This provides longevity to the sealing of the injury

thus, allowing it to heal.

The application of computational modeling to understand

the individual reaction mechanisms, pathways and regula-

tion of various sections of the coagulation cascade can

contribute to development of safe and effective hemostatic

agents and antithrombotic drugs [1, 2]. Mann [3] advocates

the use of models to test hypothesis prior to experimental

verification, and experimental verification itself precedes

human trials. Several clot-based assays like prothrombin

time (PT), activated partial thromboplastin time (aPTT),

etc. used for coagulation testing [4] help identify bleeding

abnormalities and monitor anticoagulant therapy [5].

Mechanistic models can aid such assays in determining the

progress of coagulation in case of any clotting anomalies.

Also, in addition to basic monitoring, such models can

predict the sensitivity of specific mechanisms to various

anticoagulant and antithrombotic drugs [6].

An appropriate model depicting the coagulation cascade

would include all aspects of the coagulationpathway including

platelet activation and binding apart from the reaction kinetics.

The role of platelets in coagulation is a key aspect which is not

well understood in the current literature. Activated platelets

play a significant role in thrombin production during coagu-

lation [7]. Understanding the binding of pro-coagulant com-

plexes to platelet surfaces and their activation under

physiological conditions is necessary [8]. The coagulation

model of Kuharsky and Fogelson [8] is one of the few to

include platelets, but they have not studied the effect of higher

than normal platelet concentration or of inhibition of platelet

activation. Further, the rate constants used were those avail-

able at that time, and need to be updated with latest bio-

chemical data, and this holds true for the rate constants in

Fogelson et al [9] aswell. There is a need, therefore, to develop

a model that incorporates the role of platelets in the extrinsic

pathway of blood coagulation in a form that can supplement an

experimental assay. In this work, we have done this by

including a separate (pseudo-homogeneous) variable for pla-

telet concentration, and allowing for binding of coagulation

factors (VIIIa, VIII, IXa, IX, Va, V, Xa, X, IIa, II) to activated

platelets. Further, we allow for simultaneously different con-

centrations of procoagulant complexes by incorporating the

binding-site density information from the model in Kuharsky

and Fogelson [8]. The proposed model highlights the role of

platelets and platelet-binding in blood coagulation in vitro.*For correspondence
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We formulate the problem in the following section and

briefly survey the literature on models for clotting under

static conditions. We then, highlight the salient features of

our model along with the criteria considered for governing

in vitro clot formation and progress in section 3; the details

pertaining to the kinetic mechanisms involved in the model

equations are given in Appendix 1. Section 4 presents the

validation of the model with experimental data. This is

followed by the model predictions for thrombin production

in platelet-rich, normal and platelet-poor plasma, along

with predictions for activated platelet concentration when

platelet activation is inhibited by thrombin and by (other

activated) platelets. Making such predictions is completely

in tune with the approach of model-based hypothesis test-

ing advocated by Mann [3]. Section 5 deals with a sensi-

tivity analysis of the model. Finally, we summarize and

discuss the results in section 6, and this includes a sub-

section on the limitations of and extensions to the model.

2. Problem formulation

We evaluate the role of platelet concentration and inhibi-

tion of platelet activation by simulating clot formation

in vitro in a well-mixed, quiescent pool of plasma. Our

model includes equations from the models of Hockin et al

[10], Kuharsky and Fogelson [8] and Anand et al [11]. Our

view of the extrinsic pathway of coagulation—as it occurs

in vivo, and which we incorporate in the model equations—

is based on the summary in Furie and Furie [12], and we

give this below.

Damage of vascular tissue in the human body exposes

blood to sub-endothelial collagen and microfibrils along

with the tissue factor encrypted on the vessel walls; plate-

lets adhere to the sub-endothelial collagen and microfibrils.

Platelet activation follows, thus, enhancing platelet aggre-

gation and leading to the formation of a platelet plug. This

platelet plug initiates the closure of the wound, and is

accompanied by formation of a longer-lasting blood clot.

Formation of the blood clot primarily involves the con-

version of the soluble plasma protein fibrinogen into

insoluble fibrin by the action of thrombin. Thrombin is

formed by the conversion of prothrombin as the end-result

of the cascading activation of a series of plasma serine

proteases (coagulation factors) that exist in a proenzyme

form. Active factor VII formed in the extrinsic pathway by

the action of tissue factor can bypass the early stages in

intrinsic pathway by directly activating factor X. Also,

thrombin exerts positive feedback effects by activating

factors V, VIII and XI: Factors V and VIII act as co-factors

in the formation of thrombin and factor Xa, respectively.

Both intrinsic and extrinsic pathways play complementary

roles in in vivo hemostasis [13]. However, Furie and Furie

[12] clearly state that the intrinsic pathway is not involved

in in vivo coagulation.

Platelets play an essential role in the coagulation cas-

cade. Activated platelets provide sites for the assembly of

pro-coagulant complexes in the form of anionic phospho-

lipids [14], and hence, localize thrombin production. Also,

platelets regulate coagulation by protecting the bound

enzymes from inactivation/inhibition [7]. Apart from the

anionic membrane sites, activated platelets also supply

coagulation factors like factors V and XI [15, 16].

Prothrombin activation on activated platelets enhances

procoagulant activity [17].

Various naturally occurring anticoagulants balance the

natural tendency for blood to clot in vivo. The most signifi-

cant of these is antithrombin III (ATIII) which inhibits the

activity of factors VIIa, IXa, Xa, XIa, XIIa in addition to

thrombin (IIa). Yet another stoichiometric inhibitor of blood

coagulation is tissue factor pathway inhibitor (TFPI). TFPI

specifically acts on factor Xa and the TF-VIIa complex. van’t

Veer and Mann [18] have shown that presence of ATIII and

TFPI controls thrombin production with respect to a thresh-

old concentration of initiating factor TF-VIIa. Panteleev et al

[19] developed an integratedmodel highlighting the common

mechanism of inhibition of extrinsic tenase activity by Xa-

TFPI complex. Activated protein C (APC) inactivates factors

Va and VIIIa present in their respective complexes, pro-

thrombinase and tenase [20]. We are only considering clot-

ting in vitro; since thrombin needs to bind to its cofactor

(thrombomodulin) on the endothelial surface for activation

of PC [21], we ignore these reactions in our model.

