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A 2-ADIC CONTROL THEOREM FOR MODULAR CURVES
NARASIMHA KUMAR

ABSTRACT. We study the behaviour of ordinary parts of the homology modules
of modular curves, associated to a decreasing sequence of congruence subgroups
'y (IN27) for r > 2, and prove a control theorem for these homology modules.

1. INTRODUCTION

Hida theory studies the modular curves associated to the following congruence
subgroups, for primes p > 5 and (p, N) = 1,

...CFI(NpT)C...CFl(Np). (*)

Let Y, denote the Riemann surface associated to the congruence subgroup I'1(Np").
One of the important results in Hida theory [3] is that the projective limit of ordinary
parts of the homology modules, i.e., W := @ H,(Y,,7Z,)°", is a free A-module

of finite rank and
Word/arword — H1 (Y;, Zp)ord’ (**)

for all » > 1, where a, denotes the augmentation ideal of Z[[1 + p"Z,]] and A =
Z,([1 + pZ,)]. In [1], Emerton gave a proof of these results above for primes p > 5,
using algebraic topology of the Riemann surfaces Y,.

Emerton’s proof for p > 5 holds for p = 3 with N > 1 verbatim, but for p = 2 we
show that similar results hold only after passing to smaller congruence subgroups.
Moreover, there is no restriction on N, i.e., N can be equal to 1 (unlike when p = 3)
(cf. Theorem 5.2 in the text). As a consequence of these results, we proved control
theorems for ordinary 2-adic families of modular forms, see [2]. Some amount of
calculations will be omitted and the reader should refer to those in [1] for more
details.

2. PRELIMINARIES

Throughout this note, let p = 2, ¢ = 4, and N € N such that (p, N) = 1. We
look at the modular curves associated to the following congruence subgroups

- CTy(Np") € --- C T (Ng).

If we take the homology with Z-coefficients of the tower of modular curves, we get
a tower of finitely generated free abelian groups

..._)I‘l(NpT)ab_>..._>F1(Nq)ab’ (21)

because for r > 2, Hy(I'y\(Np")\H,Z) = T';(Np")**, where H denotes the upper
half-plane. To understand (2.1), we introduce the congruence subgroups for r > 2:
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Clearly, we have 'y (Np") C ®2 C T';(Ngq) and T';(Np") is a normal subgroup of ®2.
For r > 2, we define I, := Ker (Z; — (Z,/p"Z,)*), which is a subgroup of I'y with
index p"~2. Set I' := Is.
We define a morphism of groups
o> % T)T,

via the formula
(¢%) — dmod T. (2.2)
Lemma 2.1. The map n, is surjective.

Proof. Given a d € I'/T,., we can take a lift d of d of the form 1 + kg for some
k € Z, because for any a,f € I'a = (mod I',) if and only if o — 8 € p'Z,.
Now, take ¢ to be Np". Clearly (¢, d) = 1, and hence there exists a,b € Z such that
ad — bc = 1. We see that o = (24) € 2 and n,(a) = d. O

Remark 2.2. The restriction of n, to ®* NT%(p), which we denote by Res(n,), is
also surjective onto I'/T,.. Moreover, we have the following commutative diagram

2 NMr+1
Q2 ——==T/T 4

vt
o2 N T(p) T,
where the group T%(p) = {(2%) € SL(Z) | b=0 (mod 2)} and t = ($3).
By Lemma 2.1, we have the following short exact sequence of groups
1 -Ty(Np) = @2 B T/T, — 1.

The action of ®* on I';(Np") by conjugation induces an action of ®2/T';(Np") =
['/T, on Ty (Np")#. Thus I' acts naturally on I';(Np")*». The morphisms in the
chain
oo DY (NP" )™ = - = T (Ng)™
are clearly I'-equivariant.
If r > s > 1, we denote by ®¢ the subgroup of ®? containing I'y(Np") whose
quotient by I'1(Np") equals 'y /T, i.e., @2 := T (Np®) N(p"). Moreover, we have

[ (Np" ) — @520 5 T /T, — 1.

For any s > 1, let v, denote a topological generator of I';. Then the augmentation
ideal as of A = Z,[[I']] is a principal ideal generated by 75 — 1. Similarly, for i > 0,
Loy = (fyﬁ’i) and a,,; = (72 —1). Clearly, for any r > s > 1, the augmentation
ideal of Z[[';/T',] is ag, and

a, [ (Np")™ = [@, Ty (Np")]/[T1(Np"), DL (Np")] € Tu(Np")™,

and the last inclusion follows since I';(Np") is a normal subgroup of ®f. The
extension

1= Ty(Np")/[®7, Ty (Np")] = @7/[®7, T1(Np")] = T's/T — 1

is a central extension of a cyclic group, thus the middle group is abelian, implying
that
(@7, ®7] = [@7, 1 (Np")].
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The equality holds because of ® O I'y(Np") and the fact that the commutator
subgroup of the group ®2/[®% T'1(Np")] is trivial.

Remark 2.3. The following diagram is commutative

®:nr(p) i o7
T1(Np™)NrO(p) T'1(Np)

\ &

T,

The diagonal map is an isomorphism, by Remark 2.2. Since I's /T, is finite, we see
that the inclusion i is an isomorphism. This remark is useful in proving Lemma 3.6.

To prove Theorems 4.1 and 5.2, we need to understand the images of these
morphisms

Ty (Np")™ — Ty (Np*)*®

in the chain of homology groups as in (2.1). Unfortunately, we do not have a good
characterization these images for » > s > 1 in general, and so we cannot get a good
description of the projective limit. This morphism can be factored as

Fl(Npr)ab s Fl(Npr)ab/as SN (I)i ab N Pl(NpS)ab,

and the problem is that the second and third morphisms may not be isomorphisms,
in general.

Hida observed that if one applies a certain projection operator arising from the
Atkin U-operator to all these modules then they become isomorphisms, in which
case we have a good control over the images of the morphisms in (2.1). So we now
define the Atkin U-operator and study their properties.

3. HECKE OPERATORS

Suppose G, H are two subgroups of a group 7', and ¢ € T such that [G : t 1HtN
G] < 0o. Then one has

G L (T HEN G) s (H NtGE )™ — H*,

where V' is the transfer map, the isomorphism is given by conjugating with ¢, and
the last morphism is induced by H NtGt~! «— H. Taking the composition of all
these we obtain a morphism

] : G** — H®,
the “Hecke operator” corresponding to t.

In our case, take T' = GLy(Q), G = H = a congruence subgroup of SLy of level
divisible by p, and ¢t = (é g). We denote the corresponding Hecke operator by Us.
For A= (2%) € @2, we see that

t1 At = (5 ") and tAtT = (2UP).

c/p d cp

Remark 3.1. Observe that (1,1), (2,2)-entries of A and of t*L AtT! are the same.
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It is easy to see that t71®5t N @5 = ¢S N I0(p), P NP5t = ®F,, where the
group I'%(p) is as in Remark 2.2. Thus, the Atkin U-operator (resp. U’-operator)
is by definition the composition

s ab |4 ((I)s N FO(p))ab t—t! (I)sab (I)sab (3 1)
r r “ r—+1 ro .

(resp., the composition of the first two of above morphisms).

Lemma 3.2. Suppose thatr > s> 1,7' > s > 1,r >1' s > s, so that ®3 C ®%,.
Then the following diagram commutes

sab s’ ab
q)T‘ . (br/

lU/ lU/
sab s’ ab
OoYy —— P L

Thus, the Atkin U-operator commutes with the morphism 52> — ®3,2b.

Proof. The proof is similar to the proof of [1, Lem. 3.1]. The final statement
follows from (3.1), since the Atkin U-operator, by definition, is the composition of
U’-operator and the morphism induced by the inclusion of groups ®;,, C @;.

0

Corollary 3.3. Forr > s > 1, each 3% is a Z[U]-module via the action of U
and morphisms between these modules (arising from the inclusions) are morphisms
of Z|U]-modules. Hence, the cokernels of these morphisms acquire a Z[U]-module
structure.

Suppose 7 denote the morphism 7 : ®32° — &332 and 7/ for the morphism
7 @52 — @2 Then, by Lemma 3.2, we have

Uon=n0oU =U € Endg(®:*). (3.2)

By the definition of U’, we see that 7o U’ = U € Endz(®:?).
By Corollary 3.3, the cokernel of the morphism I'; (Np")®® — &3> for r > s > 1,

is a Z[U]-module and this cokernel is isomorphic to the group I'y/T'.. Hence, the
group I'; /T, is a Z[U]-module. Observe that @ = T';(Np").