In summary, the extrinsic coagulation pathway consists

of complex interactions between the endothelium, sub-en-

dothelium, platelets, coagulation factors and inhibitors. An

overview of the reactions involved in the extrinsic pathway

of coagulation in vitro that we have considered for our

model is given in figure 1.

2.1 Literature survey

Mathematical models of coagulation are classified as

homogeneous, pseudo-homogeneous, or heterogeneous

based on their treatment of platelets [22]. While in homo-

geneous models, concentrations are defined with respect to

volume of a single phase (plasma), in heterogeneous

models, species concentrations and kinetics are defined in

multiple phases, i.e., in plasma (liquid-phase) and on pla-

telets (surface-phase). Pseudo-homogeneous models ignore

the fluid-particle nature of blood, and treat the heteroge-

neous system as homogeneous by defining platelet con-

centration based on plasma (or blood) volume. The models

in Anand et al [11], Chatterjee et al [23] and Kuharsky and

Fogelson [8] are examples of homogeneous, pseudo-ho-

mogeneous, and heterogeneous models, respectively.

Jones and Mann [24] have developed a homogeneous

mathematical model for the extrinsic pathway leading to

the generation of thrombin. They used a combination of

empirical, estimated, and deduced rate constants for the
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activation reactions for factors IX, X, V and VIII, formation

of thrombin, as well as the reactions for the assembly of the

coagulation enzyme complexes (factors VIIIa–IXa: intrin-

sic tenase and factor Va–Xa: prothrombinase) on phos-

pholipid membrane. Their model system provides a

reasonable approximation of empirical data. The model

developed by Jones and Mann [24] was extended further by

Hockin et al [10] to understand the stoichiometric inter-

action of the vitamin K-dependent pro-coagulant com-

plexes and anticoagulants involved in hemostasis. The

extended (homogeneous) mathematical model consists of

34 differential equations with 42 rate constants. The model

incorporates the stoichiometric inhibitors TFPI and ATIII

and, hence, better approximates the reaction pathway of

thrombin formation/inhibition observed empirically. How-

ever, this model does not provide for regulation of pro-

thrombinase via the decay of factor Va. The different

models describing the dynamic progression of the coagu-

lation cascade, and developed by Mann and co-workers,

have been reviewed by Mann et al [25].

Kuharsky and Fogelson [8] have developed a heteroge-

neous model for coagulation of blood in the presence of

flow, which takes into account both plasma-phase and

surface-bound enzymes and zymogens, coagulation inhi-

bitors, and activated and unactivated platelets. A key

finding of this model is that the activity of the TF–VIIa

complex is blocked by platelets covering the sub-endothe-

lium. Platelet adhesion and aggregation following vessel

injury is a non-local process. While continuum model

approaches for thrombus formation [26] are available;

however, since platelets are described as suspended in

blood, a discretized simulation of thrombus formation and

growth, on a platelet-by-platelet basis has also been per-

formed [27].

Anand et al [11] presented a homogeneous model con-

sisting of a set of 23 reaction-diffusion equations and a set

of criteria, to simulate thrombus formation, growth, and

thrombolysis in a quiescent pool of plasma exposed to a

thrombogenic surface. A novel feature of this model was

that it included equations for fibrinolysis (clot lysis). The

model however, does not contain separate equations for

platelet activation and aggregation, and instead assumes

that activated platelets are available in sufficient numbers to

sustain coagulation. An inclusion of platelets as a separate

entity, along with reactions for binding to platelets, as well

as separate equations for factors VII and VIIa (plasma and

TF-bound) are the features which make the present model

distinct from [11].

Clot growth—both in vivo and in vitro—has spatiotem-

poral characteristics; these have been studied earlier by

analysing thrombin production and fibrin polymerization

experimentally [28], and backed up theoretically [29]. In

the most recent studies on clots, Moiseyev et al [30] have

described the polymerization processes taking place in the

common pathway stage of the coagulation cascade through

a theoretical model. Their model can quantitatively predict

the effects of key variables, e.g., thrombin concentration,

plasmin concentration and shear rate on the mechanical

properties of the fibrin clot. One of the drawbacks of this

model is that it presumes that platelets have already been

activated.

The role of blood-borne tissue factor remains an area of

intense investigation. It has been shown that in the presence

of persistent flow, a momentary expression of TF at specific

Figure 1. Overview of the extrinsic-pathway reactions used to develop the model.
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sites can still sustain a pro-coagulant response independent

of the initial TF stimulus. This is believed to be due to the

onset of propagation phase wherein the thrombin activating

potential is retained for sufficient time [31]. Experiments

using factor V-, VII- and VIII-deficient plasma and com-

puter simulations demonstrated that different responses to

varied TF distributions are caused by two positive feedback

loops in the blood coagulation network: activation of the

TF-VII complex by factor Xa, and activation of factor V by

thrombin [32]. This finding suggests a supply sensitivity to

local TF density during blood coagulation making it nec-

essary for TF to be modeled using a separate equation in a

mathematical model.

3. Model

The salient features of the model are:

• A set of 34 reaction equations that governs the

generation and depletion of tissue factor (TF), platelets

(PL/AP), plasma-phase (IXa/IX,Xa/X,IIa/II,VIIIa/

VIII,Va/V,VII/VIIa) and membrane-bound enzymes

and zymogens (IXam=IXm, Xam=Xm, IIam=IIm,
VIIIam=VIIIm;Vam=Vm), surface bound enzyme com-

plexes (VIIIam : IXam;Vam : Xam, TF:VII and

TF:VIIa), inhibitors (ATIII, TFPI and Xa:TFPI) and

fibrin/fibrinogen (Ia/I).

• Platelets are modeled as a soluble phase (not as a

discrete particle phase) and variable concentrations of

binding sites are incorporated. This makes the pro-

posed model pseudo-homogeneous as mechanistic

models go. A 0.01% initial level of activation is

assumed for platelets.

• Initial concentrations of the reactants are those in

human plasma. A 0.01% initial level of activation is

assumed for enzymes in plasma. Initial concentrations

of membrane bound zymogens/enzymes are set to zero.

Clotting is considered to occur in a test tube containing a

well-mixed pool of platelet-rich plasma into which TF is

added. In a simple compartmental system, the well-mixed

assumption implies that while volume and concentration of a

solute may vary with time, the solution in the system remains

homogeneously mixed [33]. In our case, this simply means

that we have a spatially uniform concentration of clotting

factors in the test tube.We can therefore assume that reaction

rates far exceed diffusion rates, and hence, neglect diffusion

of zymogens and enzymes. Since we consider quiescent

conditions, transport due to flow is neglected.

Platelet activation in the pool of plasma is assumed to be

due to both thrombin as well as other activated platelets.

Activation of zymogens and enzymatic reactions on platelet

membranes proceed via the extrinsic pathway. Inhibition of

the active clotting factors is by TFPI and ATIII. The

intrinsic pathway is known to be activated upon contact of

blood with any negatively-charged artificial surface. We

neglect the intrinsic pathway by assuming that it is sup-

pressed by addition of corn-trypsin inhibitor [34].

The schemes of the various reactions involved in the

process of platelet and zymogen activation, inhibition and

clot lysis have been outlined in table 1(a–c). Reaction

mechanisms have been obtained from the models developed

by Kuharsky and Fogelson [8], Hockin et al [10] and Anand

et al [11]. Table 1(a) outlines the reactions and rate constants

involving platelet activation and aggregation and these are

taken from Kuharsky and Fogelson [8]. Table 1(b) gives the

scheme of reactions and their respective rate constants in

plasma, whereas table 1(c) details the reactions on platelet

membranes. The reactions listed in table 1(a and c) are

additions to the reactions in Anand et al [11].

The kinetic constants for each reaction are taken from the

corresponding sources, unless otherwise mentioned: the

constants for plasma-phase reactions are taken from Hockin

et al [10] andAnand et al [11] (or from the original references

mentioned therein) and the constants for platelet-activation

and for binding to platelet membrane are taken from

Kuharsky and Fogelson [8]. All the rate constants used are for

human plasma at physiological conditions (37�C, pH = 7.2–

7.4, [Ca2þ] = 2.1–2.8 mM) and they are numbered.

The initial concentrations of the zymogens, inhibitors

and platelets (table 2) have been obtained from literature.

They have been used previously in Hockin et al [10] and

Anand et al [11].

Thirty four equations governing the generation/depletion

of the various constituents are all of the form:

d½Yi�

dt
¼ Gi; i ¼ 1; 2; . . .; 34:

The notation ½Yi� represents the concentration of the con-

stituent Yi. The time derivative of ½Yi� is denoted by
d½Yi�

dt
;

Gi represents the net rate of production of Yi as a result of

enzymatic reactions (equal to the rate of production minus

the rate of depletion).

The equations governing the generation and depletion of

34 species (including platelets) during blood coagulation

are discussed in detail in Appendix 1. A sample equation is

discussed below.

GVam ¼ kþ5 ½AP5�½Va� þ
k5½IIa

m�½Vm�

K5M þ ½Vm�
þ
k5t½Xa

m�½Vm�

K5tM þ ½Vm�
;

þ k�PRO½Va
m
: Xam� � kþPRO½Va

m�½Xam�;� k�5 ½Va
m�:

The above expression gives the net rate of generation of

membrane-bound clotting factor Va (i.e., Vam). The first

and last terms in this expression represent the binding to,

and dissociation from, platelets of plasma-phase Va. The

second and third terms represent the activation of mem-

brane-bound zymogen (Vm) by membrane-bound factors

IIam and Xam, respectively. The fourth and fifth terms
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Table 1. Reactions and kinetic constants.

Reaction (Number) Kinetic constant Description Reference

(a) For reactions involving platelets

PLþ AP�!
kpp

2AP (54) kpp ¼ 0:3 nM�1s�1 Platelet-activation of

platelet

[8]

PLþ IIa�!
kp2

AP (55) kp2 ¼ 0:37 s�1 Platelet activation by IIa [8]

(b) For enzymatic reactions in plasma

TFþ VII �

kþ
T7

k�
T7

TF : VII
(1) kþT7 ¼ 3:2� 10�03 nM�1s�1 Binding of TF and VII [10]

(2) k�T7 ¼ 3:1� 10�03s�1 Dissociation of TF : VII [10]

TFþ VIIa �

kþ
T7a

k�
T7a

TF : VIIa
(3) kþT7a ¼ 0:023 nM�1s�1 Binding of TF and VIIa [10]

(4) k�T7a ¼ 3:1� 10�03 s�1 Dissociation of TF : VIIa [10]

TF : VIIaþ VII�!
kTF7

TF : VIIaþ VIIa (5) kTF7 ¼ 4:4� 10�04 nM�1s�1 Auto-activation of VII [10]

VIIþ Xa�!
k10;7

VIIaþ Xa
(6) k10;7 ¼ 0:013 nM�1s�1 Xa-activation of VII [10]

VIIþ IIa�!
k2;7

VIIaþ IIa
(7) k2;7 ¼ 2:3� 10�05 nM�1s�1 IIa-activation of VII [10]

TF : VIIaþ ATIII�!
hAT
7

TF : VIIai þ ATIII
(25) hAT7 ¼ 4:5� 10�07 nM�1s�1 ATIII inactivation of TF

: VIIa

[35]

TF : VIIaþ Xa : TFPI�!
hTP
7

TF : VIIai þ Xa : TFPI
(21) hTP7 ¼ 0:05 nM�1s�1 Xa : TFPI inactivation of

TF : VIIa

[10]