Lemma 3.4. The operator U acts on I's/T, as multiplication by p.

Proof. The operator U acts on I'y /T, as a multiplication by p if and only if it acts on

7“55;))&}) as A — AP. The operator U is the composition of the following morphisms:
P3P v (@510 (p))2P t—t—1 @52 s ab
mVp T ) ) e A o o
(3.3)
A A — AP s AL

Let {a; = (§ i)}, be the coset representatives of the group ®2 N T%(p) in ®;.
If we use these representatives to define the map in (3.3), then the transfer map
looks like A — AP. By Remark 3.1, tAPt~! and AP represent the same coset mod
['y(Np")2® and hence we are done. O
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We would like to define an action of I' on &7 E’ib and call it the nebentypus action.
This can be done as follows: For r > 2, if d € T'/T',, then choose an element
o= (2%) of SLy(Z) such that p™ | cand p | b, ie., a € @2, NT%(p). Such an
exists, because

2., NIp) - /T,y — /T

The nebentypus action of d on @22 is given by conjugation by a. This action is well-
defined because if a; and ay denote two lifts of d, then aj 'ay € Ty (Np+H)NT0(p) C
@2 and hence for any element z € ®%, a; ez, 'a; = 2 in 3%, Now we shall

show that the actions of U and I" commutes.
Lemma 3.5. Ifr > s > 1, the actions of U and I' commutes on ®32°.

Proof. Though the proof of this lemma is similar to the proof of [1, Lem. 3.5.], here
we make some remarks in between, hence we briefly recall its proof. It is easy to see
that a(®: NIT%(p))a~t = &5 NTY(p) for any a € @}, NTY(p), since aPia™t C Ps.
Look at the following commutative diagram

a—a~ !

s ab s ab
(I)r (I)r

%4 \%4
1

(@ N T0(p)™ == (a(@: NTO(p))a)™ = (3 N TO(p))™

t—t—1 ata~(=)at™ a1t

a—a~ —
®:i% (@7t = 033
a1
(I)iab o (Oéq)iOé_l)ab — q)iab.
The top square in the diagram above commutes because if {v1,...,7,} form a set

coset representatives for the group ®:NI'%(p) in ®%, so is the set {aya7t, ... ay,a

Observe that, this diagram commutes even if a € ®! NTY(p). The last square com-
mutes by the functoriality of the transfer map.
We now prove the commutativity of the middle square, i.e., the map
ata™(=)attamt (@5 NT(p))*P — @52Y (3.4)
ist—t1 If g € ®:NTYp), then
ata tgat ot = (ata Mt tgt Hata )T

Since ata™ 't~ € I (Np™*h) for a € @}, NT(p), we see that the conjugation by
ata™ 't induces identity on ®32% (because elements of ®%_; do commute in ®$25).

In the above diagram composition of the vertical morphisms on either side are the
operator U and it commutes with the automorphism of &7 induced by conjugation
by a, but we know I' acts on ®; by conjugation by such elements a. O

Observe that the inclusion I'; (Np") C &2 gives rise to the another transfer map
(I)i ab L F1<Npr>ab

Lemma 3.6. The transfer morphism V : ®33® — T (Np")*> commutes with the
action of U on its source and target.
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Proof. 1t suffices to prove that the following diagram (in which V' denotes the trans-
fer maps between various abelianizations) commutes:

\4

s ab r ab
(I)r (I)r

) )

(@ NTO(p))™> — (& N TO(p)) =

lt—tl lt—tl

s ab Vv r ab
(I)rJrl - (I)rJrl :

The top square in the diagram above commutes because of functoriality of the
transfer map. The commutativity of the bottom square follows by the following
calculation.

Ifo,= (‘CL Z), where d runs through coset representatives of I',. in I'y, forms a set
of coset representatives for the group I'y(Np") NTY(p) in @ N TY(p), then so are
togt™ = (2 b/p) for the group I';(Np") in ®¢ (by Remark 2.3). O

cp d
In this section, we have defined the U-operators for the congruence subgroups

{®?} and proved that morphisms between these congruence subgroups respects the
action of U and this action commutes with the action of T'.

4. ORDINARY PARTS

Let A be a commutative finite Z,-algebra and U be a non-zero element of A. It
well-known that A factors as a product of local rings. Let A°*¢ denote the product
of all those local rings of A in which the projection of U is a unit. This is a flat
A-algebra.