TF : VIIaþ IX �!
k9 ;K9M

TF : VIIaþ IXa (10) k9 ¼ 0:26 s�1 TF : VIIa activation of

IX

[36]

(11) K9M ¼ 243:0 nM TF : VIIa activation of

IX

[36]

IXaþ ATIII�!
h9

IXiþ ATIII (23) h9 ¼ 2:223� 10�04 nM�1s�1 ATIII inactivation of IXa [37]

TF : VIIaþ X �!
k7;10;K7;10M (8) k7;10 ¼ 1:15 s�1 TF : VIIa activation of X [36]

TF : VIIaþ Xa (9) K7;10M ¼ 450:0 nM TF : VIIa activation of X [36]

Xaþ ATIII�!
h10

Xiþ ATIII (22) hAT10 ¼ 3:05� 10�06 nM�1s�1 ATIII inactivation of Xa [37]

Xaþ TFPI �

hTPþ
10

hTP�
10

(19) hTPþ10 ¼ 4:381 nM�1s�1 Binding of Xa with TFPI Estimated to fit

data in figure 2

Xa : TFPI (20)

hTP�10 ¼ 5:293� 10�08 nM�1s�1

Dissociation of Xa :

TFPI

Estimated to fit

data in figure 2

IIþ Xa�!
k2t

IIaþ Xa (12) k2t ¼ 7:5� 10�06 nM�1s�1 Xa-activation of II [10]

IIaþ ATIII�!
h2

IIiþ ATIII (24) h2 ¼ 1:79� 10�04 nM�1s�1 ATIII inactivation of IIa Estimated to fit

data in figure 2

VIIIþ IIa �!
k8;K8M

VIIIaþ IIa (13) k8 ¼ 0:9 s�1 IIa-activation of VIII [8]

(14) K8M ¼ 147:0 nM IIa-activation of VIII [8]

VIIIa�!
h8

VIIIi (36) h8 ¼ 0:0037 s�1 Spontaneous decay of

VIIIa

[11]

Vþ IIa �!
k5;K5M

Vaþ IIa (15) k5 ¼ 0:233 s�1 IIa-activation of V [8]

(16) K5M ¼ 71:7 nM IIa-activation of V [8]

Va�!
h5

Vi (39) h5 ¼ 0:0028 s�1 Spontaneous decay of Va [11]

Iþ IIa �!
kf ;KfM

Ia
(17) kf ¼ 59:0 s�1 IIa-activation of

fibrinogen

[11]

(18) KfM ¼ 3160:0 nM IIa-activation of

fibrinogen

[11]

(c) For enzymatic reactions on membrane surface

IX=IXaþ AP9 �

kþ
9

k�
9

(48) kþ9 ¼ 0:01 nM�1s�1 Platelet-binding of fIX/

IXa

[8]

IXm=IXam (49) k�9 ¼ 0:0257 s�1 Dissociation of fIX/IXa

from platelets

[8]
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indicate the formation and dissociation of the prothrombi-

nase (Xam : Vam) complex on the platelet membrane.

The following expression is used to calculate the concen-

tration of binding sites per activated platelet for each clotting

factor:

½AP�j ¼ Nj � ½AP�;

where Nj is number of binding sites per platelet for clotting

factor j (table3), and [AP] is concentrationof activatedplatelets.

4. Results

We study the effect of platelet concentration on peak

thrombin concentration and duration of quantitative

thrombin production. We also study the effect of inhibition

of platelet activation (by either thrombin or by other pla-

telets) on thrombin and platelet concentrations. This will

provide a better understanding of the significance of pla-

telet-membrane surfaces during clotting.

Table 1 continued

Reaction (Number) Kinetic constant Description Reference

IXam þ VIIIam (26) kþTEN ¼ 0:01 nM�1s�1 Binding of IXam and

VIIIam
[10]

�

kþ
TEN

k�
TEN

VIIIam : IXam
(27) k�TEN ¼ 5:0� 10�03 s�1 Dissociation of

IXam :VIIIam
[10]

X=Xaþ AP10 �

kþ
10

k�
10

(44) kþ10 ¼ 0:029 nM�1s�1 Platelet-binding of fX/Xa [38]

Xm=Xam (45) k�10 ¼ 3:3 s�1 Dissociation of fX/Xa

from platelets

[38]

Xm þ VIIIam : IXam (28) k10 ¼ 8:33 s�1 IXam :VIIIam activation

of Xm

[36]

�!
k10;K10M

Xam þ VIIIam : IXam
(29) K10M ¼ 63:0 nM IXam :VIIIam activation

of Xm

[36]

Xam þ Vam (30) kþPRO ¼ 0:4 nM�1s�1 Binding of Xam and Vam [10]

�

kþ
PRO

k�
PRO

Vam : Xam
(31) k�PRO ¼ 0:2 s�1 Dissociation of XamVam [10]

II=IIaþ AP2 �

kþ
2

k�2

(46) kþ2 ¼ 0:01 nM�1s�1 Platelet-binding of fII/IIa [8]

IIm=IIam (47) k�2 ¼ 5:9 s�1 Dissociation of fII/IIa

from platelets

[8]

IIm þ Xam : Vam (32) k2 ¼ 22:4 s�1 Xam : Vam activation of

IIm
[11]

�!
k2 ;K2M

IIam þ Xam : Vam
(33) K2M ¼ 1060:0 nM Xam : Vam activation of

IIm
[11]

VIII=VIIIaþ AP8 �

kþ
8

k�
8

(50) kþ8 ¼ 4:3� 10�03 nM�1s�1 Platelet-binding of fVIII/

VIIIa

[39]

VIIIm=VIIIam (51) k�8 ¼ 2:46� 10�03 s�1 Dissociation of fVIII/

VIIIa from platelets

[39]

VIIIm þ IIam �!
km
8
;Km

8M (40) km8 ¼ 0:9s�1 IIam-activation of VIIIm [8]