Let M be any module in the abelian category of Z,[X]-modules which are finitely
generated as Z,-modules. In this case, we take A to be the image of Z,[X] in
Endg, (M), which is a finite Z,-algebra, and U to be the image of X. We define

Mord — M ®a Aord

and call this the ordinary part of M. Observe that taking ordinary parts is an exact
functor on our abelian category.

If we consider X to be the U-operator corresponding to the prime p, we may
consider the ordinary part of the Z,-homology of the curve Y;, i.e., the module
(T (Np")** @ Z,)°, which is a T-module by Lemma 3.5.

We have the following theorem for the prime p = 2, which is similar to Theorem
3.1 in [3] for p > 5 and for the congruence subgroups I'y(Np") for r > 1.

Theorem 4.1. Ifr > s > 1, then the morphism of abelian groups
(CL(ND") @ Zp)™ ay — (D1(ND®) © Z,) ™
s an isomorphism.
Proof. We shall show that
(CLND")™ @ Zy)™ Jas = (27 @ L))" — (DL(ND)™" @ Z,)™. (4.1
If 7 : ®32> — &0 is the morphism induced by the inclusion ®¢ C ®%_,, then

U'on=UeEnd(®™®), 10U’ =U € End(®:™).
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By Lemma 3.2, we have the following diagram

The existence of U’ implies that upon tensoring over Z, and taking the ordinary
parts 7 induces an isomorphism (and U~! o U’ provides an inverse to )

(@7 © 2, = (7% © 2,
By induction on r, we obtain the second isomorphism in (4.1), i.e.,
(@7 © 2, = (83 ©.2,) = ([N 2,)"
To prove the first isomorphism consider the short exact sequence
1 — Dy (Np" )P /a, — &8> — (T,/T,) — 1.
By tensoring this sequence with Z, and then taking the ordinary parts to obtain
1 — (T1(Np)*™ ® Z,)"/a, — (02 ® Z,) — (T, /T,)" = 1,

because Z, is flat as a Z-module and ordinary parts preserves exactness. By
Lemma 3.4, the operator U acts on I'y/T",. as multiplication by p and so is a nilpo-
tent operator, as I'y/T, is a p-torsion group. Thus (I'y/T',)**d = 0, and hence the
Theorem follows. ]

5. IWASAWA MODULES
We have the following inverse system indexed by natural numbers r > 2,
TN )P RZ, = - = T(NP)™ R Z,.
Define the Iwasawa module by

W :=lim T, (Np")™ ® Z,,.
% P
The profinite group I' acts on the Z,-module I';(Np")* ® Z, through its finite
quotient I'/T",. Thus the Iwasawa module W becomes a module over the completed
group algebra
A= 2,[T]) = In Z,[T/T, .
r>2
Though the Iwasawa module W is difficult to understand, by Theorem 4.1, we
can understand the ordinary part of W very well. To make the statement clear, let
us slightly abstract the situation.
Let {M,},>2 be a system of A-modules. Further, assume that each M, is point-
wise fixed by I', and hence a module over A/a,A = Z,[I'/T",]. For each r > s > 2,
we have a map M, — M, such that it factors via

M, /a,M, — M,.
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Define W := @r>2 M,.. We have a collection of maps W — M, for each r > 2 and

they factor as
W/aW — M,.

Proposition 5.1. Assume that each M, is p-adically complete and for eachr > s >
2, M,./asM, — My is an isomorphism. Then W/a,W — M is an isomorphism.

Proof. For r > s > 2, the maps M, — M, are surjective, and hence the canonical
map from W — M, is also surjective. We shall show that the kernel is a,W.

Since each M, is p-adically complete and is point-wise fixed by I'., we have
M, = 1&11 M, /n*M,, where T', = (v,) and n = (, — 1, p), i.e., each M, is n-adically
complete. '

By induction on i, we get that 7#" —1/v,—1 € (v, —1,p)". In particular, we have
W =1/p—1€m=(32-1,p). Hence,m” * C ((35—1) ",p) Cn Cm = (as,p).
As a result, we see that each M, is m-adically complete, since they are n-adically
complete. Once we have that each M, is m-adically complete, then proving the
injectivity of the above map is quite similar to the proof of [1, Prop. 5.1]. U