VIIIam þ IIam (41) Km
8M ¼ 200 nM IIam-activation of VIIIm [8]

VIIIm þ Xam �!
km
8t
;Km

8tM (34) km8t ¼ 0:023 s�1 Xam-activation of VIIIm [8]

VIIIam þ Xam (35) Km
8tM ¼ 20:0 nM Xam-activation of VIIIm [8]

V=Vaþ AP5 �

kþ
5

k�
5

(52) kþ5 ¼ 0:057 nM�1s�1 Platelet-binding of fV/Va [8]

Vm=Vam (53) k�5 ¼ 0:17 s�1 Dissociation of fV/Va

from platelets

[8]

Vm þ IIam �!
km
5
;Km

5M (42) km5 ¼ 0:23 s�1 IIam-activation of Vm [8]

Vam þ IIam (43) Km
5M ¼ 71:7 nM IIam-activation of Vm [8]

Vm þ IIam �!
km
5t
;Km

5tM (37) km5t ¼ 0:046 s�1 Xam-activation of Vm [8]

Vam þ Xam (38) Km
5tM ¼ 10:4 nM Xam-activation of Vm [8]
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4.1 Numerical scheme

The set of 34 ODEs and initial conditions are non-di-

mensionalised according to the following procedure:

t� ¼ t/T ; Y�
i ¼ Y i/Y iðt ¼ 0Þ, G�

i ¼ GiT /Y iðt ¼ 0Þ. They

are then solved using the ‘‘ode15s’’ algorithm (meant for

stiff ODEs) in MATLAB (version R2012a). The time-

marching is performed using a variable (non-dimensional)

time-step until relative tolerance of each variable at each

time step is 0.001 or absolute tolerance is 10�6. The

simulations are performed for 1800 s (i.e., 30 min), and

are reported on a uniform grid of spacing 1 s. Mesh

refinement was done by solving for time-steps of 5, 3 and

1 s. 0% error was observed in the solution with progres-

sive time-steps.

4.2 Model validation

We compare the model predictions with the data for in vitro

thrombin production obtained by Hockin et al [10]. Total

thrombin (in plasma as well as on platelet membranes) gen-

erated for [TF]=25pMishigh in the absence ofboth inhibitors

(ATIII and TFPI) (figure 2, blue line). However, it decreases

gradually in the presence of both inhibitors (figure 2, black

line), and with ATIII alone (figure 2, red line). Model pre-

dictions are thus consistent with experimental data that ATIII

is a stronger inhibitor of thrombin production than TFPI. We

note here that in a biological system like blood with hundreds

of biochemical processes, and not just the ones we have

selected, small seemingly insignificant differences in experi-

mental conditions produce large changes in the interaction

between proteins and in their manifestation in the formation of

a clot. It is therefore an impossible task to get point-to-point

match between data from in vitro coagulation with all aspects

of coagulation for any model of coagulation given the multi-

plicity of sources and the difficulty in keeping experimental

conditions exactly the same in each blood sample. The dis-

crepancy between predictions and data should be viewed in

this regard.
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Figure 2. Total thrombin production at [TF] = 25 pM with

respect to presence and absence of inhibitors (TFPI, ATIII).

Table 2. Initial concentrations of proteins and platelets.

Component Normal conc. (nM) Reference

TF Variable

VII 10.0 [10]

VIIm 0.0

VIIa 0.1 [10]

VIIam 0.0

IXam 0.0

IXm 0.0

IXa 0.009

IX 90.0 [11]

Xam 0.0

Xm 0.0

Xa 0.017

X 170.0 [11]

IIam 0.0

IIm 0.0

IIa 0.140

II 1400.0 [11]

PL 10.0 [40]

AP 0.001

VIIIam 0.0

VIIIm 0.0

VIIIa 0.00007

VIII 0.7 [11]

IXam : VIIIam 0.0

Vam 0.0

Vm 0.0

Va 0.002

V 20.0 [11]

Xam : Vam 0.0

I 7000.0 [11]

Ia 0.70

TFPI 2.5 [11]

Xa:TFPI 0.0

ATIII 3400.0 [11]

Table 3. Binding sites per platelet for individual clotting factors.

Clotting factor N Reference

X 2700 [8]

II 2000 [8]

IX 250 [41]

IXa 550 [41]

V 2700 [8]

VIII 750 [42]
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Further, the qualitative trend of thrombin production

predicted by the model matches the experimental data for

in vitro thrombin production from Butenas et al [43], where

different initial concentrations of procoagulant factors (II,

V, VIII, IX, X) and anticoagulants (ATIII, TFPI) are taken

together. An elevation in peak and duration of thrombin

production is observed with 150% (procoagulants) ? 50%

(anticoagulants), while a decrease is seen with 50% (pro-

coagulants) ? 150% (anticoagulants) (figure 3).

4.3 Model predictions

4.3a Effect of platelet concentration: In humans, the

normal platelet counts vary from 150;000=lL to

350;000=lL, with the mean count being 250,000=lL. Pla-
telet-rich plasma (PRP) is defined as having a platelet

concentration of 1;000;000=lL and above [44], while pla-

telet-poor plasma (PPP) is plasma with a platelet count

below 10;000=lL [45]. We take a concentration of 10 nM

to be the equivalent of normal platelet count in human

plasma (2:5� 105=lL) by a procedure explained in Anand

et al [40]. Consequently, we use a platelet concentration of

40 and 0.4 nM for PRP and PPP, respectively. The conse-

quence of varying initial platelet count (equivalently [RP]0)

on thrombin production is shown in figure 4. There is a

significant rise in the peak thrombin concentration, increase

in the duration of quantitative thrombin production, and

evident alteration in the profile, in PRP compared to normal

plasma. Conversely, the onset of peak thrombin production

is significantly delayed for PPP, and this is also along

expected lines.

The effect of inhibition of platelet-driven and thrombin-

driven platelet activation on platelet activation was studied

for platelet-rich plasma (PRP), normal plasma and platelet-

poor plasma (PPP): Figure 5(a), (b) and (c) respectively.