The following Theorem is an immediate consequence of the Proposition above.
Theorem 5.2. For any r > 2, we have
Werd /g, Word = (T, (Np)* @ 2,
is the T'.-co-invariants of W4,
Proof. This follows from Proposition 5.1 together with Theorem 4.1 O

The above Theorem is a key ingredient for the proof of the Theorem 5.3. The
A-module W4 is a compact A-module (under the projective limit of the p-adic
topologies on each module T'y(Np")** ® Z,, which are free of finite rank over Z,,
and also since W is a direct factor of W),

Furthermore, Theorem 5.2 implies that the projective limit topology on Werd
coincides with its m-adic topology (where m = (ay,p) C A denotes the maximal
ideal of A), because the kernels of the projections A — Z,/p"Z,[I'/T,] are co-final
with the sequence of ideals m” in A. Thus W° is a A-module, compact in its
m-adic topology such that

W /m = W/ (az,p) = ([1(Ng)™ @ Z, /)™

is a finite dimensional Z,, /pZ,-module, of dimension d (say). By Nakayama’s lemma,
we have that W is a finitely generated A-module with a minimal generating set
has cardinality d. We have the following theorem for the prime p = 2, which is
similar to the main theorem in [3] for p > 5.

Theorem 5.3 (Main Result). The module W is free of finite rank over A, and
its A-rank is equal to d.

As a corollary, we see that, for » > 2, the Z,-rank of the free Z,-module
(T (Np")*® @ Z,)°™ is d. In particular, these Z,-ranks are independent of p" in
the level. Using this result, we have proved control theorems for ordinary 2-adic
families of modular forms, see [2]. The classical versions of this theorem for p = 2,3
do not seem to be explicitly available in the literature, though an adelic version of
it can be found in [4].
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6. REFLEXIVITY RESULTS

To prove Theorem 5.3, it enough to show that W is a reflexive A-module [5].
We show this by considering the duality theory of the modules (I'y(Np")* ® Z,,)°™
and showing that they are reflexive as Z,[I'/I",]-modules. Now, we briefly recall the
notion of reflexivity, and the necessary results. For more details, see [1, §6].

Suppose that R is a commutative ring, G is a finite group, and M is a left R[G]-
module. Let N be any R-module. Then Hompg(M, N) is a right R[G]-module,
via

(fx9)(@) = flg~"x).
Since the ring R[G] is naturally a bi-module over itself, via the ring multiplication,
R|G] ®g N is an R[G]-bi-module, making Hompgj¢ (M, R[G] ®r N) a right R[G]-
module.

Lemma 6.1 ([1]). There is a canonical isomorphism of right R[G]-modules
HOI’HR(M, N) = HOH’IR[G](M, R[G] QR N)

In particular, when N = R, we see that M* and Hompgis (M, R[G]) are canoni-
cally isomorphic as right R[G]-modules, where M* := Hompg(M, R), the R-dual of
M. The analogue of the above lemma for right R[G]-modules is also true. Hence,

Hompz(M*, R) = Hompgig)(M*, R[G]).

are canonically isomorphic as left R[G]-modules.

By definition of M*, there is a natural morphism of R-modules M — Hompg(M*, R),
which is also a morphism of left R[G]-modules. If this natural morphism of R-
modules is an isomorphism, then we say that M is a reflexive R-module. Thus we
have proved:

Lemma 6.2. If M is a left R|G|-module which is reflezive as an R-module, then
M is reflexive as an R|G]|-module.

The crux of this Lemma is that to check the reflexivity of R[G]-module M over
RG], it is enough to check it over R. Now we need to understand how to use the
reflexivity results for modules over Z,[I'/T',] to show the reflexivity of W4 as a
A-module.

7. PROOF OF THEOREM 5.3
For r > 2, and N € N such that (p, N) = 1. We define the cohomology of Y, as
H'(Y,, Z,) := Homgz(T'y(Np")*, Z,) = Homg, (I'1(Np")* ® Z,, Z,).