The model predicts that platelet activation by (other)

activated platelets is more significant in PRP, normal

plasma and PPP also (figure 5). Further, the total thrombin

produced when platelet activation by other platelets is

inhibited, shows a significant delay in onset of quantitative

production in PRP and normal plasma (figure 5d, e).

However, the same inhibition shows no significant effect in

PPP (results obtained but not shown).

These results suggest that platelet-driven activation of

platelets plays a major role in activation of platelets and

subsequently, in the onset of thrombin production. This may

be rationalized by noting that the term in Eq. (19) in

Appendix 1, governing platelet activation by thrombin

reduces to kp2[PL] for high concentrations of IIa. Thus, the

termgoverning platelet activation by platelets (kpp[PL][AP])

dominates since kpp and kp2 are of the same order.

5. Sensitivity analysis

Sensitivity analysis calculates the effect of variations of

parameters (rate constants) on the model predictions (reac-

tant concentrations) and determines the rate constant to

which the predictions are most/least sensitive. Each rate

constant in the model is varied in a predesignated manner,

and the resultant variation in each species’ concentration is

thus obtained. A short literature survey gives two procedures

of sensitivity analysis for coagulation models: the one in

Danforth et al [46], and the other in Luan et al [1]. While

Danforth et al [46] give a sampling-based method using an

ensemble standard deviation, Luan et al [1] provide a local

variance decomposition method using the derivative of the

output concentrationwith respect to the input parameters. For

the present model, the sampling-based method is preferred

since the range of perturbation used in it is the expected range
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Figure 3. Total thrombin production at [TF] = 5 pM with

different [PRO] ? [ANTI]. Model compared with experimental

data from Butenas et al [43].
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of variability of experimentally measured rate constants. In

addition, this procedure yields amore indicative statistic (see

appendix in Naidu and Anand [47]). We list the constants to

which the model prediction of all species’ concentrations are

most sensitive in the order of explained variance, Em
var (fig-

ure 6), which is calculated as follows:
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Figure 5. Activated-platelet production (a–c) and total thrombin production (d–e) with inhibition of platelet activation at [TF] = 5 pM,

in PRP, normal plasma and PPP.
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Em
var ¼

Pm
j¼1 Ckj
P55

j¼1 Ckj

:

We refer the readers to Naidu and Anand [47] for the

details regarding above terms and calculations regarding

explained variance. Decreasing order of explained variance

shows that the rate constant, k10 for the activation of pla-

telet membrane-bound factor X by intrinsic tenase is

responsible for the maximum changes in model predictions.

The model is least sensitive to variations in the rate con-

stant kTF7 for auto-activation of factor VII: see table 4.

6. Summary and discussion

We have developed a pseudo-homogeneous platelet-plasma

model for clot formation and growth in vitro in quiescent

plasma. Model parameters used are those for human

plasma. Model is validated by comparing results with

available experimental data for synthetic plasma. Effect of

inhibitors on thrombin production matched with what was

reported in experiments. The model is then used to evaluate

the effect of platelet count (in PPP, normal plasma and

PRP) on peak thrombin concentration as well as duration of

thrombin production. Inhibition of platelet-driven platelet-

activation is seen to produce the most significant decrease

in platelet activation, as well as the highest delays in peak

thrombin production. Finally, we performed a sensitivity

analysis of the model to understand the robustness of the

predictions to changes in each rate constant.

• The model predicts that ATIII is a more potent

inhibitor of thrombin production than TFPI alone.

This is consistent with our current understanding of

coagulation. Also, a qualitative as well as quantitative

match is obtained with experimental data for thrombin

production using varying ratios of procoagulant and

anticoagulant species.

• The model predicts that increase in platelet count will

lead to increase in both peak thrombin concentration as

well as duration of thrombin production.

• Inhibition of platelet-driven platelet activation has a

more pronounced effect, compared to inhibition of
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Figure 6. Decreasing order of cumulative explained variance (Em
var) versus model rate constant number.

Table 4. Sensitivity analysis.

(Number) Kinetic constant Reaction Sensitivity

(28) k10 ¼ 39:85 s�1
Xm þ VIIIam : IXam �!

k10;K10M
Xam þ VIIIam : IXam

Highest

(5) kTF7 ¼ 4:4� 10�04 nM�1s�1
TF : VIIaþ VII�!

kTF7
TF : VIIaþ VIIa

Least
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thrombin-driven platelet activation, on concentration

of activated platelets in PRP, normal plasma and PPP.

However, inhibition of platelet-driven and thrombin-

driven platelet activations shows no significant effect

on thrombin production in PPP, whereas these lead to a

huge delay in quantitative thrombin production in both

PRP and normal plasma.

• Sensitivity analysis of the model reveals that the model

is most sensitive to the rate constant governing the

activation of platelet membrane-bound factor X by

intrinsic tenase, whereas it is least sensitive to the rate

constant governing auto-activation of factor VII.

The strength of the proposed model lies in two aspects.

First is its consistency with good mathematical practice as

elaborated in Hemker and Ataullakhanov [48]: All rate

constants were for human plasma, and fitting of only three

rate constants out of 55 (listed in table 1(b)) was done using

the fmincon algorithm in MATLAB. Second is its inclusion

of platelets and binding-site density as a separate term, and

using this to predict their effects on extrinsic coagulation in

the manner advocated by Mann [3]. However, the model

has some limitations. We discuss the limitations and the

extensions that may address the same, in the following

section.

6.1 Limitations and extensions

The current model incorporates the role of platelets in the

extrinsic pathway of clot formation and growth in vitro.

Though, the model incorporates platelets as a separate

entity and also includes the reactions involving platelets, it

does not account for platelet-activating constituents like

adenosine di-phosphate (ADP), and von-Willebrand factor

(vWF). Inhibitors of such platelet-activating constituents

affect thrombus formation [49]. Hence, inclusion of such

anti platelet agents in the model remains to be done: Such

an exercise will be useful to understand their significance

for therapeutic use.