The ring A acts on I'y(Np")*® ® Z, through its quotient A, := A/a, = Z,[['/T,].
More generally, if > s > 1 then the ring Ay is equal to A, /as, hence A, — As.
Thus we get the following sequence of morphisms of A,-modules
Homy, (T (Np")™ @ Z,, A,) — Homy, (I (Np")™ ® Z,, A,) /a,
— Homy, (T1(Np")* ® Z,, Ay) = Homy, ([ (Np")™® @ Z,/as, Ay).
If M is any Z,[U]-module, which is finitely generated as a Z,-module, then so is the

Zy-dual M* := Homg, (M, Z,). Here M* is a Z,[U]-module via the dual action of U.
Clearly (M*)°d = (M°9)* i.e., taking ordinary parts commutes with duals. Thus
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we may take ordinary parts of the above diagram of homomorphisms to obtain a
diagram

Homy, (T1(Np")™ ® Z,)™, A,) — Homy, (T3 (Np")™ @ Z,)”, A,) /ag
— Homy, (T (Np")*™ @ Z,)/a, Ay).
By Theorem 4.1, we have
Homy, (T (Np")™ @ Z,)™, A,) — Homy, (D1 (Np)™ @ Z,)™, A,) /s
— Homy, (I (Np*)™ @ Z,), Ay).
Lemma 7.1. The morphism
Homy, (T1(Np")™ @ Z,)™, Ar) /a, — Homy, (T1(Np*)™ ® Z,)™, Ay)
18 an isomorphism.
Proof. By Lemma 3.6, we may restrict V' to the ordinary parts to obtain a morphism
(83 ©2,)™ = (Li(ND)™ © Z,)™.
Look at the following commutative diagram
Homz, (T1(Np")*™ @ Z)**, Zy) ——= Homy, (T1(Np")*™ & Z,), A;)
Ve

Homy, (07 ® Z,)", Z,) Homy, ((F1(Np")™ @ Z,)*", A;)/a,

z Homy, ((T'1(Np")™ @ Z,)* /s, As)

I
Homg, ((F'1(Np*)* ® Z,)*, Z,) —— Homy, (T'1(Np*)* @ Z,)*", A,)

in which the two horizontal isomorphisms are those provided by Lemma 6.2, because
A, = Z,[I'/T,]. The first vertical map V* is the dual morphism of V' and the two
vertical isomorphisms are a part of Theorem 4.1 and its proof.

Now to prove the Lemma, it suffices to prove that

Homg, ((T1(Np" )™ © Z,)°", Z,)) ~ Homg, ((®:* @ Z,), Z,) (7.1)

is surjective and kernel(V*) = a,;Homg ((I'1(Np")* ® Z,)™, Zy)).
Since V' commutes with U and taking ordinary parts commutes with taking 7Z,-
duals, the morphism in (7.1) is the ordinary part of the morphism

Homg, (Ty(Np")* & Z,, Z,)) ~ Homyg, (93" @ Z,, Z,). (7.2)

Now, it suffices to show that the morphism V* in (7.2) is surjective with kernel
equal to a;Homy, ((I'1(Np")*™® ® Z,),Z,), since taking ordinary parts is also exact
and commutes with the action of I'. But, this claim was proved in [1, §8] for torsion-
free groups H and G such that H C G, instead of I'y(Np") € ®2. Observe that,
when p = 2 and r > s > 2, the groups I';(Nq) and ®? are torsion-free, since I'; (M)
is torsion free for all M > 3. O
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We now have all the information needed to prove Theorem 5.3. Consider the
chain of A-modules

-+ — Homy, ((/** ® Z,)"9, A,) — -+ — Homg, (I'1(Ngq)** ® Z,)*, Z,).
Lemma 7.2. There is a canonical isomorphism
Hom, (W', A) = lim Homy, (T (Np")™ @ Z,), A,).

Proof. We have the following canonical isomorphisms
Homy (W A) = l‘&lHomAr(Word/ar, A) = @HomAr((Tl(Npr)ab ® Z,), A,),

where the last isomorphism follows from the Theorem 5.2. 0
Proposition 7.3. Forr > 1, there is a canonical isomorphism

Homy (W4 A)/a, = Homy, (I (Np")™ @ Z,), A,).
Proof. The claim follows from Lemma 7.1, Lemma 7.2, and Lemma 5.1. U

Theorem 7.4. The module W™ is A-free.

Proof. Since any finitely generated reflexive A-module is free, it suffices to show
that W is a reflexive A-module. By Proposition 7.3 and Lemma 6.2, we have:
Hom (Homa (W4 A), A) = lim Hom, (Homy, (W4 A)/a,, A,)

T

= lim Homy, (Homy, (T1(Np")™ @ Z,)™, A,), A,)

— gn (Pl(Npr)ab ® Zp)ord — Word.
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