Due to certain unaccountable results with respect to

thrombin production, the kinetic constants for factor Xa

binding to and dissociation from TFPI have been estimated

along with that for ATIII inhibition of factor IIa. Further,

since rate constants are taken from three different models,

there is a possibility, however remote, that there may be

variation in the conditions under which some constants were

obtained. In our next study, we will investigate the incon-

gruities arising in the model predictions due to use of rate

constants from different sources in the literature and will

highlight the need for careful selection of such rate constants.

To extend the conclusions to the in vivo case, the model

predictions will have to be obtained in the presence of flow.

One possible way of doing this is shown in Sequeira and

Bodnar [50], where the model in Anand et al [11] is studied

in the presence of flow.
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Appendix 1: Model reactions

GTF ¼� kþT7½TF�½VII� þ k�T7½TF : VII�

� kþT7a½TF�½VIIa� þ k�T7a½TF : VIIa�:
ð1Þ

GVII ¼� kþT7½TF�½VII� þ k�T7½TF : VII� � kTF7½TF : VIIa�½VII�

� k10;7½Xa�½VII� � k2;7½IIa�½VII�:

ð2Þ

GTF:VII ¼kþT7½TF�½VII� � k�T7½VII
m�: ð3Þ

GVIIa ¼ � kþT7a½TF�½VIIa� þ k�T7a½TF : VIIa�

þ kTF7½TF : VIIa�½VII�

þ k10;7½Xa�½VII� þ k2;7½IIa�½VII�:

ð4Þ

GTF:VIIa ¼kþT7a½TF�½VIIa� � k�T7a½TF : VIIa�

� hTP7 ½TFPI : Xa�½TF : VIIa�

� hAT7 ½ATIII�½TF : VIIa�:

ð5Þ

GIX ¼�
k9½TF : VIIa�½IX�

K9M þ ½IX�
� kþ9 N9½AP�½IX� þ k�9 ½IX

m�:

ð6Þ

GIXa ¼
k9½TF : VIIa�½IX�

K9M þ ½IX�
� kþ9 N9½AP�½IXa�

þ k�9 ½IXa
m� � h9½IXa�½ATIII�:

ð7Þ

GIXm ¼kþ9 N9½AP�½IX� � k�9 ½IX
m�: ð8Þ

GIXam ¼� kþTEN ½VIIIa
m�½IXam� þ k�TEN ½VIIIa

m
: IXam�

þ kþ9 N9½AP�½IXa� � k�9 ½IXa
m�:

ð9Þ

GX ¼�
k7;10½TF : VIIa�½X�

K7;10M þ ½X�
� kþ10N10½AP�½X� þ k�10½X

m�:

ð10Þ

GXa ¼
k7;10½TF : VIIa�½X�

K7;10M þ ½X�
� hTPþ10 ½TFPI�½Xa�

þ hTP�10 ½Xa : TFPI�

� hAT10 ½ATIII�½Xa� � kþ10N10½AP�½Xa� þ k�10½Xa
m�:

ð11Þ

GXm ¼�
k10½VIIIa

m
: IXam�½Xm�

K10M þ ½Xm�

þ kþ10N10½AP�½X� � k�10½X
m�:

ð12Þ
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GXam ¼
k10½VIIIa

m
: IXam�½Xm�

K10M þ ½Xm�
� kþPRO½Va

m�½Xam�

þ k�PRO½Va
m
: Xam� þ kþ10N10½AP�½Xa� � k�10½Xa

m�:

ð13Þ

GII ¼� k2t½Xa�½II� � kþ2 N2½AP�½II� þ k�2 ½II
m�: ð14Þ

GIIa ¼ k2t½Xa�½II� � kþ2 N2½AP�½IIa� þ k�2 ½IIa
m�

� h2½ATIII�½IIa�:
ð15Þ

GIIm ¼�
k2½Va

m
: Xam�½IIm�

K2M þ ½IIm�
þ kþ2 N2½AP�½II� � k�2 ½II

m�:

ð16Þ

GIIam ¼
k2½Va

m
: Xam�½IIm�

K2M þ ½IIm�
þ kþ2 N2½AP�½IIa� � k�2 ½IIa

m�:

ð17Þ

GPL ¼� kpp½PL�½AP� �
kp2½PL�½IIa�

1þ ½IIa�
: ð18Þ

GAP ¼kpp½PL�½AP� þ
kp2½PL�½IIa�

1þ ½IIa�
: ð19Þ

GVIII ¼�
k8½IIa�½VIII�

K8M þ ½VIII�
� kþ8 N8½AP�½VIII� þ k�8 ½VIII

m�:

ð20Þ

GVIIIa ¼
k8½IIa�½VIII�

K8M þ ½VIII�
� kþ8 N8½AP�½VIIIa�

þ k�8 ½VIIIa
m� � h8½VIIIa�:

ð21Þ

GVIIIm ¼�
km8 ½IIa

m�½VIIIm�

Km
8M þ ½VIIIm�

�
km8t½Xa

m�½VIIIm�

Km
8tM þ ½VIIIm�

þ kþ8 N8½AP�½VIII� � k�8 ½VIII
m�:

ð22Þ

GVIIIam ¼
km8 ½IIa

m�½VIIIm�

Km
8M þ ½VIIIm�

þ
km8t½Xa

m�½VIIIm�

Km
8tM þ ½VIIIm�

þ kþ8 N8½AP�½VIIIa�

� k�8 ½VIIIa
m� � kþTEN ½VIIIa

m�½IXam�

þ k�TEN ½VIIIa
m
: IXam�:

ð23Þ

GVIIIam:IXam ¼ kþTEN ½VIIIa
m�½IXam� � k�TEN ½VIIIa

m
: IXam�:

ð24Þ

GV ¼�
k5½IIa�½V�

K5M þ ½V�
� kþ5 N5½AP�½V� þ k�5 ½V

m�: ð25Þ

GVa ¼
k5½IIa�½V�

K5M þ ½V�
� kþ5 N5½AP�½Va� þ k�5 ½Va

m� � h5½Va�:

ð26Þ

GVm ¼�
km5 ½IIa

m�½Vm�

Km
5M þ ½Vm�

�
km5t½Xa

m�½Vm�

Km
5tM þ ½Vm�

þ kþ5 N5½AP�½V� � k�5 ½V
m�:

ð27Þ

GVam ¼
km5 ½IIa

m�½Vm�

Km
5M þ ½Vm�

þ
km5t½Xa

m�½Vm�

Km
5tM þ ½Vm�

� kþPRO½Xa
m�½Vam�

þ k�PRO½Xa
m
: Vam� þ kþ5 N5½AP�½Va� � k�5 ½Va

m�:

ð28Þ

GXam:Vam ¼ kþPRO½Xa
m�½Vam� � k�PRO½Xa

m
: Vam�: ð29Þ

GI ¼�
kf ð½IIa�Þ½I�

KfM þ ½I�
: ð30Þ

GIa ¼
kf ð½IIa�Þ½I�

KfM þ ½I�
: ð31Þ

GTFPI ¼� hTPþ10 ½Xa�½TFPI� þ hTP�10 ½Xa : TFPI�: ð32Þ

GXa:TFPI ¼ hTPþ10 ½Xa�½TFPI� � hTP�10 ½Xa : TFPI�

� hTP7 ½TF : VIIa�½Xa : TFPI�:
ð33Þ

GATIII ¼� ½ATIII�ðhAT10 ½Xa� þ h9½IXa� þ h2½IIa�

þ hT7½TF : VIIa�Þ:
ð34Þ

Appendix 2: Description of reactions

Generation and depletion of factors VIIa, VII:

Tissue Factor (TF), an integral membrane protein gets

exposed to blood upon blood vessel injury. It binds clotting

factor VII/VIIa present in the plasma. Free, and tissue

factor-bound factor VII is activated by factors IIa and Xa

[51]. The TF–VIIa complex initiates the ‘‘extrinsic path-

way’’ of blood coagulation. Clot formation proceeds by

activation of zymogens factor IX and factor X [52]. TFPI

exhibits a Xa-dependent inhibition of TF-VIIa [19].

Generation and depletion of factors IXa, IX:

While activation of factor IX by the tissue factor–factor VIIa

complex is predominant and requires a membrane surface,

that by factor XI is also important and is independent of a

membrane surface [21, 53]. However, since we assume that

the intrinsic pathway is inhibited, we neglect the role of factor

XI in the present model. Inactivation of the activated factor

IX occurs by the action of ATIII in the plasma [37, 54].

Generation and depletion of factors Xa, X:

Activation of factor X occurs by the tissue factor–factor

VIIa complex, i.e., the extrinsic tenase complex (via
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extrinsic pathway), and by the factor VIIIa–factor IXa

complex, i.e., the intrinsic tenase complex (via intrinsic

pathway). Activated factor X then combines with acti-

vated factor V to form the platelet membrane-bound

prothrombinase complex [12, 55]. Following the inacti-

vation of factor Va (in the prothrombinase complex) by

APC, dissociation of factor Xa from the membrane

surface occurs. The dissociated factor Xa is then

removed by flow and/or inactivated by ATIII and TFPI

in plasma [56].

Generation and depletion of factors IIa, II:

Activation of the zymogen prothrombin to the enzyme

thrombin occurs predominantly by the action of pro-

thrombinase on activated membrane surface [20]. However,

small amounts of prothrombin are also activated in plasma

at a low rate by factor Xa [10]. Thrombin is primarily

inhibited by ATIII [37].

Generation and depletion of activated and resting

platelets:

The tissue factor and collagen exposed due to disruption of

sub-endothelium lead to activation of platelets. In addition

to converting fibrinogen to fibrin, thrombin plays a major

role in activating platelets [12, 57]. Also, platelets are

constitutively activated once they come in contact with

other activated platelets in the plasma or on the sub-en-

dothelial surface [57].

Generation and depletion of factors VIIIa, VIII:

Thrombin-activation of factor VIII does not necessarily

require a membrane surface. However, activation of factor

VIII by activated factor X, which is also an important

reaction, requires activated platelets [58, 59]. On being

activated, factor VIII shows cofactor activity in conjunction

with activated factor IX [21]. Inhibition of activated factor

VIII occurs due to the proteolytic attack by activated pro-

tein C (APC) on the membrane surface, apart from spon-

taneous decay [60].

Formation and dissociation of intrinsic tenase

complex (VIIIam : IXam):

On activation, activated factor IX combines with its active

cofactor, factor VIIIa, and forms intrinsic tenase complex

on the surface of activated platelets. This procoagulant

complex then activates factor X via the intrinsic pathway

[21, 25].

Generation and depletion of factor Va, V:

Activation of factor V to its cofactor state, factor Va, occurs

by the action of thrombin [7], as well as by that of factor Xa

(on the membrane surface) [61]. Competitive binding of

APC to factor Va (which we have not included) followed

by cleavage leads to inactivation of factor Va [62], apart

from spontaneous decay just like factor VIIIa.

Formation and dissociation of prothrombinase

complex (Xam : Vam):

Factor Va, the cofactor of factor Xa, binds it on the platelet

membrane surface giving rise to the prothrombinase com-

plex which converts prothrombin to thrombin [55, 62].

Generation and depletion of ATIII and TFPI:

While ATIII is a major physiologic inhibitor of almost all

serine proteases produced during the process of blood

coagulation process, TFPI mainly targets factor Xa and the

TF–VIIa-factor Xa complex. Heparin-catalyzed ATIII-in-

hibition of factors IX, X and II is faster than the uncat-

alyzed reaction [54]. Since heparin is released from

endothelial cells upon injury, in our case, we assume that

the amount of heparin present is negligible as endothelial

cells are not present in plasma in vitro. Inactivation by

ATIII and TFPI occurs once the clotting enzymes escape

into the plasma from the site of thrombus formation [20].
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